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Preface 


This textbook is intended for students who wish to obtain an introduction to 
the theory of partial differential equations (PDEs, for short), in particular, 
those of elliptic type. Thus, it does not offer a comprehensive overview of 
the whole field of PDEs, but tries to lead the reader to the most important 
methods and central results in the case of elliptic PDEs. The guiding ques- 
tion is how one can find a solution of such a PDE. Such a solution will, of 
course, depend on given constraints and, in turn, if the constraints are of 
the appropriate type, be uniquely determined by them. We shall pursue a 
number of strategies for finding a solution of a PDE; they can be informally 
characterized as follows: 


(0) Write down an explicit formula for the solution in terms of the given 

data (constraints). 
This may seem like the best and most natural approach, but this is 
possible only in rather particular and special cases. Also, such a formula 
may be rather complicated, so that it is not very helpful for detecting 
qualitative properties of a solution. Therefore, mathematical analysis has 
developed other, more powerful, approaches. 

(1) Solve a sequence of auxiliary problems that approximate the given one, 

and show that their solutions converge to a solution of that original prob- 
lem. 
Differential equations are posed in spaces of functions, and those spaces 
are of infinite dimension. The strength of this strategy lies in carefully 
choosing finite-dimensional approximating problems that can be solved 
explicitly or numerically and that still share important crucial features 
with the original problem. Those features will allow us to control their 
solutions and to show their convergence. 

(2) Start anywhere, with the required constraints satisfied, and let things flow 

toward a solution. 
This is the diffusion method. It depends on characterizing a solution 
of the PDE under consideration as an asymptotic equilibrium state for 
a diffusion process. That diffusion process itself follows a PDE, with an 
additional independent variable. Thus, we are solving a PDE that is more 
complicated than the original one. The advantage lies in the fact that we 
can simply start anywhere and let the PDE control the evolution. 
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(3) Solve an optimization problem, and identify an optimal state as a so- 
lution of the PDE. 
This is a powerful method for a large class of elliptic PDEs, namely, 
for those that characterize the optima of variational problems. In fact, 
in applications in physics, engineering, or economics, most PDEs arise 
from such optimization problems. The method depends on two princi- 
ples. First, one can demonstrate the existence of an optimal state for a 
variational problem under rather general conditions. Second, the optimal- 
ity of a state is a powerful property that entails many detailed features: 
If the state is not very good at every point, it could be improved and 
therefore could not be optimal. 

(4) Connect what you want to know to what you know already. 
This is the continuity method. The idea is that, if you can connect your 
given problem continuously with another, simpler, problem that you can 
already solve, then you can also solve the former. Of course, the contin- 
uation of solutions requires careful control. 


The various existence schemes will lead us to another, more technical, but 
equally important, question, namely, the one about the regularity of solutions 
of PDEs. If one writes down a differential equation for some function, then one 
might be inclined to assume explicitly or implicitly that a solution satisfies 
appropriate differentiability properties so that the equation is meaningful. 
The problem, however, with many of the existence schemes described above 
is that they often only yield a solution in some function space that is so large 
that it also contains nonsmooth and perhaps even noncontinuous functions. 
The notion of a solution thus has to be interpreted in some generalized sense. 
It is the task of regularity theory to show that the equation in question forces 
a generalized solution to be smooth after all, thus closing the circle. This will 
be the second guiding problem of the present book. 

The existence and the regularity questions are often closely intertwined. 
Regularity is often demonstrated by deriving explicit estimates in terms of 
the given constraints that any solution has to satisfy, and these estimates 
in turn can be used for compactness arguments in existence schemes. Such 
estimates can also often be used to show the uniqueness of solutions, and of 
course, the problem of uniqueness is also fundamental in the theory of PDEs. 

After this informal discussion, let us now describe the contents of this 
book in more specific detail. 

Our starting point is the Laplace equation, whose solutions are the har- 
monic functions. The field of elliptic PDEs is then naturally explored as a 
generalization of the Laplace equation, and we emphasize various aspects on 
the way. We shall develop a multitude of different approaches, which in turn 
will also shed new light on our initial Laplace equation. One of the important 
approaches is the heat equation method, where solutions of elliptic PDEs 
are obtained as asymptotic equilibria of parabolic PDEs. In this sense, one 
chapter treats the heat equation, so that the present textbook definitely is 
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not confined to elliptic equations only. We shall also treat the wave equation 
as the prototype of a hyperbolic PDE and discuss its relation to the Laplace 
and heat equations. In the context of the heat equation, another chapter de- 
velops the theory of semigroups and explains the connection with Brownian 
motion. 

Other methods for obtaining the existence of solutions of elliptic PDEs, 
like the difference method, which is important for the numerical construction 
of solutions; the Perron method; and the alternating method of H.A. Schwarz; 
are based on the maximum principle. We shall present several versions of the 
maximum principle that are also relevant for applications to nonlinear PDEs. 

In any case, it is an important guiding principle of this textbook to develop 
methods that are also useful for the study of nonlinear equations, as those 
present the research perspective of the future. Most of the PDEs occurring 
in applications in the sciences, economics, and engineering are of nonlinear 
types. One should keep in mind, however, that, because of the multitude of 
occurring equations and resulting phenomena, there cannot exist a unified 
theory of nonlinear (elliptic) PDEs, in contrast to the linear case. Thus, 
there are also no universally applicable methods, and we aim instead at doing 
justice to this multitude of phenomena by developing very diverse methods. 

Thus, after the maximum principle and the heat equation, we shall 
encounter variational methods, whose idea is represented by the so-called 
Dirichlet principle. For that purpose, we shall also develop the theory of 
Sobolev spaces, including fundamental embedding theorems of Sobolev, Mor- 
rey, and John—Nirenberg. With the help of such results, one can show the 
smoothness of the so-called weak solutions obtained by the variational ap- 
proach. We also treat the regularity theory of the so-called strong solutions, 
as well as Schauder’s regularity theory for solutions in Holder spaces. In this 
context, we also explain the continuity method that connects an equation 
that one wishes to study in a continuous manner with one that one under- 
stands already and deduces solvability of the former from solvability of the 
latter with the help of a priori estimates. 

The final chapter develops the Moser iteration technique, which turned 
out to be fundamental in the theory of elliptic PDEs. With that technique one 
can extend many properties that are classically known for harmonic functions 
(Harnack inequality, local regularity, maximum principle) to solutions of a 
large class of general elliptic PDEs. The results of Moser will also allow 
us to prove the fundamental regularity theorem of de Giorgi and Nash for 
minimizers of variational problems. 

At the end of each chapter, we briefly summarize the main results, occa- 
sionally suppressing the precise assumptions for the sake of saliency of the 
statements. I believe that this helps in guiding the reader through an area 
of mathematics that does not allow a unified structural approach, but rather 
derives its fascination from the multitude and diversity of approaches and 
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methods, and consequently encounters the danger of getting lost in the tech- 
nical details. 

Some words about the logical dependence between the various chapters: 
Most chapters are composed in such a manner that only the first sections are 
necessary for studying subsequent chapters. The first—rather elementary— 
chapter, however, is basic for understanding almost all remaining chapters. 
Section 2.1 is useful, although not indispensable, for Chapter 3. Sections 4.1 
and 4.2 are important for Chapters 5 and 6. Sections 7.1 to 7.4 are fundamen- 
tal for Chapters 8 and 11, and Section 8.1 will be employed in Chapters 9 
and 11. With those exceptions, the various chapters can be read indepen- 
dently. Thus, it is also possible to vary the order in which the chapters are 
studied. For example, it would make sense to read Chapter 7 directly after 
Chapter 1, in order to see the variational aspects of the Laplace equation (in 
particular, Section 7.1) and also the transformation formula for this equa- 
tion with respect to changes of the independent variables. In this way one is 
naturally led to a larger class of elliptic equations. In any case, it is usually 
not very efficient to read a mathematical textbook linearly, and the reader 
should rather try first to grasp the central statements. 

The present book can be utilized for a one-year course on PDEs, and if 
time does not allow all the material to be covered, one could omit certain 
sections and chapters, for example, Section 3.3 and the first part of Section 3.4 
and Chapter 9. Of course, the lecturer may also decide to omit Chapter 11 
if he or she wishes to keep the treatment at a more elementary level. 

This book is based on a one-year course that I taught at the Ruhr Univer- 
sity Bochum, with the support of Knut Smoczyk. Lutz Habermann carefully 
checked the manuscript and offered many valuable corrections and sugges- 
tions. The ETpX work is due to Micaela Krieger and Antje Vandenberg. 

The present book is a somewhat expanded translation of the original 
German version. I have also used this opportunity to correct some misprints in 
that version. I am grateful to Alexander Mielke, Andrej Nitsche, and Friedrich 
Tomi for pointing out that Lemma 4.2.3, and to C.G. Simader and Matthias 
Stark that the proof of Corollary 7.2.1 were incorrect in the German version. 


Leipzig, Germany Jurgen Jost 
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Introduction: 
What Are Partial Differential Equations? 


As a first answer to the question, What are partial differential equations, we 
would like to give a definition: 


Definition 1: A partial differential equation (PDE) is an equation involving 
derivatives of an unknown function u: 2 —+ R, where Q is an open subset 
of R¢, d > 2 (or, more generally, of a differentiable manifold of dimension 
d> 2). 


Often, one also considers systems of partial differential equations for 
vector-valued functions u: 2 — R, or for mappings with values in a differ- 
entiable manifold. 

The preceding definition, however, is misleading, since in the theory of 
PDEs one does not study arbitrary equations but concentrates instead on 
those equations that naturally occur in various applications (physics and 
other sciences, engineering, economics) or in other mathematical contexts. 

Thus, as a second answer to the question posed in the title, we would 
like to describe some typical examples of PDEs. We shall need a little bit of 
notation: A partial derivative will be denoted by a subscript, 

Ou 


Uni = ~ > fori=1,...,d. 


Ox’ 


In case d = 2, we write x,y in place of x!,x?. Otherwise, x is the vector 


STE iets 


Examples: (1) The Laplace equation 
d 
Au := x Ugizi =0 (A is called the Laplace operator), 
i=1 


or, more generally, the Poisson equation 
Au=f fora given function f:Q—R. 


For example, the real and imaginary parts u and v of a holomorphic 
function wu: 2 — C (QQ Cc C open) satisfy the Laplace equation. This 
easily follows from the Cauchy—Riemann equations: 


Introduction 


Us = Vy, : : 
with z=ax+ty 
Uy = —Va5 


implies 
Ura + Uyy = 0 = Vag + Vyy- 


The Cauchy—Riemann equations themselves represent a system of PDEs. 
The Laplace equation also models many equilibrium states in physics, 
and the Poisson equation is important in electrostatics. 

The heat equation: 

Here, one coordinate t is distinguished as the “time” coordinate, while 
the remaining coordinates x!,..., x27 represent spatial variables. We con- 
sider 


u:QxRt+>R, QopeninR’, Rt :={teR:t>0}, 
and pose the equation 
d 
ute = Au, where again Au := a Ushi 
i=1 


The heat equation models heat and other diffusion processes. 
The wave equation: 
With the same notation as in (2), here we have the equation 


Utt = Au. 


It models wave and oscillation phenomena. 
The Korteweg-de Vries equation 


Ut — 6UUg + Urer = O 
(notation as in (2), but with only one spatial coordinate 7) models the 
propagation of waves in shallow waters. 
The Monge-Ampére equation 
Una Uyy — lice =f, 
or in higher dimensions 
det (Uriad )i 51... =f, 


with a given function f, is used for finding surfaces (or hypersurfaces) 
with prescribed curvature. 


(6) 
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The minimal surface equation 
(1 + us) Una — 2UgUyUay + (1 + uz) Uyy = 0 


describes an important class of surfaces in R?. 

The Maxwell equations for the electric field strength E = (Fy, Eo, E3) 
and the magnetic field strength B = (B,, Bz, B3) as functions of 

(hia are 


div B=0 (magnetostatic law), 
B,+curlE =0 (magnetodynamic law), 

div FE = 470 (electrostatic law, @ = charge density), 
E,—curlE = —4nj — (electrodynamic law, 7 = current density), 


where div and curl are the standard differential operators from vector 
analysis with respect to the variables (x!, x”, x3) € R® 

The Navier-Stokes equations for the velocity u(x,t) and the pressure 
p(a,t) of an incompressible fluid of density @ and viscosity 7: 


3 
oui tod viel, —nAv! = —p,s for j = 1,2,3, 
i=l 


divv =0 


(d=3,0 = (wh, 07 07)): 
The Einstein field equations of the theory of general relativity for the 
curvature of the metric (g;;) of space-time: 


1 
Rij - gai =«Tj; for i,j =0,1,2,3 (the index 0 stands for the 
time coordinate t = x°). 


Here, & is a constant, T;,; is the energy-momentum tensor (considered as 
given), while 


3 3 
O O 
Ry i= 5 (seers 3 Baqi lik a 5 (iL; = rir) 


k=0 
(Ricci curvature) 


with 


and 


(10) 
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(g'7) :=(gij)~* (inverse matrix) 


and 


3 
R:= > g'! R;; (scalar curvature). 
i,j=0 
Thus R and R;; are formed from first and second derivatives of the 


unknown metric (g;;). 
The Schrodinger equation 


h? 
thu, = -——Au+ V(za, u) 
2m 


(m = mass, V = given potential, wu: 2 — C) from quantum mechanics 
is formally similar to the heat equation, in particular in the case V = 0. 
The factor i(= —1), however, leads to crucial differences. 

The plate equation 


AAu = 0 


even contains 4th derivatives of the unknown function. 


We have now seen many rather different-looking PDEs, and it may seem 


hopeless to try to develop a theory that can treat all these diverse equations. 
This impression is essentially correct, and in order to proceed, we want to 
look for criteria for classifying PDEs. Here are some possibilities: 


(I) Algebraically, i-e., according to the algebraic structure of the equation: 
(a) Linear equations, containing the unknown function and its deriva- 
tives only linearly. Examples (1), (2), (3), (7), (11), as well as (10) 
in the case where V is a linear function of u. 
An important subclass is that of the linear equations with constant 
coefficients. The examples just mentioned are of this type; (10), 
however, only if V(a,u) = vg -u with constant vg. An example of 
a linear equation with nonconstant coefficients is 


doy fe: 
dora Oe) + ge CO + ee 0 


with nonconstant functions a”, b’, c. 
(b) Nonlinear equations. 
Important subclasses: 
— Quasilinear equations, containing the highest-occurring deriva- 
tives of u linearly. This class contains all our examples with 
the exception of (5). 


(1) 


(III) 
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— Semilinear equations, i.e., quasilinear equations in which the 
term with the highest-occurring derivatives of u does not de- 
pend on wu or its lower-order derivatives. Example (6) is a quasi- 
linear equation that is not semilinear. 

Naturally, linear equations are simpler than nonlinear ones. We shall 
therefore first study some linear equations. 

According to the order of the highest-occurring derivatives: 

The Cauchy—Riemann equations and (7) are of first order; (1), (2), 
(3), (5), (6), (8), (9), (10) are of second order; (4) is of third order; 
and (11) is of fourth order. Equations of higher order rarely occur, and 
most important PDEs are second-order PDEs. Consequently, in this 
textbook we shall almost exclusively study second-order PDEs. 

In particular, for second-order equations the following partial classifi- 
cations turns out to be useful: 

Let 


F (Gt, Upi, Uping ) =0 


be a second-order PDE. We introduce dummy variables and study the 
function 


F (x, u, Di, Diz) : 


The equation is called elliptic in Q at u(x) if the matrix 


Fy; (x, U(X), Uri (Z), Uri es (t))i jo1 ies d 


is positive definite for all a € 9. (If this matrix should happen to be 
negative definite, the equation becomes elliptic by replacing F' by —F’.) 
Note that this may depend on the function u. For example, if f(a) > 0 
in (5), the equation is elliptic for any solution u with uz, > 0. (For 
verifying ellipticity, one should write in place of (5) 


Urallyy — UryUye — f = 0, 


which is equivalent to (5) for a twice continuously differentiable u.) 
Examples (1) and (6) are always elliptic. 

The equation is called hyperbolic if the above matrix has precisely one 
negative and (d— 1) positive eigenvalues (or conversely, depending on 
a choice of sign). Example (3) is hyperbolic, and so is (5), if f(a) < 0, 
for a solution u with uz, > 0. Example (9) is hyperbolic, too, because 
the metric (g;;) is required to have signature (—,+,+,+). Finally, an 
equation that can be written as 


Ut = Fit, L,U, Ugi, Ui ) 


with elliptic F is called parabolic. Note, however, that there is no longer 
a free sign here, since a negative definite (F),,) is not allowed. Example 
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(2) is parabolic. Obviously, this classification does not cover all possible 
cases, but it turns out that other types are of minor importance only. 
Elliptic, hyperbolic, and parabolic equations require rather different 
theories, with the parabolic case being somewhat intermediate between 
the elliptic and hyperbolic ones, however. 

(IV) According to solvability: 
We consider a second-order PDE 


F (2, U, Ugi, Uzigs) = 0 for u: 2>R, 


and we wish to impose additional conditions upon the solution u, typ- 
ically prescribing the values of u or of certain first derivatives of u on 
the boundary 02 or part of it. 
Ideally, such a boundary value problem satisfies the three conditions 
of Hadamard for a well-posed problem: 

— Existence of a solution u for given boundary values; 

— Uniqueness of this solution; 

— Stability, meaning continuous dependence on the boundary values. 


The third requirement is important, because in applications, the bound- 
ary data are obtained through measurements and thus are given only 
up to certain error margins, and small measurement errors should not 
change the solution drastically. 

The existence requirement can be made more precise in various senses: 
The strongest one would be to ask that the solution be obtained by an 
explicit formula in terms of the boundary values. This is possible only 
in rather special cases, however, and thus one is usually content if one 
is able to deduce the existence of a solution by some abstract reason- 
ing, for example by deriving a contradiction from the assumption of 
nonexistence. For such an existence procedure, often nonconstructive 
techniques are employed, and thus an existence theorem does not nec- 
essarily provide a rule for constructing or at least approximating some 
solution. 

Thus, one might refine the existence requirement by demanding a con- 
structive method with which one can compute an approximation that is 
as accurate as desired. This is particularly important for the numerical 
approximation of solutions. However, it turns out that it is often easier 
to treat the two problems separately, i.e., first deducing an abstract 
existence theorem and then utilizing the insights obtained in doing so 
for a constructive and numerically stable approximation scheme. Even 
if the numerical scheme is not rigorously founded, one might be able to 
use one’s knowledge about the existence or nonexistence of a solution 
for a heuristic estimate of the reliability of numerical results. 


Exercise: Find five more examples of important PDEs in the literature. 


1. The Laplace Equation as the Prototype of 
an Elliptic Partial Differential Equation of 
Second Order 


1.1 Harmonic Functions. Representation Formula for 
the Solution of the Dirichlet Problem on the Ball 
(Existence Techniques 0) 


In this section 2 is a bounded domain in R@ for which the divergence theorem 
holds; this means that for any vector field V of class C1(2) 0 0°(), 


I div V(x)da = | V(z)- v(z)do(z), (1.1.1) 


0Q 


where the dot - denotes the Euclidean product of vectors in R?%, v is the 
exterior normal of 02, and do(z) is the volume element of 092. Let us recall 
the definition of the divergence of a vector field V = (V1,...,V%): Q—> R¢: 


d * 

. OV’ 
div V(x) := y Bak (x). 
i=1 


In order that (1.1.1) hold, it is, for example, sufficient that 02 be of class 
Cr, 


Lemma 1.1.1: Let u,v € C?(Q). Then we have Green’s 1°" formula 


Ou 
i v(x) Au(x)dx + | Vu(x) - Vo(a)dr = I. v(z) a (z)do(z) (1.1.2) 
(here, Vu is the gradient of u), and Green’s 2°¢ formula 
Ou Ov 
. {v(x) Au(x) — u(x) Av(a)} dx = a {re gzete) - We)5(2)} do(z). 


(1.1.3) 


Proof: With V(x) = v(a#)Vu(a), (1.1.2) follows from (1.1.1). Interchanging 
u and v in (1.1.2) and subtracting the resulting formula from (1.1.2) yields 
atte p 
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In the sequel we shall employ the following notation: 
B(a,r) := {ye R*: |x—y| <r} (closed ball) 
and 
B(a,r) := {ye R*: |x—y| <r} (open ball) 
for r > 0, x € R4 
Definition 1.1.1: A function u € C?(Q) is called harmonic (in Q) if 
Au=0 inf. 


In Definition 1.1.1, Q may be an arbitrary open subset of R?. We begin 
with the following simple observation: 


Lemma 1.1.2: The harmonic functions in Q form a vector space. 


Proof: This follows because A is a linear differential operator. 


Examples of harmonic functions: 


(1) In R%, all constant functions and, more generally, all affine linear func- 
tions are harmonic. 


(2) There also exist harmonic polynomials of higher order, e.g., 


wa 


for = (ae yerkes) € R4 
For x,y € R? with x 4 y, we put 


— 
w 
ee 


s+ log |x — y| for d= 2, 
P(2,y) = P(je—y) = {e (1.1.4) 


-d 
Fone |e - yl” for d > 2, 
where wy is the volume of the d-dimensional unit ball B(0,1) c R¢. 
We have 


0 1 a i —d 
jail @Y) = GZ, (@ y’) |x ae 


AOS 1 a a j j —d— 
aaa OU) = a {le yl? big — d (a? — 4) (@ - 4) ble yl *?. 


Thus, as a function of x, I is harmonic in R@\ {y}. Since I is symmetric 
in x and y, it is then also harmonic as a function of y in R@ \ {x}. The 
reason for the choice of the constants employed in (1.1.4) will become 
apparent after (1.1.8) below. 
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Definition 1.1.2: [° from (1.1.4) is called the fundamental solution of the 
Laplace equation. 


What is the reason for this particular solution I of the Laplace equation 
in R¢\ {y}? The answer comes from the rotational symmetry of the Laplace 
operator. The equation 


Au = 0 


is invariant under rotations about an arbitrary center y. (If A € O(d) (or- 
thogonal group) and y € R®%, then for a harmonic u(x), u(A(x — y) + y) is 
likewise harmonic.) Because of this invariance of the operator, one then also 
searches for invariant solutions, i.e., solutions of the form 


u(x) = y(r) with r=|a—yl. 


The Laplace equation then is transformed into the following equation for y 
as a function of r, with’ denoting a derivative with respect to r, 


d—1 
g(r) + poe = 0. 


Solutions have to satisfy 


o'(r) = ert 


with constant c. Fixing this constant plus one further additive constant leads 
to the fundamental solution I(r). 


Theorem 1.1.1 (Green representation formula): Jf u € C?(Q2), we 
have for y € 2, 
or Ou 
ue) =f duo) 5 —(e.v) - Flew 5e@) f dole) + | Pe,y) Au(e)de 
02 OV, Ov 2 
(1.1.5) 


(here, the symbol ah indicates that the derivative is to be taken in the direc- 
tion of the exterior normal with respect to the variable x). 


Proof: For sufficiently small ¢ > 0, 
Bly, €) C Q, 


since (2 is open. We apply (1.1.3) for v(x) = I'(a,y) and 2\ B(y,¢) (in place 
of 2). Since I is harmonic in 22 \ {y}, we obtain 


= eon (a) — ula) on™ | dota 
Fig naucente = f _{Peesalgete) = wea) TE doce 


he ar(e,y) 
+ fo eee u(x) ap, \ dole) (1.1.6) 
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In the second boundary integral, v denotes the exterior normal of 2\ B(y,«), 
hence the interior normal of B(y,¢). 

We now wish to evaluate the limits of the individual integrals in this 
formula for « + 0. Since u € C?(2), Au is bounded. Since I is integrable, 
the left-hand side of (1.1.6) thus tends to 


| I(a,y)Au(a)da. 
Q 
On OB(y,¢), we have I'(x,y) = I'(e). Thus, for e¢ > 0, 


Ou 
i pny er BEIM) 


Furthermore, 


= UL Or(a,y) OLX ae UX )AOVL XL 
as ”) au,“ Y= gee) or ee 


(since v is the interior normal of B(y,«)) 


1 
= eee — u(x)do(a) > u(y). 


< dwye* 41T(e) sup |Vul > 0. 
Bly.) 


Altogether, we get (1.1.5). 


Remark: Applying the Green representation formula for a so-called test func- 
tion p € C§°(2),' we obtain 


oy) = - I(x, y)Ayp(x)dx. (1.1.7) 
This can be written symbolically as 
A, I (a,9) = 04; (1.1.8) 


where A, is the Laplace operator with respect to x, and 6, is the Dirac delta 
distribution, meaning that for y € Cp°(2), 


dy[y] := v(y). 


In the same manner, AI(- , y) is defined as a distribution, i.e., 


AI(-,y)[y] = [ re@wetoae 


Equation (1.1.8) explains the terminology “fundamental solution” for I’, as 
well as the choice of constant in its definition. 


' O§° (2) :={f € C™(Q), supp(f) := {x : f(x) F 0} is a compact subset of Q}. 
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Remark: By definition, a distribution is a linear functional @ on C¢° that is 
continuous in the following sense: 

Suppose that (Yn)nen C C§°(2) satisfies y,, = 0 on 2\ K for all n and some 
fixed compact K C 2 as well as limp. Dyn (x) = 0 uniformly in x for all 
partial derivatives D® (of arbitrary order). Then 


lim [yn] = 0 
noo 
must hold. 


We may draw the following consequence from the Green representation 
formula: If one knows Au, then u is completely determined by its values and 
those of its normal derivative on 02. In particular, a harmonic function on 2 
can be reconstructed from its boundary data. One may then ask conversely 
whether one can construct a harmonic function for arbitrary given values on 
O02 for the function and its normal derivative. Even ignoring the issue that 
one might have to impose certain regularity conditions like continuity on 
such data, we shall find that this is not possible in general, but that one can 
prescribe essentially only one of these two data. In any case, the divergence 
theorem (1.1.1) for V(a#) = Vu(x) implies that because of A = div grad, a 
harmonic wu has to satisfy 


) 
| on do(z) = | Au(x)dx = 0, (1.1.9) 
ag OV 
so that the normal derivative cannot be prescribed completely arbitrarily. 


Definition 1.1.3: A function G(x,y), defined for x,y € 2,24 y, is called 
a Green function for 2 if 


(1) G(a,y) =0 for « € ON; 
(2) h(x, y) := G(a,y)-—L'(a, y) is harmonic in x € Q (thus in particular also 
at the point x = y). 


We now assume that a Green function G(x, y) for Q exists (which indeed 
is true for all 2 under consideration here), and put v(#) = h(a, y) in (1.1.3) 
and add the result to (1.1.5), obtaining 


u(y) = (Cee) ait G(a, y)Au(a)da. (1.1.10) 
reKe) Ve 2 
Equation (1.1.10) in particular implies that a harmonic wu is already deter- 
mined by its boundary values waa. 
This construction now raises the converse question: If we are given func- 
tions y : 02 > R, f : 2 — R, can we obtain a solution of the Dirichlet 
problem for the Poisson equation 


Au(«) = f(x) forr@eQ, 


u(x) = v(x) forz € 02, eee) 
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by the representation formula 


uly) = i p(x ee “ Y) +f #@) f(x)G(a, y)dx? (1.1.12) 


After all, if u is a solution, it does satisfy this formula by (1.1.10). 

Essentially, the answer is yes; to make it really work, however, we need 
to impose some conditions on y and f. A natural condition should be the 
requirement that they be continuous. For y, this condition turns out to be 
sufficient, provided that the boundary of 9 satisfies some mild regularity 
requirements. If 2 is a ball, we shall verify this in Theorem 1.1.2 for the case 
f =0, i-e., the Dirichlet problem for harmonic functions. For f, the situation 
is slightly more subtle. It turns out that even if f is continuous, the function u 
defined by (1.1.12) need not be twice differentiable, and so one has to exercise 
some care in assigning a meaning to the equation Au = f. We shall return 
to this issue in Sections 9.1 and 10.1 below. In particular, we shall show that 
if we require a little more about f, namely, that it be Holder continuous, 
then the function wu given by (1.1.12) is twice continuously differentiable and 
satisfies 


Au = f. 
Analogously, if H(a,y) for 2,y € Q, « # y is defined with? 
0 —1 
—H = ——_ fe O02 
av (x, y) a0 \ or x € 


and a harmonic difference H(x,y) — (x,y) as before, we obtain 
1 


Ou 
u(y) = Joa Jon u(x)do(x) — aE Ul cele) 


+ [ H(e.ydu(eae, (1.1.13) 


If now uj, and ug are two harmonic functions with 


Out Ouse 
—_— == Q, 
BE On 
applying (1.1.13) to the difference u = uz — ug yields 
1 
u(y) — ua(y) = Tao, | (usa) — ua(@)) do(x). (1.1.14) 
|O2|| Jaa 


Since the right-hand side of (1.1.14) is independent of y, ui — Ae must be 
constant in 92. In other words, a harmonic u is determined by St on 02 up 
to a constant. 


? Here, ||OQ|| denotes the measure of the boundary 02 of Q; it is given as 
do(x). 
Q 
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We now wish to compute the Green function G for a ball B(0, R). For 
y € R¢, we put 


ly 
oe) for y = 0. 


- {i for y £0, 
y= 


(7 is the point obtained from y by reflection across 0B(0, R).) We then put 


r(le-yl)-F(Blx-al) for y 40, 
I(\z|) — F(R) for y = 0. 


G(z,y) = (1.1.15) 


For « # y, G(x,y) is harmonic in x, since for y € B(0, R), the point 7 lies 
in the exterior of B(0,R). The function G(x, y) has only one singularity in 
B(0, R), namely at x = y, and this singularity is the same as that of I(x, y). 
The formula 


1 
cits ' lel? ly? : 
Ga,y) =P | (lel? +ly?-22-y) J-r | (A + Rt -20-y 


(1.1.16) 


then shows that for « € OB(0, R), ie., |z| = .R, we have indeed 
G(x, y) = 0. 


Therefore, the function G(x, y) defined by (1.1.15) is the Green function of 
B(0, R). 
Equation (1.1.16) also implies the symmetry 


G(x, y) = Gy, 2). (1.1.17) 


Furthermore, since I'(|z—y|) is monotonic in |~—y|, we conclude from (1.1.16) 
that 


G(a,y) <0 for x,y € B(O, R). (1.1.18) 
Since for x € OB(0, R), 


2 2 
_ |e? ly 


|x|? + |y|? — 20+ y RB + R? — 2x - y, 


(1.1.16) furthermore implies for x € 0B(0, R) that 


a a 1 il 1 lel iw 
OVy (x,y) O |x| (x,y) dwg | — y|4 dwa ja — y|4 R2 


_R-lyP 1 
duaR |x —y|4 
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Inserting this result into (1.1.10), we obtain a representation formula for a 
harmonic u € C?(B(0, R)) in terms of its boundary values on 0B(0, R): 


R? — |y|? | u(2) 
u(y) = ——— — doa): 1.1.19 
OS eae (x) (1.1.19) 


The regularity condition here can be weakened; in fact, we have the following 
theorem: 


Theorem 1.1.2: (Poisson representation formula; solution of the 
Dirichlet problem on the ball): Let y : 0B(0,R) > R be continuous. 
Then u, defined by 


24,42 e 5 
y) = oe Joneo.r) eS jdo(a) fory € B(O, R), 
ely) for y € OB(O, R), 


is harmonic in the open ball B(0, R) and continuous in the closed ball B(0, R). 


(1.1.20) 


Proof: Since G is harmonic in y, so is the kernel of the Poisson representation 
formula 


OG = 
K(#,y) = 5 (eu) = =p lel. 


Thus wu is harmonic as well. 
It remains only to show continuity of u on 0B(0, R). We first insert the 
harmonic function u = 1 in (1.1.19), yielding 


7 K(a,y)do(z) =1 for all y € B(O, R). (1.1.21) 
aB(0,R) 


We now consider yo € 0B(0, R). Since y is continuous, for every ¢ > 0 there 
exists 6 > 0 with 


E 
le(y) — v(yo)| < 5 for ly — yo| < 26. (1.1.22) 
With 
i= sup lyty)|, 
y€OB(0,R) 


by (1.1.20), (1.1.21) we have for |y — yo| < 6 that 


u(y) — ulyo) | = 


| K(e,y) (p(t) — ola) dol) 
aB(0,R) 


< = K (2,9) |p(e) — g(yo)| do(x) 


ss i canta K(z,y) |p(x) — 9(yo)| do(x) 


+ 2p (FR? - iy?) Re), (1.1.23) 
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(For estimating the second integral, note that because of |y — yo| < 6, for 
|x — yo| > 26 also |x — y| > 6.) Since |yo| = R, for sufficiently small |y — yo 
then also the second term on the right-hand side of (1.1.23) becomes smaller 
than ¢/2, and we see that u is continuous at yo. 


Corollary 1.1.1: For y € C°(OB(0, R)), there exists a unique solution u € 
C?(B(0, R)) NC°(B(0, R)) of the Dirichlet problem 


Au(x) =0 for « € B(0,R), 
u(x) = v(x) for x € OB(0, R). 


Proof: Theorem 1.1.2 shows the existence. Uniqueness follows from (1.1.10); 
however, in (1.1.10) we have assumed u € C?(B(0, R)), while more generally, 
here we consider continuous boundary values. This difficulty is easily over- 
come: Since u is harmonic in B(0, R), it is of class C? in B(0, R), for example 
by Corollary 1.1.2 below. Consequently, for |y| < r < R, applying (1.1.19) 
with r in place of R, we get 


u(y) = “Hf sO) ita. 


dwar B(o,r) |a — y|* 


and since u is continuous in B(0,R), we may let r tend to R in order to get 
the representation formula in its full generality. 


Corollary 1.1.2: Any harmonic function u: 22 > R is real analytic in 2. 


Proof: Let z € @ and choose R such that B(z,R) C 2. Then by (1.1.19), for 
y € Biz, R), 


u(y) = 5 | iss: 


dwg R B(z,R) |e — y|" 


which is a real analytic function of y € B (z, R). 


1.2 Mean Value Properties of Harmonic Functions. 
Subharmonic Functions. The Maximum Principle 


Theorem 1.2.1 (Mean value formulae): A continuous u : 2 > R is 
harmonic if and only if for any ball B(ao,r) C Q, 


u(xo) = S(u, 20,7) : : 


= aa | u(x)do(a) (spherical mean), 
dwar OB(zxo,r) 


(1.2.1) 
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or equivalently, if for any such ball 


di 


war 


u(ao) = K(u, 20,7) = iE ee (ball mean). (1.2.2) 


Proof: “=>”: 

Let u be harmonic. Then (1.2.1) follows from Poisson’s formula (1.1.19) (since 
we have written (1.1.19) only for the ball B(0, R), take the harmonic function 
u(x) := u(@ + xo) and apply the formula at the point x = 0). Alternatively, 
we may prove (1.2.1) from the following observation: 

Let u € C2(B(y,r)), 0 < <r. Then by (1.1.1) 


, , vt — 
in polar coordinates w = ae 


0 
= ae | u(y + ow)dw 
2 JAB(0,1) 


1,0 ty 
d-1 1—d 
= 0 Se u(x)do(x 
al OB(y,@) a «) 


= dose! 1S Susy és: (1.2.3) 


If w is harmonic, this yields 55 5(u, y, 0) = 0, and so S(u, y, @) is constant in 
p. Because of 


u(y) = lim S(u, y, 9), (1.2.4) 
o—0 


for a continuous u this implies the spherical mean value property. Because of 
d f" d-1 
K(u, 20,7) a ya S(u, Xo, oe dg (1.2.5) 
0 


we also get (1.2.2) if (1.2.1) holds for all radii 9 with B(x, 0) C 92. 
Ce”, 


We have just seen that the spherical mean value property implies the ball 
mean value property. The converse also holds: 
If K(u, 29,7) is constant as a function of 1, i.e., by (1.2.5) 


a d d 
0= apis (us 0,7) = ~9(u, 20,7) = ~K(u, 20,7), 
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then S(u, 29,1) is likewise constant in r, and by (1.2.4) it thus always has to 
equal u(%o). 

Suppose now (1.2.1) for B(ao,7r) C 2. We want to show first that u then 
has to be smooth. For this purpose, we use the following general construction: 
Put 


caexp (Zz! ) if0<t<1, 
o(t) = a 
0 otherwise, 


where the constant cg is chosen such that 


[ _olle)de = 1. 


The reader should note that o(|z|) is infinitely differentiable with respect 
to x. For f € L1(2), Bly,r) C 2, Bly,r) C Q we consider the so-called 


mollification 
fim f (4*) fla)de. (1.2.6) 


Then /f, is infinitely differentiable with respect to y. 
If now (1.2.1) holds, we have 


tr) = = af oon (2) w(x)doeas 


“0(2) dwgs? 1S(u, y, s)ds 


? | 


+ 


Thus a function satisfying the mean value property also satisfies 
u,(x) = u(x), provided that B(a,r) C 22. 
Thus, with wu, also u is infinitely differentiable. We may thus again consider 
(1.2.3), ie 
a-19 
Au(«)dx = dwao" * —S(u, y, a). (1.2.7) 
B(y,0) Jo 
If (1.2.7) holds, then S(u, xo, @) is constant in e, and therefore, the right-hand 
side of (1.2.7) vanishes for all y and @ with B(y, 0) C 2. Thus, also 
Au(y) = 0 


for all y € 2, and u is harmonic. 
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Instead of requiring that u be continuous, it suffices to require that u be 
measurable and locally integrable in 22. The preceding theorem and its proof 
then remain valid since in the second part we have not used the continuity 
of u. 

With this observation, we easily obtain the following corollary: 


Corollary 1.2.1 (Weyl’s lemma): Let u: 922 > R be measurable and lo- 
cally integrable in 2. Suppose that for all p € C§°(2), 


| u(x) Ay(x)dax = 0. 
Q 


Then u is harmonic and, in particular, smooth. 


Proof: We again consider the mollifications 


For y € C§° and r < dist(supp(y), 02), we obtain 


i un(a)Ap(ade =f 5 fe A u(y)dyAg(x)dx 
= [ wo derdy 


exchanging the integrals and observing that (Ay), = 
A(y,), so that the Laplace operator commutes with the 
mollification 


=0, 


since by our assumption for r also y, € CG° (2). 
Since u, is smooth, this also implies 


| Au,(«)p(x)dz =0 for all y € CO°(2,), 
Q 


with 2, := {x € 2: dist(#,02) > r. 
Hence, 


Au, =0 in’. 


Thus, wu, is harmonic in §2,. 
We consider R>OandO0O<r< sR. Then u, satisfies the mean value 
property on any ball with center in 2, and radius < sR. Since 


f wtonievs f 3 f o( 2) ttariaeay 


< | \u(2)\ ae 
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obtained by exchanging the integrals and using fia +0 (=) dy = 1, the 
uy have uniformly bounded norms in L'(Q), if u € L+(2). If u is only locally 
integrable, the preceding reasoning has to be applied locally in (2, in order 
to get the local uniform integrability of the u,. Since this is easily done, we 
assume for simplicity u € L'(). 

Since the u,. satisfy the mean value property on balls of radius £R, this 
implies that they are also uniformly bounded (keeping R fixed and letting r 
tend to 0). Furthermore, because of 


1 Yo? 
jer) url SA (Z) foc wronmen ny Mabel de 
UB(29,R/2)\B(21,R/2) 


d 
<= (:) sup |u| 2Vol (B(1, R/2) \ B(a2, R/2)), 


IA 


the u, are also equicontinuous. Thus, by the Arzela—Ascoli theorem, for r > 
0, a subsequence of the u, converges uniformly towards some continuous 
function v. We must have u = v, because u is (locally) in Z1(Q), and so for 
almost all x € 2, u(x) is the limit of u,(a) for r > 0 (cf. Lemma A.3). Thus, 
u is continuous, and since all the u,. satisfy the mean value property, so does 
u. Theorem 1.2.1 now implies the claim. 


Definition 1.2.1: Let v : 2 — [—o0, 00) be upper semicontinuous, but not 
identically —oo. Such a v is called subharmonic if for every subdomain QM CC 
Q and every harmonic function u: Q' +R (we assume u € C°(Q’)) with 


v<u ond 
we have 


v<u on. 


A function w : 2 —+ (—co,oo], lower semicontinuous, w 4 oo, is called 
superharmonic if —w is subharmonic. 


Theorem 1.2.2: A function v : Q — [—00, 00) (upper semicontinuous, F 
—oo) is subharmonic if and only if for every ball B(ag,r) C Q, 


v(%o) < S(v, 20,7), (1.2.8) 
or, equivalently, if for every such ball 
u(ao) < K(v, 20,1). (1.2.9) 


Proof: “=>” 
Since v is upper semicontinuous, there exists a monotonically decreasing 
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sequence (Up)nen of continuous functions with v = limpen vn. By Theo- 
rem 1.1.2, for every u, there exists a harmonic 


Un: B(xto,r) > R 
with 
UnlaB(eo,r) = YnlaB(eo,r) (= laB(eo,r)) 3 
hence, in particular, 
S(un,#0,7) = S(Un, 20,7). 
Since v is subharmonic and u, is harmonic, we obtain 
u(X0) < Un(@o0) = S(Un, 20,7) = S(Un, Lo, 7). 


Now n — oo yields (1.2.8). The mean value inequality for balls follows from 
that for spheres (cf. (1.2.5)). For the converse direction, we employ the 
following lemma: 


Lemma 1.2.1: Suppose v satisfies the mean value inequality (1.2.8) or 
(1.2.9) for all B(xo,r) C 2. Then v also satisfies the maximum principle, 
meaning that if there exists some xp € 92 with 


v(x0) = SoBe) 
Hi 


then v is constant. In particular, if Q is bounded and v € C°(Q), then 
< il 22. 
u(x) < mes v(y) foralla € 
Remark: We shall soon see that the assumption of Lemma 1.2.1 is equivalent 


to v being subharmonic, and therefore, the lemma will hold for subharmonic 
functions. 


Proof: Assume 


v(%9) = sup v(a) =: M. 
rEQ 


Thus, 
OM = {ye Q:v(y)=M} FO. 


Let y € 2”, Biy,r) C Q. Since (1.2.8) implies (1.2.9) (cf. (1.2.5)), we may 
apply (1.2.9) in any case to obtain 


1 
0=viy)-M< oa Lo — M)dz. (1.2.10) 


Since M is the supremum of v, always v(a) < M, and we obtain v(x) = M@ 
for all « € B(y,r). Thus 2” contains together with y all balls B(y,r) C Q, 
and it thus has to coincide with 2, since 2 is assumed to be connected. Thus 
u(a) = M for alla e 2. 
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We may now easily conclude the proof of Theorem 1.2.2: 
Let u be as in Definition 1.2.1. Then v — u likewise satisfies the mean value 
inequality, hence the maximum principle, and so 


v<u in, 


ifv<uon OM. 


Corollary 1.2.2: A function v of class C?(Q) is subharmonic precisely if 
Av>0 in 2. 
Proof: “=>”: 
Let B(y,r) C 2,0 < o@< Tr. Then by (1.2.3) 
) 
0< | Av(x)dz = dwgot'—S(v, y, 0). 
B(y,o) de 


Integrating this inequality yields, for 0 < @ <r, 
S(v,y, 0) < S(v,y,r), 
and since the left-hand side tends to u(y) for @ > 0, we obtain 
u(y) < S(v,y,r). 


By Theorem 1.2.2, v then is subharmonic. 
“=>”: Assume Av(y) < 0. Since v € O?(Q), we could then find a ball B(y,r) 


Q with Av < 0 on B(y,r). Applying the first part of the proof to —v would 
yield 


v(y) > S(v,y,7), 


and v could not be subharmonic. 


Examples of subharmonic functions: 


(1) Let d > 2. We compute 
A|zx|* = (da + a(a — 2)) |a|°~?. 


Thus |z|*% is subharmonic for a > 2—d. (This is not unexpected because 
|x|?~¢ is harmonic.) 
(2) Let wu: 2 > R be harmonic and positive, 6 > 1. Then 


d 
Au? = + (BUF Upigi + B(B - 1) uo? 9:2) 
t=1 


d 
= S- B(B- 1) uP Ui Ups, 
i=l 


since u is harmonic. Since u is assumed to be positive and ( > 1, this 
implies that w? is subharmonic. 
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(3) Let w: 2 + R again be harmonic and positive. Then 


d d 
U U UW 


i=l i=l 


since u is harmonic. Thus, log u is superharmonic, and —log wu then is 
subharmonic. 

(4) The preceding examples can be generalized as follows: 
Let u : 2 — R be harmonic, f : u(Q) — R convex. Then f o wu is 
subharmonic. To see this, we first assume f € C?. Then 


d 
Af(u(a)) = y (f'(u(a))Usiai + f" (u(x) )Ueites) 


d 
= 2 f’ (u(x)) (ug)? (since u is harmonic) 


since for a convex C?-function f” > 0. If the convex function f is not 
of class C?, there exists a sequence (fn)nen of convex C?-functions con- 
verging to f locally uniformly. By the preceding, fp ou is subharmonic, 
and hence satisfies the mean value inequality. Since f,, o wu converges to 
fou locally uniformly, f o u satisfies the mean value inequality as well 
and so is subharmonic by Theorem 1.2.2. 


We now return to studying harmonic functions. If u is harmonic, u and 
—wu both are subharmonic, and we obtain from Lemma 1.2.1 the following 
result: 


Corollary 1.2.3 (Strong maximum principle): Let u be harmonic in 2. 
If there exists xg € 22 with 


u(ap) = sup u(z) or u(x) = inf u(x), 
2EQ rEQ 


then u is constant in 22. 
A weaker version of Corollary 1.2.3 is the following: 


Corollary 1.2.4 (Weak maximum principle): Let 2 be bounded and u € 
C°(2) harmonic. Then for all x € Q, 


i << < ; 

min, u(y) < u(x) < es u(y) 

Proof: Otherwise, u would achieve its supremum or infimum in some interior 
point of 2. Then u would be constant by Corollary 1.2.3, and the claim would 
also hold true. 
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Corollary 1.2.5 (Uniqueness of solutions of the Poisson equation): 
Let f € C°(Q2), Q bounded, uy, uz € C°(2)NC?(Q) solutions of the Poisson 
equation 
Auj(x) = f(x) forwe Q (i =1,2). 
If ui(z) < ue(z) for all z € OQ, then also 
Uy() < Ue(x) for alla Ee 2. 
In particular, if 
U1\aQ = U2|d2, 


then 


Uy = U2. 


Proof: We apply the maximum principle to the harmonic function wu, — u2. 


In particular, for f = 0, we once again obtain the uniqueness of harmonic 
functions with given boundary values. 


Remark: The reverse implication in Theorem 1.2.1 can also be seen as fol- 
lows: We observe that the maximum principle needs only the mean value 
inequalities. Thus, the uniqueness of Corollary 1.2.5 holds for functions that 
satisfy the mean value formulae. On the other hand, by Theorem 1.1.2, for 
continuous boundary values there exists a harmonic extension on the ball, 
and this harmonic extension also satisfies the mean value formulae by the 
first implication of Theorem 1.2.1. By uniqueness, therefore, any continuous 
function satisfying the mean value property must be harmonic on every ball 
in its domain of definition 2, hence on all of 22. 


As an application of the weak maximum principle we shall show the re- 
movability of isolated singularities of harmonic functions: 


Corollary 1.2.6: Let xo € 2 C R4(d > 2), u: Q\ {xo} 4 R harmonic and 
bounded. Then u can be extended as a harmonic function on all of Q; t.e., 
there exists a harmonic function 


u:2—>R 


that coincides with u on 2 \ {xo}. 


24 1. The Laplace Equation 


Proof: By a simple transformation, we may assume Xp = 0 and that 2 con- 
tains the ball B(0,2). By Theorem 1.1.2, we may then solve the following 
Dirichlet problem: 


Ai =0 in B(0,1), 
u on OB(0,1). 


We consider the following Green function on B(0,1) for y = 0: 


= log |2| ford =2 
G = 20 u 
(2) (\z/2-4 1) for d>3. 


TO Tiaa 
For € > 0, we put 
Ue(@) = U(x) —EG(x) (0 < |a2| < 1). 
First of all, 
Ue(x) = U(x) = u(x) for |x| = 1. (1.2.11) 


Since on the one hand, u as a smooth function possesses a bounded derivative 
along || = 1, and on the other hand (with r = |z|), 2G(c) > 0, we obtain, 
for sufficiently large e, 


ue(x) > u(x) for 0< |a| <1. 
But we also have 
lim ue(2) =oo fore>0. 
Since u is bounded, consequently, for every ¢ > 0 there exists r(¢) > 0 with 
ue(x) > u(x) for |x| < r(e). (1.2.12) 
From these arguments, we may find a smallest ¢9 > 0 with 
Ue, (x) > u(x) for ja| <1. 


We now wish to show that €9 = 0. 
Assume €9 > 0. By (1.2.11), (1.2.12), we could then find 29, r() < |z0| < 
1, with 


uso (zo) < uz). 
This would imply 


_ min (usp (2) -_ u(x)) <0, 
x€ B(0,1)\B(0,r(=2)) 7 
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while by (1.2.11), (1.2.12) 


min (usp (y) — u(y)) =0. 


y€OB(0,1)UdB(0,r(22)) 


This contradicts Corollary 1.2.4, because uso — u is harmonic in the annular 
region considered here. Thus, we must have €¢9 = 0, and we conclude that 


u<u9=ut in B(O,1) \ {0}. 
In the same way, we obtain the opposite inequality 
u>wt in B(0,1) \ {0}. 


Thus, u coincides with @ in B(0, 1) \ {0}. Since @ is harmonic in all of B(0, 1), 
we have found the desired extension. 


From Corollary 1.2.6 we see that not every Dirichlet problem for a har- 
monic function is solvable. For example, there is no solution of 


Au(z) =0 in B(0,1) \ {0}, 
u(x) =0 for |a| =1, 
u(0) = 1. 
Namely, by Corollary 1.2.6 any solution u could be extended to a harmonic 
function on the entire ball B(0,1), but such a harmonic function would have 


to vanish identically by Corollary 1.2.4, since its boundary values on 0B(0, 1) 
vanish, and so it could not assume the prescribed value 1 at x = 0. 


Another consequence of the maximum principle for subharmonic functions 
is a gradient estimate for solutions of the Poisson equation: 


Corollary 1.2.7: Suppose that in 22, 


R 
sup ul + > sup |f| fori=1,...,d. (1.2.13) 
_R) 


Proof: We consider the case i = 1. For abbreviation, put 


w= sup ful, M:= sup |fl. 
OB(ao,R) B(axo,R) 


Without loss of generality, suppose again x9 = 0. The auxiliary function 
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u(x) = a |x|? + a7 (R- <x") & + >) 
satisfies, in B(0, R), 
Av(z) = —-M, 
w(0;8" 62252) >0 for all 2?,...,2%, 


v(x) >p for |z| = R, 2 > 0. 


We now consider 


In B(0, R), we have 
|Au(x)| < M, 
a(0,27,...,27)=0 for all 2?,..., 2%, 
\u(x)| <p for all |a| = R. 


We consider the half-ball Bt := {|x| < R, x! > 0}. The preceding inequali- 
ties imply 


A(v sc tu) 


The maximum principle (Lemma 1.2.1) yields 


|ja|<v in Br. 


We conclude that 


chante’, Ones: 0) sO es Soe. a ake 
oO) = Ym, JO tm AE 
a1>0 zl>0 
i.e., (1.2.13). 


Other consequences of the mean value formulae are the following: 


Corollary 1.2.8 (Liouville theorem): Let u : R? > R be harmonic and 
bounded. Then u is constant. 


Proof: For 21,22 € R¢, by (1.2.2) for all r > 0, 
1 
u(a4) — u(a2) = —— | soins i seeds 
war B(x1,r) B(x2,r) 


1 

a it u(ojde — | u(a)dx |. 
War B(«1,r)\B(x2,r) B(x2,r)\B(x1,r) 
(1.2.14) 


I 
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By assumption 
|u(x)| < M, 
and for r + ov, 


1 
wart 


Vol (B(a1,7r) \ B(xa,r)) 3 0. 


This implies that the right-hand side of (1.2.14) converges to 0 for r + oo. 
Therefore, we must have 


u(a1) = u(x). 


Since x; and x2 are arbitrary, u has to be constant. 


Another proof of Corollary 1.2.8 follows from Corollary 1.2.7: 
By Corollary 1.2.7, for all v9 € R¢, R>0,i=1,...,d, 


d 
|u2(%o)| < = sup lu]. 
Re 


Since u is bounded by assumption, the right-hand side tends to 0 for R + ov, 
and it follows that u is constant. This proof also works under the weaker 
assumption 


1 
lim = sup |u| =0. 
R>00 R B(2o,R) | | 


This assumption is sharp, since affine linear functions are harmonic functions 
on R¢ that are not constant. 


Corollary 1.2.9 (Harnack inequality): Let u: 2 > R be harmonic and 
nonnegative. Then for every subdomain 2’ CC 2 there exists a constant 
c= c(d, 2,92’) with 


supu < cinf u. (1.2.15) 
Ql Q 


° 


Proof: We first consider the special case 2’ = B(xo,1r), assuming B(a,4r) C 
2. Let y1,y2 € B(ao,1r). By (1.2.2), 
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1 
u(y) = ae | ee u(y)dy 
1 
<5 f wu 
Wal" J B(xo,2r) 


since u > 0 and B(y1,r) C B(x, 2r) 


since u > 0 and B(2xo,2r) C B(y2,3r) 
= 3¢u(y2), 
and in particular, 


sup u<3¢ inf u, 
B(xo,r) B(2o,r) 


which is the claim in this special case. 
For an arbitrary subdomain 2’ CC 2, we choose r > 0 with 


1 
r <7 dist(2’, 02). 


Since 2’ is bounded and connected, there exists m € N such that any two 
points y1,y2 € 92’ can be connected in 2’ by a curve that can be covered 
by at most m balls of radius r with centers in §2/. Composing the preceding 
inequalities for all these balls, we get 


u(y) < 3™4u(y2). 


Thus, we have verified the claim for c = 3”. 


The Harnack inequality implies the following result: 


Corollary 1.2.10 (Harnack convergence theorem): Let uy: 2 — R be 
a monotonically increasing sequence of harmonic functions. If there exists 
y € 2 for which the sequence (un(y))nen is bounded, then Un converges on 
any subdomain 2! CC Q uniformly towards a harmonic function. 


Proof: The monotonicity and boundedness imply that u,(y) converges for 
n — co. For ¢ > 0, there thus exists N € N such that forn >m> N, 


0 < Un(y) — Um(y) < e. 


Then uy, — Um is a nonnegative harmonic function (by monotonicity), and by 
Corollary 1.2.9, 
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sup(Un — Um) <ce, (wlog y € 2), 
aQ 
where c depends on d, 2, and 2’. Thus (un)nen converges uniformly in all 
of 92’. The uniform limit of harmonic functions has to satisfy the mean value 
formulae as well, and it is hence harmonic itself by Theorem 1.2.1. 


Summary 


In this chapter we encountered some basic properties of harmonic functions, 
i.e., of solutions of the Laplace equation 


Au=0 inf, 
and also of solutions of the Poisson equation 
Au=f infQ 


with given f. 

We found the unique solution of the Dirichlet problem on the ball (Theo- 
rem 1.1.2), and we saw that solutions are smooth (Corollary 1.1.2) and even 
satisfy explicit estimates (Corollary 1.2.7) and in particular the maximum 
principle (Corollary 1.2.3, Corollary 1.2.4), which actually already holds for 
subharmonic functions (Lemma 1.2.1). All these results are typical and char- 
acteristic for solutions of elliptic PDEs. The methods presented in this chap- 
ter, however, mostly do not readily generalize, since they have used heavily 
the rotational symmetry of the Laplace operator. In subsequent chapters we 
thus need to develop different and more general methods in order to show 
analogues of these results for larger classes of elliptic PDEs. 


Exercises 


1.1 Determine the Green function of the half-space 
{a= (c',...;2%) € R? 2a! > 0}. 


1.2 On the unit ball B(0,1) C R®%, determine a function H(z, y), defined for 
x#y, with 
(i) 32-A(2,y) = 1 for x € AB(0, 1); 
(ii) H(a,y) — I'(,y) is a harmonic function of x € B(0,1). (Here, 
I(x, y) is a fundamental solution.) 
1.3 Use the result of Exercise 1.2 to study the Neumann problem for the 
Laplace equation on the unit ball B(0,1) Cc R?: 
Let g : OB(0,1) > R with J55¢,1) 9(y) do(y) = 0 be given. We wish to 
find a solution of 


Au(x)=0 for e € B(0,1), 
Ou 


ay) = g(x) for x € OB(0,1). 
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1.4 


1.5 


1.6 


lef 


1.8 


1.9 
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Let wu : B(O,R) + R be harmonic and nonnegative. Prove the following 
version of the Harnack inequality: 
Rt (R— |s) 
(R + |a|)o™ 


Rt ?(R + |2\) 


u(0) < u(x) < [Rear HO 


for all x € B(O, R). 

Let wu: R¢ + R be harmonic and nonnegative. Show that u is constant. 
(Hint: Use the result of Exercise 1.4.) 

Let 2 c R? \ {0}, wu: 2 > R harmonic. Show that 


1 De 
1 2 Orga 
Ee) a (a la’ ae 


is harmonic in the region Q/ := {« R?: (ge. oa, 4) 2}. 

— Is there a deeper reason for this? 

— Is there an analogous result for arbitrary dimension d? 
Let Q be the unbounded region {a € R¢ : |x| > 1}. Let u € C?(2)N 
C°(Q) satisfy Au = 0 in Q. Furthermore, assume 


lim u(x) = 0. 
|z|—-00 


Show that 
al = max |u|. 


(Schwarz reflection principle): 
Let Q* c {x? > 0}, 


5 := 0N* {at =O} FO. 


Let u be harmonic in Q+, continuous on Q+ UX’, and suppose u = 0 on 
+). We put 
ai(a! a) WS ger) fore * = 0, 
U(a’,...,2°) = 
—u(a',...,-0%) for x? <0. 
Show that @ is harmonic in Qt UYU Q-, where Q- := {x € R?: 
(z},...,-2%) € Qt}. 


Let 2 Cc R* bea bounded domain for which the divergence theorem 
holds. Assume u € C?(2),u = 0 on 02. Show that for every ¢ > 0, 


2f Wu(a)/Pde <e f (Au(x))? de + - | Pinan 
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2. The Maximum Principle 


Throughout this chapter, Q is a bounded domain in R?. All functions u are 
assumed to be of class C?(). 


2.1 The Maximum Principle of E. Hopf 


We wish to study linear elliptic differential operators of the form 


where we impose the following conditions on the coefficients: 
(i) Symmetry: a(x) = a?*(x) for all i,j and x € 2 (this is no serious 
restriction). 
(ii) Ellipticity: There exists a constant \ > 0 with 


d 
AEP < So a (alge for all a € 2,€ € R4 
ij=l 
(this is the key condition). 


and the smallest eigenvalue is greater than or equal to A. 
(iii) Boundedness of the coefficients: There exists a constant K with 


Ja? (x)|, [o'(x) 


,|e(x)| < K for all i,j anda e 2. 


Obviously, the Laplace operator satisfies all three conditions. The aim of the 
present chapter is to prove maximum principles for solutions of Lu = 0. It 
turns out that for that purpose, we need to impose an additional condition 
on the sign of c(a), since otherwise no maximum principle can hold, as the 
following simple example demonstrates: The Dirichlet problem 
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has the solutions 
u(x) = asina 


for arbitrary u, and depending on the sign of a, these solutions assume a 
strict interior maximum or minimum at x = 7/2. The Dirichlet problem 


u(x) — u(x) = 0, 


u(0) =0=u(n), 


however, has 0 as its only solution. 

As a start, let us present a proof of the weak maximum principle for 
subharmonic functions (Lemma 1.2.1) that does not depend on the mean 
value formulae: 


Lemma 2.1.1: Let u € C?(2)N.C°(Q), Au >0 in Q. Then 


= , 2.1.1 
aon max u ( ) 


(Since u is continuous and Q is bounded, and the closure 2 thus is compact, 
the supremum of u on 2 coincides with the maximum of u on 2.) 


Proof: We first consider the case where we even have 
Au>0O in 2. 


Then u cannot assume an interior maximum at some Zo € 2, since at such 
a maximum, we would have 


Ugizi(to) <0 fori =1,...,d, 
and thus also 
Au(xo) < 0. 


We now come to the general case Au > 0 and consider the auxiliary function 


which satisfies 
Av=v>0. 
For each ¢ > 0, then 
A(u+ev) >0 in Q, 


and from the case studied in the beginning, we deduce 
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sup(u + ev) = max(u + ev). 
Q 02 


Then 


supu+ cinfv < maxu+ emaxy, 
Q Q an an 


and since this holds for every ¢ > 0, we obtain (2.1.1). 


Theorem 2.1.1: Assume c(x) =0, and let u satisfy in Q 


Lu > 0, 
1.€., 
d 4 d ; 
S¢ a) (x)uzies +) b'(a)uzi > 0. (2.1.2) 
ij=l i=1 
Then also 
= 2.1.3 
pup u(x) = max u(x) (2.1.3) 


In the case Lu <0, a corresponding result holds for the infimum. 
Proof: As in the proof of Lemma 2.1.1, we first consider the case 
Lu > 0. 
Since at an interior maximum zo of u, we must have 
Uzi(%o) =O fori=1,...,d, 
and 
(Uzixi(Xo)); j-1,...4 negative semidefinite, 


and thus by the ellipticity condition also 


d 
Lu(2o) = > a) (x9)Ugzini (20) < 0, 


ij=l 


such an interior maximum cannot occur. 
Returning to the general case Lu > 0, we now consider the auxiliary 
function 


u(x“) =e 


for a > 0. Then 
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Lv(x) = (a?a'!(x) + ab! (x)) v(2). 


Since Q and the coefficients b’ are bounded and the coefficients satisfy 
a‘*(x) > A, we have for sufficiently large a, 


Lv > 0, 
and applying what we have proved already to u + ev 
(L(u+ev) >0), 


the claim follows as in the proof of Lemma 2.1.1. The case Lu < 0 can be 
reduced to the previous one by considering —uw. 


Corollary 2.1.1: Let L be as in Theorem 2.1.1, and let f € C°(2), p € 
C°(O2) be given. Then the Dirichlet problem 


Lu(a) = f(x) forve 2, (2.1.4) 
u(x) = v(x) forx € dQ, 
admits at most one solution. 
Proof: The difference v(x) = ui (x) — u(x) of two solutions satisfies 


Iv(z) =0 ing, 
v(z) =0 on ON, 


and by Theorem 2.1.1 it then has to vanish identically on 2. 


Theorem 2.1.1 supposes c(z) = 0. This assumption can be weakened as 
follows: 


Corollary 2.1.2: Suppose c(x) < 0 in Q. Let u € C?(2Q)N C°(Q) satisfy 
Iu>0 ing. 
With ut (ax) := max(u(zx),0), we then have 


+ + 
s < maxut. 2.1.5 
Pecan (2.1.5) 


Proof: Let Q* := {x € Q: u(x) > 0}. Because of c < 0, we have in QT, 


d d 
= a] (x) Ugigs + ‘s b'(x)uzi > 0, 
ij=l i=1 


and hence by Theorem 2.1.1, 


supu < max wu. 2.1.6 
te ~ AQt ( ) 


2.1 The Maximum Principle of E. Hopf 


We have 


u=0 ond2tN (by continuity of u), 
max u<maxu, 
AQt*nNaa aQ 
and hence, since 027 = (Qt N 2) U (OLN* NAN), 


maxwu < maxu’. 


ont 02 


Since also 


sup ut = sup u, 
Q at 


(2.1.5) follows from (2.1.6), (2.1.7). 
We now come to the strong maximum principle of E. Hopf: 


Theorem 2.1.2: Suppose c(x) =0, and let u satisfy in Q, 


Lu > 0. 
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(2.1.7) 


(2.1.8) 


(2.1.9) 


If u assumes its maximum in the interior of Q, it has to be constant. More 
generally, if c(a) <0, u has to be constant if it assumes a nonnegative interior 


maximum. 


For the proof, we need the boundary point lemma of E. Hopf: 


Lemma 2.1.2: Suppose c(x) < 0 and 
Lu>0 in!’ cR4, 


and let xy € 082’. Moreover, assume 


(i) u is continuous at xo; 
(it) u(ao) > 0 if e(«) #0; 
(iii) u(xo) > u(x) for all x € 2; 
(iv) there exists a ball B(y, R) C Q with xo € OB(y, R). 


We then have, with r := |x — yl, 


provided that this derivative (in the direction of the exterior normal of 92’) 


exists. 
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Proof: We may assume 
OB(y, R)N OM = {xo}. 


For 0 < p < R, on the annular region B(y, R) \ B(y,p) we consider the 
auxiliary function 


2 2 
v(x) = eWNe-l — eR 
We have 


- (" Dd, a (a) (2! —y') (@ -¥") 


ae 


- ny a" (x) + b'(x) (2 — y') Jone 
+ c(x) (ele - ev) ; 


For sufficiently large 7, because of the assumed boundedness of the coefficients 
of E and the ellipticity condition, we have 


Lv>0 in B(y, R) \ Bly, p). (2.1.10) 
By (iii) and (iv), 
u(x) —u(xp) <0 for « € B(y, R). 
Therefore, we may find ¢ > 0 with 
u(x) — u(ao) + ev(a) <0 for « € OB(y, p). (2.1.11) 


Since v = 0 on OB(y, R), (2.1.11) continues to hold on OB(y, R). On the 
other hand, 


L (u(x) — u(xo) + ev(x)) > —c(x) u(x) > 0 (2.1.12) 


by (2.1.10) and (ii) and because of c(z) < 0. Thus, we may apply Corol- 
lary 2.1.2 on B(y, R) \ B(y, p) and obtain 


u(x) — u(ao) + ev(a) <0 forxe Bly, R)\ Biy, p). 
Provided that the derivative exists, it follows that 


2 (u(x) — u(ao) + cv(x)) > Oat x = 20, 


and hence for x = 20, 


a (27Re“7””) >0. 
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Proof of Theorem 2.1.2: We assume by contradiction that u is not constant, 
but has a maximum m (> 0 in case c # 0) in 2. We then have 


MY :={xEQN: u(x) <m}F4O 


and 
OYNNQDF YG. 


We choose some y € 2’ that is closer to 0.2’ than to OQ. Let B(y, R) be 
the largest ball with center y that is contained in 2’. We then get 


u(zo) =m _ for some xo € OB(y, R), 
and 
u(x) <u(vo) for rE 2. 
By Lemma 2.1.2, 
Du(ao) #0, 


which, however, is not possible at an interior maximum point. This contra- 
diction demonstrates the claim. 


2.2 The Maximum Principle of Alexandrov 
and Bakelman 


In this section, we consider differential operators of the same type as in the 
previous one, but for technical simplicity, we assume that the coefficients c(x) 
and b'(x) vanish. While similar results as those presented here continue to 
hold for vanishing b’(x) and nonpositive c(x), here we wish only to present 
the key ideas in a situation that is as simple as possible. 


Theorem 2.2.1: Suppose that u € C?(Q)C°(Q) satisfies 


d 


Lula) = 57 a” (@)igigs > fo), (2.2.1) 


ij=l 


where the matrix (a‘)(x)) is positive definite and symmetric for each x € Q. 
Moreover, let 


PON os 3. 
det (aay <0. (2.2.2) 


We then have 


1/d 
supu < maxu-4 ey, (, HGlk 5) ‘ (2.2.3) 


Q 02 dus}! det (atJ (a 
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In contrast to those estimates that are based on the Hopf maximum prin- 
ciple (cf., e.g., Theorem 2.3.2 below), here we have only an integral norm 
of f on the right-hand side, i.e., a norm that is weaker than the supremum 
norm. In this sense, the maximum principle of Alexandrov and Bakelman is 
stronger than that of Hopf. 

For the proof of Theorem 2.2.1, we shall need some geometric construc- 
tions. For v € C°(22), we define the upper contact set 


Tt (v) := {ye Q:IpeR? Vee: v(x) <v(y)+p-(e«—-y)}. (2.2.4) 


The dot “.” here denotes the Euclidean scalar product of R?. The p that 
occurs in this definition in general will depend on y; that is, p = p(y). The 
set T+ (v) is that subset of Q in which the graph of v lies below a hyperplane 
in R¢+! that touches the graph of v at (y,v(y)). If v is differentiable at 
y € T*(v), then necessarily p(y) = Dv(y). Finally, v is concave precisely if 
Tt(v) = 2. 


Lemma 2.2.1: For v € C?(2), the Hessian 
(Veins i g=1,....4 
is negative definite on T*(v). 
Proof: For y € T*(v), we consider the function 
w(x) = v(x) — vy) — p(y): (w@ — y). 


Then w(x) < 00n 9, since y € T*(v) and w(y) = 0. Thus, w has a maximum 
at y, implying that (w,:27(y)) is negative semidefinite. Since vzig; = Wigs 
for all 7,7, the claim follows. 


If v is not differentiable at y €¢ Tt (v), then p = p(y) need not be unique, 
but there may exist several p’s satisfying the condition in (2.2.4). We assign 
to y € T*(v) the set of all those p’s, i.e., consider the set-valued map 


Ty (y) = {pe R?:Vre Q:vr(x) < vy) +p-(«@-y)}. 
For y ¢ T*(v), we put 7,(y) := 0. 
> 


Example 2.2.1: Q = B(0,1), 8 >0, 


v(z) = B(1 — |e). 


The graph of v thus is a cone with a vertex of height 3 at 0 and having the 
unit sphere as its base. We have Tt (v) = B(0, 1), 


7 B(0,8) for y=0, 
Toly) = {-84} for y £0. 
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For the cone with vertex of height 6 at 2 and base 0OB(xo, R), 
|x — Xo| 
= 1 — ——— 
oe) =0 (1-5 


and Q = B(ao, R), and analogously, 


Tp (B(x, R)) = 1,(29) = B(0, B/R). (2.2.5) 
We now consider the image of 92 under Ty, 


Ty(Q2) = U T(y) C R¢. 
yen 


We will let £4 denote d-dimensional Lebesgue measure. Then we have the 
following lemma: 


Lemma 2.2.2: Let v € C?(2) C°(Q). Then 


La(t»(2)) < if ace CosiaaCa nil de: (2.2.6) 


T+(v) 


Proof: First of all, 
Ty(Q) = Ty(Tt(v)) = Dv(Tt(v)), (2.2.7) 


since v is differentiable. By Lemma 2.2.1, the Jacobian matrix of Dv : 2 > 
R%, namely (vz,izi), is negative semidefinite on T+(v). Thus Dv — ¢ Id has 
maximal rank for ¢ > 0. From the transformation formula for multiple inte- 
grals, we then get 


det (vzizi (x) — €6;;) 


tj=l,.--; 


La ((Dv ~ eld) (T*(v))) < | 


Tt+(v) 


Letting € tend to 0, the claim follows because of (2.2.7). 


We are now able to prove Theorem 2.2.1: We may assume 
u<0O ond 


by replacing u by u— maxgg uw if necessary. 

Now let x9 € 2, u(ao) > 0. We consider the function K,, on B(%o, 6) with 
6 = diam({2) whose graph is the cone with vertex of height u(ao) at x and 
base 0B(xo,5). From the definition of the diameter 6 = diam 22, 


QC B(xo,6). 
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Since we assume u < 0 on O22, for each hyperplane that is tangent to this 
cone there exists some parallel hyperplane that is tangent to the graph of u. 
(In order to see this, we simply move such a hyperplane parallel to its original 
position from above towards the graph of u until it first becomes tangent to 
it. Since the graph of wu is at least of height u(2o), i-e., of the height of the 
cone, and since u < 0 on 02 and 02 C B(xo, 4), such a first tangency cannot 
occur at a boundary point of 2, but only at an interior point x;. Thus, the 
corresponding hyperplane is contained in 7,(a,).) This means that 


Trex (2) C Tu(S2). (2.2.9) 
By (2.2.5), 
Tix, (2) = B (0, u(xo)/6) - (2.2.10) 


Relations (2.2.6), (2.2.9), (2.2.10) imply 


La(B (0, u(0)/5)) < i RerCmereoe 


Tt (u) 
and hence 
5 1/d 
u(xo) < “Va (/ ye (Upies (%))| is) 

Wy Tu 

5 1/d 
~ “Td (/ (—1)4 det (uzi2s(2)) is) (2.2.11) 
Wa T+(u) 


by Lemma 2.2.1. Without assuming u < 0 on 022, we get an additional term 
maxgq wu on the right-hand side of (2.2.11). Since the formula holds for all 
Zo € 92, we have the following result: 


Lemma 2.2.3: For u € C?(2)N C%(), 


di Q 1/d 
eee ik (—1)4 det (upigs(x)) dx) =. (2.2.12) 
Q a2 w/t T+(u) 


In order to deduce Theorem 2.2.1 from this result, we need the following 
elementary lemma: 


Lemma 2.2.4: On T*(u), 


2 1 
= det (aJ(2)) 


(—1)? det (Ugins (x)) 
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Proof: It is well known that for symmetric, positive definite matrices A, B, 


l d 
det Adet B < € trace AB) ” 


which is readily verified by diagonalizing one of the matrices, which is possible 
if that matrix is symmetric. 

Inserting A = (—uzi2;), B = (a’’) (which is possible by Lemma 2.2.1 and 
the ellipticity assumption), we obtain (2.2.13). 


Inequalities (2.2.12), (2.2.13) imply 


1/d 


supu < maxu+ dx 


Q 02 dui! 


diam(2) (- Seer a) (x) Ugigs (2))" 
alld = det (a*) (x)) 


(2.2.14) 


In turn (2.2.14) directly implies Theorem 2.2.1, since by assumption, — S> a 
Ugigas < —f, and the left-hand side of this inequality is nonnegative on T’* (u) 
by Lemma 2.2.1. 


We wish to apply Theorem 2.2.1 to some nonlinear equation, namely, the 
two-dimensional Monge—-Ampére equation. 
Thus, let Q be open in R? = {(z!, x?)}, and let u € C?(Q) satisfy 


Ugig! (L)Ug2_2(L) — u2r,2(2) = f(x) in Q, (2.2.15) 


with given f. In order that (2.2.15) be elliptic: 


(i) the Hessian of u must be positive definite, and hence also 
(ii) f(z) > 0 in 2. 


Condition (i) means that u is a convex function. Thus, u cannot assume a 
maximum in the interior of 2, but a minimum is possible. In order to control 
the minimum, we observe that if u is a solution of (2.2.15), then so is (—w). 
However, equation (2.2.15) is no longer elliptic at (—w), since the Hessian of 
(—u) is negative, and not positive, so that Theorem 2.2.1 cannot be applied 
directly. We observe, however, that Lemma 2.2.3 does not need an ellipticity 
assumption, and obtain the following corollary: 


Corollary 2.2.1: Under the assumptions (i), (ti), a solution u of the Monge- 
Ampere equation (2.2.15) satisfies 


; diam({) 2 
> pac taiareaSa 
inf u 2 min u Qa ( i f(e)de) 
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The crucial point here is that the nonlinear Monge-Ampére equation for 
a solution u can be formally written as a linear differential equation. Namely, 
with 


a2) = Suza(a), —— al?(@) = a"() = Sugtar(2), 
2(2) = Satstet(2) 


(2.2.15) becomes 


s- thet ind (x) = f(z), 


ij=l 


and is thus of the type considered. Consequently, in order to deduce properties 
of a solution u, we have only to check whether the required conditions for 
the coefficients a(x) hold under our assumptions about u. It may happen, 
however, that these conditions are satisfied for some, but not for all, solutions 
u. For example, under the assumptions (i), (ii), (2.2.15) was no longer elliptic 
at the solution (—uw). 


2.3 Maximum Principles for 
Nonlinear Differential Equations 


We now consider a general differential equation of the form 
Flu] = F(2,u, Du, Du) = 0, (2.3.1) 


with F : § := 2x Rx R¢ x $(d,R) — R, where S(d,R) is the space of 
symmetric, real-valued, dx d matrices. Elements of S are written as (x, 2, p,1); 
here p = (pi,...,Da) € R¢, r= Ger p ree eee: € S(d,R). We assume that F is 
differentiable with respect to the rj;. 


Definition 2.3.1: The differential equation (2.3.1) is called elliptic at u € 
C?(Q) if 


& (x, u(x), Du(z), D®u(e))) is positive definite. (2.3.2) 
UW 4 

For example, the Monge-Ampére equation (2.2.15) is elliptic in this sense if 

the conditions (i), (ii) at the end of Section 2.2 hold. 

It is not completely clear what the appropriate generalization of the max- 
imum principle from linear to nonlinear equations is, because in the linear 
case, we always have to make assumptions on the lower-order terms. One 
interpretation that suggests a possible generalization is to consider the max- 
imum principle as a statement comparing a solution with a constant that 
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under different conditions was a solution of Lu < 0. Because of the linear 
structure, this immediately led to a comparison theorem for arbitrary solu- 
tions u,,U2 of Lu = 0. For this reason, in the nonlinear case we also start 
with a comparison theorem: 


Theorem 2.3.1: Let ug, uy € C?(2) A C°(2), and suppose 


(i) FeECc*(S), 
(ti) F is elliptic at all functions tu; + (1—t)uo,0O<t<1, 
(wi) for each fixed (x,p,r), F is monotonically decreasing in z. 


If 
uy <ug ond 
and 
Flu] > Fluo] in Q, 
then either 
Uy<Ug inf 
or 
Ug =u, inf. 
Proof: We put 
VU :=U1 — Uo, 
up i=tu,+(1—t)uo for0<t<1, 


GPS os ’ OF 2 
a (a) = — (x, u(x), Duz(x), D ur(2)) dt, 
0 Ori; 


te tl ee 2 
b' (a) =| ap (x, u(x), Du,(x), D?uy(x)) dt, 


c(x) = a (a, uz(x), Dug(x), D?ur(a)) dt 


(note that we are integrating a total derivative with respect to 
t, namely, £F (x, u(x), Dur(x), D?us(x)), and consequently, we 
can convert the integral into boundary terms, leading to the 
correct representation of Lu below; cf. (2.3.3)), 


d d 
Lv := ae a’) (x)Upini (2) + 2 b' (x) ug: (x) + e(x)v(2). 


Then 
Lv = Flu|] — Fluo] >0 in 2. (2.3.3) 


The equation L is elliptic because of (ii), and by (iii), c(a) < 0. Thus, we may 
apply Theorem 2.1.2 for v and obtain the conclusions of the theorem. 
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The theorem holds in particular for solutions of F[u] = 0. The key point in 
the proof of Theorem 2.3.1 then is that since the solutions ug and u; of the 
nonlinear equation Fu] = 0 are already given, we may interpret quantities 
that depend on ug and wu, and their derivatives as coefficients of a linear 
differential equation for the difference. 

We also would like to formulate the following uniqueness result for the 
Dirichlet problem for F[u] = f with given f: 


Corollary 2.3.1: Under the assumptions of Theorem 2.3.1, suppose Up = U4 
on O22, and 


Fluo] = Flu] in 2. 


Then up = uy, in 22. 


As an example, we consider the minimal surface equation: Let Q Cc R? = 
{(z,y)}. The minimal surface equation then is the quasilinear equation 


(1+ uf) tice — 2Ugtyticy + (1+ uz) uy =0. (2.3.4) 
Theorem 2.3.1 implies the following corollary: 


Corollary 2.3.2: Let uo,u, € C7(Q) be solutions of the minimal surface 
equation. If the difference ug — u, assumes uU maximum or minimum at an 
interior point of 2, we have 


ug — Uy =const in 2. 


We now come to the following maximum principle: 
Theorem 2.3.2: Let u € C?(2)C°(Q), and let F € C?(S). Suppose that 
for some A > 0, the ellipticity condition 
d 


ae? < Ow ap.nee (2.3.5) 


ij=1 9 


holds for all € € R4, (x,z,p,r) € S. Moreover, assume that there exist con- 
stants [41, U2 such that for all (x, z,p), 


F(a, 2, p, 0) sign(z 
SAAD ANON gh 5 (2.3.6) 
r 
If 
Fluj=0 ind, 
then 
sup |u| < max |u| + cA (2.3.7) 
9 — “an r? 


where the constant c depends on 11 and the diameter diam({2). 
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Here, one should think of (2.3.6) as an analogue of the sign condition 
c(x) < 0 and the bound for the b’(2) as well as a bound of the right-hand 
side f of the equation Lu = f. 


Proof: We shall follow a similar strategy as in the proof of Theorem 2.3.1 and 
shall reduce the result to the maximum principle from Section 2.1 for linear 
equations. Here v is an auxiliary function to be determined, and w := u— v. 
We consider the operator 


Lw := Se L)Wyi vt DH L)Wyi 


with 


| OF 
A (%, Ur), 
0 arg | (x) 


a} (a2) = Du(x),tD?u(x)) dt, (2.3.8) 


while the coefficients b'(x) are defined through the following equation: 


SH £)Wyi = pyc a, (x), Du(x), tD?u(2)) 


- (c, u(2), Do(2),tD?u(z)) ) dt vse 
+ F(a, u(x), Du(x),0) — F(z, u(x), Dv(x),0). = (2.3.9) 


(That this is indeed possible follows from the mean value theorem and the 
assumption F’ € C7. It actually suffices to assume that F' is twice continu- 
ously differentiable with respect to the variables r only.) Then L satisfies the 
assumptions of Theorem 2.1.1. Now 


Lw = L(u— v) 


d 1 
=> ( J oH (x, u(x), Du(x),tD?u(2)) ar) Ugiai + F(a, u(x), Du(2), 0) 


d 1 
> 2S @ om (x, u(x), Dv(x), tD?u(z)) it) Unigi — F(x,u(x), Dv(x),0) 


d 
= F (x, u(x), Du(x), D?u(x)) - 2 a (x) Upigs + F (x, u(x), Dv(x),0) | , 


(2.3.10) 
with 


(x, u(x), Dv(x), tD?u(ax)) dt (2.3.11) 
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(this again comes from the integral of a total derivative with respect to t). 
Here by assumption 


d 
AEl? < yo a (x)é'e) for alle € 2,6 ER’. (2.3.12) 
i,j=1 
We now look for an appropriate auxiliary function v with 
Mv:= ) 0 a) (2) vgigs + F(@, u(x), Do(),0) < 0. (2.3.13) 


We now suppose that for 6 := diam(2), 2 is contained in the strip {0 < 
x! < 6}. We now try 


u(x) = max ut + © eae - ceeds) (2.3.14) 


(ut (x) = max(0, u(z))). 
Then 
Mv =— © (uy +1)? (ae + F(x, u(x), Do(@),0) 
— be (141 + Ly e(Hi+1e" + p21 (4 + 1) elHitl)s* bias 


< 
<0 


by (2.3.6), (2.3.12). This establishes (2.3.13). Equation (2.3.10) then implies, 
even under the assumption F'[u] > 0 in place of F'[u] = 0, 
Lw > 0. 
By definition of v, we also have 
w=u-v<0 ond”. 
Theorem 2.1.1 thus implies 
u<v inf, 


and (2.3.7) follows with c = e(1+1)diam(2) _ 1, More precisely, under the 
assumption F'[u] > 0, we have proved the inequality 


be 
x Pedege = 2.3.15 
SD Sen Ie ( ) 


but the inequality in the other direction of course follows analogously, i.e., 


: : = bL2 
> =¢— 3. 


(u~ (a) := min(0, u(2))). 
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Theorem 2.3.2 is of interest even in the linear case. Let us look once more 
at the simple equation 


f(a) + «f(x) =0 for x € (0,7), 
f(0) = f(r) =0, 


with constant «. We may apply Theorem 2.3.2 with \ = 1, uw, = 0, 


_ J KSUP (0.x) |f| forn>0, 
0 fork <0. 


It follows that 


sup |f| < ck sup |f|; 
(0,7) (0,7) 


ice., if 


K< 7, 
C 
we must have f = 0. More generally, in place of k, one may take any function 
c(x) with c(x) < « on (0,7) and consider f”(x) + c(x) f(x) = 0, without 
affecting the preceding conclusion. In particular, this allows us to weaken 
the sign condition c(#) < 0. The sharpest possible result here is that f = 0 
if « is smaller than the smallest eigenvalue 1 of a on (0,7), ie., 1. This 
analogously generalizes to other linear elliptic equations, e.g., 


Af(x)+«f(z)=0 inQ, 
fy =90 ond”. 


Theorem 2.3.2 does imply such a result, but not with the optimal bound )j. 
A reference for the present chapter is Gilbarg—Trudinger [8]. 


Summary and Perspectives 


The maximum principle yields examples of so-called a priori estimates, i.e., 
estimates that hold for any solution of a given differential equation or class 
of equations, depending on the given data (boundary values, right-hand side, 
etc.), without the need to know the solution in advance or without even 
having to guarantee in advance that a solution exists. Conversely, such a 
priori estimates often constitute an important tool in many existence proofs. 
Maximum principles are characteristic for solutions of elliptic (and parabolic) 
PDEs, and they are not restricted to linear equations. Often, they are even 
the most important tool for studying certain nonlinear elliptic PDEs. 
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Exercises 


2.1 


2.2 


2.3 


2.4 


2.5 


Let 2,,22 C R?@ be disjoint open sets such that 2, Q2 contains a 
smooth hypersurface T’, e.g., 

MQ, = {(a',...,x%) :|2| < 1,21 > 0}, 

(2o-=4(a",...; 2%) |2|< 1,2" < 0}, 

T ={(x',..., 2%) :|2| <1,2' = 0}. 
Let u € C°(Q, U 22) N C?(Q,) A. C?(Qz) be harmonic on Q, and on Qe, 
i.e., 

Au(x) = 0, LS 2, U No. 

Does this imply that u is harmonic on 92; U 22g UT? 
Let 2 be open in R? = {(z,y)}. For a nonconstant solution u € C?() 
of the differential equation 


Urry =O mn Q, 


is it possible to assume an interior maximum in 2? 
Let 2 be open and bounded in R@ On 


2 (0,00) CR?** = {(a* 2.24, O}, 


we consider the heat equation 


d 


2 
uz = Au, where A= oe a 
i=1 


(Ox")?" 


Show that for bounded solutions u € C?(Q x (0,00)) N C°(Q x [0, 00)), 


sup us sup U. 
x [0,c0) (2x {0})U(ALx|[0,c0)) 


Let wu: 2 — R be harmonic, 2’ CC 2 C R4. We then have, for all i, 7 
between 1 and d, 


I 2 
sup \u | < pet sup | | 
tg U|. 
Q' ee dist (Q’, 02) Q 


Prove this inequality. Write down and demonstrate an analogous inequal- 
ity for derivatives of arbitrary order! 7 
Let 2 C R¢ be open and bounded. Let u € C?(2)N C°(Q) satisfy 


Show that u=0 in 92. 


2.6 


2.7 


2.8 


2.9 
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Prove a version of the maximum principle of Alexandrov and Bakelman 
for operators 


assuming in place of ellipticity only that det(a’(x)) is positive in 2. 
Control the maximum and minimum of the solution u of an elliptic 
Monge-Ampére equation 


det(ugi gi(x)) = f(x) 


in a bounded domain 2. 
Let u € C?(22) be a solution of the Monge~Ampére equation 


det(ugi gi(x)) = f(x) 


in the domain 2 with positive f. Suppose there exists x9 € 92 where the 
Hessian of wu is positive definite. Show that the equation then is elliptic 
at u in all of 2. 

Let R? := {(a!,22)}, Q := B(0, R2) \ B(O,R) with Ry > R, > 0. The 
function (1,2?) := a+ blog(|z|) is harmonic in 2 for all a,b. Let 
u € C?(2)N C®(2) be subharmonic, i.e., 


Au>0, «EN. 


Show that 
M(R) log( #2) + M(Rz2) log( 
M(r) < (Ri) log(=?) a (Ra) log( gz) 
log( 3?) 
with 
M(r) := max u(x 
aB(0,r) 
and Ri <r< Ro. 
Let 
il tL 85 2 
Uy great y); 
B® ka 7 
U2 3 5 (2 y) 


Show that u,; and uz solve the Monge-Ampére equation 
Ura lyy — Uy =1 
and 
Uy, =U, =1 on OB(0,1). 


Is this compatible with the uniqueness result for the Dirichlet problem 
for nonlinear elliptic PDEs? 
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2.11 Let Qp := Q x (0,T), and suppose u € C?(Qr) NC°(Qr) satisfies 
uz, = Autu? in Qr, 
u(a,t) >e>0 for (a, t) € (2 x {0}) U(O x [0,T)). 


Show that 7 
(a) u>c for all (a, t) € Qr. 
(b) If in addition u(x,t) = u(a,0) for all x € OM and all t, then T < o. 


3. Existence Techniques I: Methods Based on 
the Maximum Principle 


3.1 Difference Methods: Discretization of 
Differential Equations 


The basic idea of the difference methods consists in replacing the given dif- 
ferential equation by a difference equation with step size h and trying to 
show that for h > 0, the solutions of the difference equations converge to a 
solution of the differential equation. This is a constructive method that in 
particular is often applied for the numerical (approximative) computation of 
solutions of differential equations. In order to show the essential aspects of 
this method in a setting that is as simple as possible, we consider only the 
Laplace equation 


Au =0 (3.1.1) 


in a bounded domain in 2 in R?. We cover R@ with an orthogonal grid of 
mesh size h > 0; i.e., we consider the points or vertices 


(et, -..,29) = (th,...,ngh) (3.1.2) 
with n1,...,na € Z. The set of these vertices is called R¢, and we put 
Nn = NORE. (3:18) 


We say that « = (nih,...,nah) and y = (mih,..., mah) (all ni,m,; € Z) are 
neighbors if 


d 
So [ni — mil = 1, (3.1.4) 
t=1 


or equivalently, 


jc —y| =h. (3.1.5) 


The straight lines between neighboring vertices are called edges. A connected 
union of edges for which every vertex is contained in at most two edges is 
called an edge path (see Figure 3.1). 
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Figure 3.1. x (cross) and its neighbors (open dots) and an edge path in Qn (heavy 
line) and vertices from I}, (solid dots). 


The boundary vertices of (2, are those vertices of 2, for which not all 
their neighbors are contained in Q;,. Let I, be the set of boundary vertices. 
Vertices in Qp, that are not boundary vertices are called interior vertices. The 
set of interior vertices is called §2),. 

We suppose that 2), is discretely connected, meaning that any two vertices 
in (2; can be connected by an edge path in (2;. We consider a function 


u: 2, 74R 


and put; fora = 1; 22.4, = (e522 687) SD, 


1 
Uj(x) = ; (u(a’, wig ae ha cn et) = ide es gle) P 

1 . ; ; 
Uz(x) = i (ae Sea ey sue eso ae = Hegre casate)) . (3.1.6) 


Thus, u; and u; are the forward and backward difference quotients in the zth 
coordinate direction. Analogously, we define higher-order difference quotients, 


€.g., 
uge(@) = uyi(x) = (uz): (x) 
= (ula. af thy. 24) —2u(x},..., 2%) 
+u(z',...,0°—h,...,2%)). (31:7) 


If we wish to emphasize the dependence on the mesh size h, we write 


u" ul, ub. in place of u, uj, uz, ete. 
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The main reason for considering difference quotients, of course, is that for 
functions that are differentiable up to the appropriate order, for h — 0, the 
difference quotients converge to the corresponding derivatives. For example, 
for u € C?(Q), 

h oP 
lim wir(vn) = (ante): (3.1.8) 


if cz, € Q, tends to x € 2 for h > 0. Consequently, we approximate the 
Laplace equation 


Au=0 in 2 


by the difference equation 
d 
Ane = > = 0am Op, (3.1.9) 
i=l 


and we call this equation the discrete Laplace equation. Our aim now is to 
solve the Dirichlet problem for the discrete Laplace equation 
A,u®=0 in, 
a= 9” om; (3.1.10) 
and to show that under appropriate assumptions, the solutions u” converge 
for h > 0 to a solution of the Dirichlet problem 
Au=0 inf, 
u=g ondn, (3.1.11) 


where g’ is a discrete approximation of g. Considering the values of wu!’ at the 
vertices of 2, as unknowns, (3.1.10) leads to a linear system with the same 
number of equations as unknowns. Those equations that come from vertices 
all of whose neighbors are interior vertices themselves are homogeneous, while 
the others are inhomogeneous. 

It is a remarkable and useful fact that many properties of the Laplace 
equation continue to hold for the discrete Laplace equation. We start with 
the discrete maximum principle: 


Theorem 3.1.1: Suppose 
Apu" = QO in Qn, 
where 2,, as always, is supposed to be discretely connected. Then 


max wu” = maxu’. (3.1.12) 


If the maximum is assumed at an interior point, then u” has to be constant. 
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Proof: Let x9 be an interior vertex, and let 71,...,£%2q be its neighbors. Then 


2d 
Anu" (x) = = (> u" (xo) — 2a) (3.1.13) 


If A;ul(x) > 0, then 


1 2t 
u"(x9) < bd - u" (ra), (3.1.14) 
a=1 


ie., u"(xo) is not bigger than the arithmetic mean of the values of u” at the 
neighbors of xo. This implies 


u" (20) < max, u" (a), (3.1.15) 


with equality only if 
u"(ao) = ul(xa) for all a € {1,..., 2d}. (3.1.16) 


Thus, if wu assumes an interior maximum at a vertex xo, it does so at all 
neighbors of xg as well, and repeating this reasoning, then also at all neighbors 
of neighbors, etc. Since 2), is discretely connected by assumption, up has to 
be constant in Q;. This is the strong maximum principle, which in turn 
implies the weak maximum principle (3.1.12). 


Corollary 3.1.1: The discrete Dirichlet problem 
Apu" =0 in Qn, 
yo = g” on I”, 
for given g” has at most one solution. 


Proof: This follows in the usual manner by applying the maximum principle 
to the difference of two solutions. 


It is remarkable that in the discrete case this uniqueness result already 
implies an existence result: 


Corollary 3.1.2: The discrete Dirichlet problem 


Anu" = 0 in Qn, 


u®=g? onl, 


admits a unique solution for each g” : Ij, +R. 
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Proof: As already observed, the discrete problem constitutes a finite system 
of linear equations with the same number of equations and unknowns. Since 
by Corollary 3.1.1, for homogeneous boundary data g” = 0, the homogeneous 
solution wu” = 0 is the unique solution, the fundamental theorem of linear 
algebra implies the existence of a solution for an arbitrary right-hand side, 
ie., for arbitrary g”. 


The solution of the discrete Poisson equation 
A,u" =f? in (3.1.17) 


with given f” is similarly simple; here, without loss of generality, we consider 
only the homogeneous boundary condition 


uP =O. cone”, (3.1.18) 


because an inhomogeneous condition can be treated by adding a solution of 
the corresponding discrete Laplace equation. 

In order to represent the solution, we shall now construct a Green function 
G" (a, y). For that purpose, we consider a particular f” in (3.1.17), namely, 


=|" for x # y, 


z for «= y, 


for given y € Q,. Then G"(a, y) is defined as the solution of (3.1.17), (3.1.18) 
for that f”. The solution for an arbitrary f” is then obtained as 


won SG" ag ra. (3.1.19) 


yEQn, 


In order to show that solutions of the discrete Laplace equation A,u” = 0 
in 2, for h + 0 converge to a solution of the Laplace equation Au = 0 in 2 
we need estimates for the u” that do not depend on h. It turns out that as 
in the continuous case, such estimates can be obtained with the help of the 
maximum principle. Namely, for the symmetric difference quotient 


u;(x) = ACG Pe ar et Pe ene oo 
uly... 0° aha, ,2")) 
1 
Pt (uu; (x) + uz(x)) (3.1.20) 


we may prove in complete analogy with Corollary 1.2.7 the following result: 


Lemma 3.1.1: Suppose that in Qn, 


Anu" (x) = f(a). 427) 
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Let x9 € Q, and suppose that xp and all its neighbors have distance greater 
than or equal to R from Iy,. Then 


d R 
|u?(xo)| < R mex [u"| + > max |f”| . (3.1.22) 


Proof: Without loss of generality 7 = 1, 79 = 0. We put 


p= max |u" » M:=max|f"|. 


We consider once more the auxiliary function 


u(x) = 5 |a|? + 2'(R—c!) (s + z). 

Because of 

d 

An |e? = 57 = ((0' +h)? + (a — h)? — 2(0')?) = 24, 

i=1 

we have again 
A,v" (x) = —M 
as well as 
OO eae SO forall aes. ae®, 
ve x) >yp for |jzj>R, O<a'<R. 

Furthermore, for a(x) := $(u"(a!,...,0¢) —u"(—a!,2?,...,2%)), 


| Ana” (x)| <M for those x € §2,, for which this expression is 
defined, 
a"(0,a7,...,2%) = for all 2”,..., 2%, 
|a” (x) | <p for |z|>R, 2x >0. 


On the discretization B; of the half-ball Bt := {|x| < R,x' > 0}, we thus 
have 


An (v” a 


TT 
wd 
> 
“—" 
A 
Oo 


as well as 


v’ +a" > 0 on the discrete boundary of Be 


(in order to be precise, here one should take as the discrete boundary all 
vertices in the exterior of Bt that have at least one neighbor in Bt). The 
maximum principle (Theorem 3.1.1) yields 
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|a"| ogy? «an Bi, 


and hence 
h 1 —h 1 ii 
Ju2(0)| = 5 |e (h,0,-..,0)| < jv (h, 0, ,0) 
d 
Nid gem eee a 
R 2 R? 
For solutions of the discrete Laplace equation 
Apu™® =0 in Dp, (3.1.23) 


we then inductively get estimates for higher-order difference quotients, be- 
hy hyh oh 
etc. 


cause if u” is a solution, so are all difference quotients u?,u!,ubut, ub, 
For example, from (3.1.22) we obtain for a solution of (3.1.23) that if xo is 
far enough from the boundary J}, then 

| - a 


ye max ju” . (3.1.24) 


d d2 
[uk (aro)| < Bmax |u| < ye max | a 


R 
Thus, by induction, we can bound difference quotients of any order, and we 


obtain the following theorem: 
Theorem 3.1.2: Jf all solutions u" of 
Apu’ =0 in Qn 
are bounded independently of h (1.e., maxp,, |u| < p), then in any subdomain 
2 CC 2, some subsequence of u” converges to a harmonic function as h — 0. 


Convergence here first means convergence with respect to the supremum 
norm, 1.e., 


lim, max |un(x) — u(x)| = 0, 


with harmonic u. By the preceding considerations, however, the difference 
quotients of u, converge to the corresponding derivatives of u as well. 


We wish to briefly discuss some aspects of difference equations that are 
important in numerical analysis. There, for theoretical reasons, one assumes 
that one already knows the existence of a smooth solution of the differential 
equation under consideration, and one wants to approximate that solution 
by solutions of difference equations. For that purpose, let DL be an elliptic 
differential operator and consider discrete operators L;, that are applied to 
the restriction of a function u to the lattice 2). 
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Definition 3.1.1: The difference scheme Ly, is called consistent with L if 


lim (Lu — L;,u) = 0 
h-0 


for all u € C?(Q). 
The scheme Ly, is called convergent to L if the solutions u,u" of 
lu=f inQu=vg ondQ, 
Lyu" = f” in Qn, where f" is the restriction of f to Qn, 


u" =" on Ih, where y! is the restriction to Qh of a 


continuous extension of , 
satisfy 


7 h _ = 
lim max |u"(x) — u(x)| = 0. 


In order to see the relation between convergence and consistency we con- 
sider the “global error” 


o(a) := u" (x) — u(x) 


and the “local error” 


and compute, for x € Qn, 


Lyo(x) = Lnu"(x) — Lnu(x) = f"(x) — Lu(x) — s(x) 
= —s(x), since f"(x) = f(x) = Lu(2). 


Since 


lim sup |o(a)| = 0, 
h-0 xelp, 


the problem essentially is 


Lpo(x) = —s(x) in Qa, 
a(x) =0 on Ih. 


In order to deduce the convergence of the scheme from its consistency, one 
thus needs to show that if s(x) tends to 0, so does the solution o(a), and 
in fact uniformly. Thus, the inverses Lee have to remain bounded in a sense 
that we shall not make precise here. This property is called stability. 

In the spirit of these notions, let us show the following simple convergence 
result: 
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Theorem 3.1.3: Let u € C?(Q) be a solution of 
Au=f ind, 
u=p ondn. 
Let u" be the solution 
Apu” = hia in Qn, 
u® =p" onTh, 
where f”,y~" are defined as above. Then 


max | uw” (a) - u(2)| >0 forh0. 


Proof: Taylor’s formula implies that the second-order difference quotients 
(which depend on the mesh size h) satisfy 


O7u 


U(x) = (on' (a ag ee BOC ,z") ‘ 


with —h < 6' < h. Since u € C?(Q), we have 


O7u 
(dx")? 


BP on Hei oo 
sup ( ——7(2",...,2°+6",..., 0%) — 
\si|<h (ise 


Cre) > 0 


for h — 0, and thus the above local error satisfies 
sup |s(z)| > 0 for h— 0. 
Now let 92 be contained in a ball B(ao, R); without loss of generality 
o an maximum principle then implies, through comparison with the func- 


tion R? — |a|”, that a solution v of 


Apv=n in Qa, 
v=0 onl}, 


satisfies the estimate 


hence the desired convergence. 
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3.2 The Perron Method 


Let us first recall the notion of a subharmonic function from Section 1.2, since 
this will play a crucial role: 


Definition 3.2.1: Let QC R4, f : Q— [—00,00) upper semicontinuous in 
2, f #—co. The function f is called subharmonic in Q if for all Q' CC 2, 
the following property holds: 


Tf uis harmonic in 2’, and f <u on 092, then also 
f<uin”. 


The next lemma likewise follows from the results of Section 1.2: 
Lemma 3.2.1: 


(i) Strong maximum principle: Let v be subharmonic in 2. If there exists 
to € Q with v(x) = supg v(x), then v is constant. In particular, if 
v € C%(2), then v(x) < maxge v(y) for all x ER. 
(ti) If v1,...,Un are subharmonic, so is v := max(v1,...,Un)- 
(iti) If v € C°(Q) is subharmonic and B(y,R) CC Q, then the harmonic 
replacement U of v, defined by 


icf} 


(x) v(x) for x € 2\ Bly, R), 
Lv) = 2 |_|? ate 
R hae Sobwy.r) ee fedo(z) for x € Bly, R), 


is subharmonic in Q (and harmonic in B(y, R)). 
Proof: 


(i) This is the strong maximum principle for subharmonic functions. Al- 
though we have not written it down explicitly, it is a direct consequence 
of Theorem 1.2.2 and Lemma 1.2.1. 

(ii) Let 2’ CC Q, u harmonic on 02’, v < u on OM’. Then also 


u<u ond fori=1,...,n, 
and hence, since vu; is subharmonic, 
u<u on. 
This implies 
u<u on, 


showing that v is subharmonic. 
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(iii) First v < , since v is subharmonic. Let 2’ CC 2, u harmonic on 2’, 
v <u on OM. Since v < ¥, also v < u on OM’, and thus, since v is 
subharmonic, v < u on Q and thus 0 < u on 2’ \ By, R). Therefore, 
also 0 < uon 2’ OB(y, R). Since BU is harmonic, hence subharmonic 
on 2’ By, R), we get F< uon 2’ N Bly, R). Altogether, we obtain 
Dv <uon 2’. This shows that 0 is subharmonic. 


For the sequel, let y be a bounded function on 2 (not necessarily contin- 
uous). 


Definition 3.2.2: A subharmonic function u € C°(Q) is called a subfunc- 
tion with respect to p if 


ux forallx € on. 


Let Sy be the set of all subfunctions with respect to y. (Analogously, a su- 
perharmonic function u € C°(Q) is called superfunction with respect to y if 
u> yp ond.) 


The key point of the Perron method is contained in the following theorem: 


Theorem 3.2.1: Let 


u(x) := sup v(x). (3.2.1) 
vESy 


Then u is harmonic. 


Remark: If w € C?(2) 9 C°(Q) is harmonic on 9, and if w = y on OM, the 
maximum principle implies that for all subfunctions v € S,, we have v < w 
in 92 and hence 


yg 


w(a) = oy v(a). 
VOVo 


Thus, w satisfies an extremal property. The idea of the Perron method (and 


the content of Theorem 3.2.1) is that, conversely, each supremum in S,, yields 
a harmonic function. 


Proof of Theorem 8.2.1: First of all, u is well-defined, since by the maximum 
principle v < supgg y < oo for all v € Sy. Now let y € 2 be arbitrary. 
By (3.2.1) there exists a sequence {un} C Sy with limn+oovn(y) = u(y). 
Replacing v, by max(v1,...,Un,infan y), we may assume without loss of 
generality that (v,)nen is a monotonically increasing, bounded sequence. We 
now choose R with B(y, R) CC 2 and consider the harmonic replacements 
v, for B(y, R). The maximum principle implies that (G,)nen likewise is a 
monotonically increasing sequence of subharmonic functions that are even 
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harmonic in B(y, R). By the Harnack convergence theorem (Corollary 1.2.10), 
the sequence (@,,) converges uniformly on B(y,R) towards some v that is 
harmonic on B(y, R). Furthermore, 


Jim n(y) = v(y) = u(y), (3.2.2) 


since u > By, > Vy and limp... Un(y) = u(y). By (3.2.1), we then have v < u 
in B(y, R). We now show that v = u in B(y, R). Namely, if 


v(z) < u(z) for some z € B(y, R), (3.2.3) 
by (3.2.1), we may find u € S, with 
u(z) < u(z). (3.2.4) 
Now let 
Wn 2= MaX(Up, U). (3.2.5) 


In the same manner as above, by the Harnack convergence theorem (Corol- 
lary 1.2.10), ©, converges uniformly on B(y, R) towards some w that is har- 
monic on B(y,R). Since wn, > vp and w, € Sy, the maximum principle 
implies 


u<ws<u in Bly, R). (3.2.6) 
By (8.2.2) we then have 


w(y) = v(y), (3.2.7) 


and with the help of the strong maximum principle for harmonic functions 
(Corollary 1.2.3), we conclude that 


w=vin By, R). (3.2.8) 


This is a contradiction, because by (3.2.4), 


w(z) = Jim, Wn(z) = Jim, max(vp(z), i(z)) > u(z) > v(z) = w(z). 


Therefore, u is harmonic in 2. 


Theorem 3.2.1 tells us that we obtain a harmonic function by taking the 
supremum of all subfunctions of a bounded function y. It is not clear at all, 
however, that the boundary values of u coincide with y. Thus, we now wish 
to study the question of when the function u(x) := sup,¢s,, U(x) satisfies 


(x) = (€). 


lim u 
rz ECON 


For that purpose, we shall need the concept of a barrier. 


3.2 The Perron Method 63 


Definition 3.2.3: (a) Let € € 02. A function B € C°(Q) is called a barrier 
at € with respect to 22 if 


(i) B > 0 in Q\ fg}; B(E) =, 
(ii) B is superharmonic in 2. 
(b) € € 02 is called regular if there exists a barrier 3 at € with respect to Q. 


Remark: The regularity is a local property of the boundary 02: Let @ be a 
local barrier at € € OM; i.e., there exists an open neighborhood U(€) such 
that @ is a barrier at € with respect to UN 2. If then B(€,p) CC U and 
m := infy\ B(e,p) B, then 


= m for x € 2\ BIE, p), 
“| min(m, 6(x)) for  € QN BE, p), 


is a barrier at € with respect to (2. 


Lemma 3.2.2: Suppose u(x) := sup,eg, v(@) in 2. If € is a regular point 
of 02, and y is continuous at €, we have 


lim u(x) = ¢(E). (3.2.9) 


LE 


Proof: Let M := supga ||. Since € is regular, there exists a barrier 6, and 
the continuity of y at € implies that for every ¢ > 0 there exists 6 > 0 anda 
constant c = c(e) such that 


p(x) — p(E)| <e for |a — &| < 4, (3.2.10) 
cB(a) > 2M for ja—€| > 6 (3.2.11) 


(the latter holds, since inf\;-¢)>5 G(x) =: m > 0 by definition of 3). The 
functions 


y()+e+cB(2), 
p(€) asc aae cB(x), 


then are super- and subfamilies, respectively, with respect to y, by (3.2.10), 
(3.2.11). By definition of u thus 


of) —€ — cB(x) < u(a), 


and since superfunctions dominate subfunctions, we also have 


u(x) < pl) +e + cB(2). 


Hence, altogether, 
|u(x) — p(€)| S e+ A(z). (3.2.12) 


Since lim,-,¢ 3(x) = 0, it follows that limz_,¢ u(x) = (6). 
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Theorem 3.2.2: Let 2 .C R® be bounded. The Dirichlet problem 
Au=0 ind, 
u=p ondQ, 


is solvable for all continuous boundary values y if and only if all points € € OQ 
are regular. 


Proof: If y is continuous and 02 is regular, then wu := sup, sp solves the 
Dirichlet problem by Theorem 3.2.2. Conversely, if the Dirichlet problem is 
solvable for all continuous boundary values, we consider € € 02 and v(x) := 
|2 — €|. The solution u of the Dirichlet problem for that yp € C°(O2) then is a 
barrier at € with respect to 2, since u() = y(€) = 0 and since ming v(x) = 
0, by the strong maximum principle u(x) > 0, so that € is regular. 


3.3 The Alternating Method of H.A. Schwarz 


The idea of the alternating method consists in deducing the solvability of the 
Dirichlet problem on a union 92; U (29 from the solvability of the Dirichlet 
problems on 2, and 29. Of course, only the case 21M Q2 4 @ is of interest 
here. 

In order to exhibit the idea, we first assume that we are able to solve the 
Dirichlet problem on 92; and (22 for arbitrary piecewise continuous boundary 
data without worrying whether or how the boundary values are assumed at 
their points of discontinuity. We shall need the following notation (see Figure 
3.2): 


Tp 1 = OQ, Qe, 
yo = 09222021, 

Ty := 02, \ 1, 

Ta := 0222 \ 7:2, 

a DM := N22. 


Figure 3.2. 


Then 02. = I, UI, and since we wish to consider sets (21,22 that are 
overlapping, we assume 022* = y,U72U (11 NL). Thus, let boundary values 
y by given on 022 = I, ULI. We put 


Gi= 
:= inf 
ea 


M := sup y. 
02 
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We exclude the trivial case y = const. Let u, : 2; — R be harmonic with 
boundary values 


wlrn=Y1, mly, = M. (3.3.1) 
Next, let wg : 22 — R be harmonic with boundary values 
U2lrm = $2, Ualy = Utlyo- (3.3.2) 
Unless y; = M, by the strong maximum principle, 
u<M inQ,;! (3.3.3) 
hence in particular, 
Ualy, < M, (3.3.4) 
and by the strong maximum principle, also 
ug <M in 2, (3.3.5) 
and thus in particular, 
U2|y, <Ur1|y,- (3.3.6) 


If y; = M, then by our assumption that y = const is excluded, yo 4 M, and 
(3.3.6) likewise holds by the maximum principle. Since by (3.3.2), ui and ue 
coincide on the partition of the boundary of 2*, by the maximum principle 
again 


ua <u, in 2*. 


Inductively, for n € N, let 


Zs 


Uan4i 1 21 > 


Uant2 : 22 +R, 
be harmonic with boundary values 


Uon+1P, = f1; Want. lyr =z an las 


Uan+2|P> = 2, U2n+2| 2 = Uon+1|y2- (3. : 
From repeated application of the strong maximum principle, we obtain 


! The boundary values here are not continuous as in the maximum principle, but 
they can easily be approximated by continuous ones satisfying the same bounds. 
This easily implies that the maximum principle continues to hold in the present 
situation. 
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U2n+3 < U2n4+2 < Uan4+1 on Q*, (3.3.9) 
U2n+3 < U2n+1 on Qy, (3.3.10) 
U2an+4 < U2n+2 on 92. (3.3.11) 


Thus, our sequences of functions are monotonically decreasing. Since they 
are also bounded from below by m, they converge to some limit 


u: QR. 


The Harnack convergence theorem (1.2.10) ) then implies that u is harmonic 
on 92; and 22, hence also on 2 = 92) U 29. This can also be directly deduced 
from the maximum principle: For simplicity, we extend u,, to all of 2 by 
putting 


xe 
U2n+1 ‘= U2n on $22 \ Q, 


es * 
U2n42 >= U2n4+1 on 22, \ 2 


Then u2n+1 is obtained from ug, by harmonic replacement on (2,, and anal- 
ogously, Ugn+2 is obtained from w2n+41 by harmonic replacement on 22. We 
write this symbolically as 


Uant1 = Piuen, (3.3.12) 
Uon+2 = Pouens+. (3.3.13) 


For example, on (2; we then have 


u= lim ua, = lim Puan. (3.3.14) 
noo noo 

By the maximum principle, the uniform convergence of the boundary values 

(in order to get this uniform convergence, we may have to restrict ourselves 

to an arbitrary subdomain 2, CC £2,) implies the uniform convergence of 

the harmonic extensions. Consequently, the harmonic extension of the limit 

of the boundary values equals the limit of the harmonic extensions, i.e., 


n—->co n—->co 
Equation (3.3.14) thus yields 
u= Pyu, (3.3.16) 


meaning that on 92;, u coincides with the harmonic extension of its boundary 
values, i.e., is harmonic. For the same reason, u is harmonic on 22. 

We now assume that the boundary values y are continuous, and that all 
boundary points of 2, and (2, are regular. Then first of all it is easy to 
see that u assumes its boundary values y on 022 \ (I NL) continuously. To 
verify this, we carry out the same alternating process with harmonic functions 
Von—1 1 21, 4 R, ven : 22 4 R starting with boundary values 
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mln =¥1, Uly =m (3.3.17) 


in place of (3.3.1). The resulting sequence (vn)nen then is monotonically 
increasing, and the maximum principle implies 


Un <Un in Q- for all n. (3.3.18) 


Since we assume that 02, and 02 are regular and ¢ is continuous, u, and 
Uy, then are continuous at every x € 02 \ (I, N12). The monotonicity of the 
sequence (uy), the fact that u,(a@) = Un(x) = v(x) for x € 02 \ (I, NL) for 
all n, and (3.3.18) then imply that u = limy +o Un at x as well. 

The question whether wu is continuous at 012;10Q22 is more difficult, as can 
be expected already from the observation that the chosen boundary values 
for u, typically are discontinuous there even for continuous y. In order to be 
able to treat that issue here in an elementary manner, we add the hypotheses 
that the boundaries of 2, and 22 are of class C1 in some neighborhood 
of their intersection, and that they intersect at a nonzero angle. Under this 
hypotheses, we have the following lemma: 


Lemma 3.3.1: There exists some q < 1, depending only on $2, and 922, with 
the following property: If w : 2; + R ts harmonic in §2,, and continuous on 
the closure (2,, and if 

w=0 onl}, 


wl <1 on, 
then 
jw] <q ona, (3.3.19) 


and a corresponding result holds if the roles of 2, and Q2 are interchanged. 


The proof will be given in Section 3.4 below. 

With the help of this lemma we may now modify the alternating method in 
such a manner that we also get continuity on 02, M O0Q2. For that purpose, 
we choose an arbitrary continuous extension ¢ of y to 71, and in place of 
(3.3.1), for uy we require the boundary condition 


wml =Y1 tls =, (3.3.20) 


and otherwise carry through the same procedure as above. Since the bound- 
aries 092;, 0122 are assumed regular, all wu, then are continuous up to the 
boundary. We put 


Monti = max |U2n+1 — Uan—1]; 
2 


Mon+2 = nae |Uon+2 — Uan| - 
1 
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On 72, we then have 

U2n+2 = U2n41, U2n = U2n-1; 
hence 

U2n+2 — U2n = U2n4+1 — U2n-1; 
and analogously on 71, 

U2n+3 — U2n4+1 = U2n+2 — U2n- 


Thus applying the lemma with w = ce eee we obtain 


Moan+3 < qMan+2 
and analogously 
Moan+2 < qMon41- 


Thus M,, converges to 0 at least as fast as the geometric series with coefficient 
q < 1. This implies the uniform convergence of the series 


Co 


uy + s (Wan41 — Uen—1) = lim wen+1 
1 noo 
n= 


on §2;, and likewise the uniform convergence of the series 


co 
ug + a (Uan42 — Un) = im, Uan 

n=1 
on 9. The corresponding limits again coincide in Q*, and they are harmonic 
on §2;, respectively (22, so that we again obtain a harmonic function u on 92. 
Since all the u,, are continuous up to the boundary and assume the boundary 
values given by y on O2, u then likewise assumes these boundary values 
continuously. 

We have proved the following theorem: 


Theorem 3.3.1: Let 2; and 22 be bounded domains all of whose boundary 
points are regular for the Dirichlet problem. Suppose that Q)0 Q2 4 0 and 
that 2, and 222 are of class C! in some neighborhood of 0223 N0Q2, and that 
they intersect there at a nonzero angle. Then the Dirichlet problem for the 
Laplace equation on Q := $2, U Q2 is solvable for any continuous boundary 
values. 
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3.4 Boundary Regularity 


Our first task is to present the proof of Lemma 3.8.1: 
In the sequel, with r := |x — y| 4 0, we put 


Int for d= 2 
B(r) = —dwaT'(r) = ¢ tS (3.4.1) 
q_2 p42 for d >3 
We then have for all vy € R”, 
O 1 
ap et) =V@-v= ~ a (e —y)-v. (3.4.2) 


We consider the situation depicted in Figure 3.3. 


Figure 3.3. 


That is, 7 € M1; yeu, a £0, 7,021,022 € Ct. Let dy (y) be an infinites- 
imal boundary portion of 7, (see Figure 3.4). 


dyi(y) cos B 


Figure 3.4. 
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Let dw be the infinitesimal spatial angle at which the boundary piece dy (y) 
is seen from x. We then have 


dyi(y) cos 8 = |x — y|** dw (3.4.3) 
and cos 3 = oa This and (3.4.2) imply 


h(a) a sHrjanty) = | dw. (3.4.4) 


V1 


The geometric meaning of (3.4.4) is that de 22 (r)dy1 (y) describes the spa- 
tial angle at which the boundary piece 71 is seen at x. Since derivatives of 
harmonic functions are harmonic as well, (3.4.4) yields a function h that is 
harmonic on $2; and continuous on 0; \ (IM I). In order to make the 
proof of Lemma 3.3.1 geometrically as transparent as possible, from now on, 
we only consider the case d = 2 and point out that the proof in the case 
d > 3 proceeds analogously. 


v1 


BN I4 
Figure 3.5. 


Let A and B be the two points where I and I intersect (Figure 3.5). Then 
h is not continuous at A and B, because 


lim h(x) = 8, (3.4.5) 
lim h(x) = 6 +7, (3.4.6) 
lim A(x) =a +p. (3.4.7) 
Let 

p(x):=a forxvey 


and 
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p(z):=0 forxely. 
Then hlag, — p is continuous on all of 02,, because 
lim, (h(x) — p(x)) = lim h(x) -0 = 8, 
2ery rely 
lim (h(x) — p(x)) = lim h(a) -w=B+n-T7=8. 
ee nea 
By assumption, there then exists a function u € C?() N C°(Q) with 
Au = 0 in 221, 
u=hlae, —p on OMy. 
For 
iiay— 
u(x) = ue) (3.4.8) 
T 
we have 
Av=0 forre 21, 
viz) =0 forxe lr, 
via) =1 forrwen. 
The strong maximum principle thus implies 
v(a) <1 for alla e Qi, (3.4.9) 
and in particular, 
vo(“) <1. for all x € 72. (3.4.10) 
Now 
li a ae =" <1 3.4.11 
lim o(z) = — | lim A(z) — 8) =— <1, (3.4.11) 
rEey2 re yg 


since a < 7 by assumption. Analogously, lim:+s v(a) < 1, and hence since 


rey 


72 is compact, 


v(x) <q<1 forall x € 4% (3.4.12) 


for some gq > 0. We put m := v — w and obtain 


m(z)=0 forxe ly, 
m(x)>0 forxey. 
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Since m is continuous in 022; \ (I, NI>), and 02, is regular, it follows that 


lim m(a) = m(ao) for all ap € 02, \ (IV NT). 


220 
By the maximum principle, m(a) > 0 for all x € 21, and since also 
jim, mx) = Jim, u(x) — w(A) = Jim, v(x) >0  (w is continuous), 

we have for all x € a2, 

w(x) <v(a) <q <1. (3.4.13) 
The analogous considerations for M := v + w yield the inequality 

—w(x) < v(@) <q< 1; (3.4.14) 
hence, altogether, 


lw(a)|<q<1 forall a € 7. 


(a)B(s, x) We now wish to present a sufficient condition for 
the regularity of a boundary point y € 02: 


Definition 3.4.1: (2 satisfies an exterior sphere 
condition at y € O22 if there exists xo € R" with 
B(p, a0) 1.2 = {ty}. 


Examples: (a) All convex regions and all re- 
gions of class C? satisfy an exterior sphere 
condition at every boundary point. (See Fig- 
ure 3.6(a).) 

(b) At inward cusps, the exterior sphere condi- 


Riguce S6. tion does not hold. (See Figure 3.6(b).) 


Lemma 3.4.1: If 2 satisfies an exterior sphere 
condition at y, then OQ is regular at y. 


Proof: 


for d > 3, 


ate, = 1 

he pi-2 z—ao|7-2 
Be) i for d=2, 

yields a barrier at y. Namely, 3(y) = 0, and @ is harmonic in R" \ {ao}, hence 

in particular in 2. Since for 7 € 2 \ {y}, |v —xo| > @, also B(x) > 0 for all 


x € 2\ {y}. 
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We now wish to present Lebesgue’s example of a nonregular boundary point, 
constructing a domain with a sufficiently pointed inward cusp. 
Let R® = {(z,y,z)}, x € [0,1], p? = y? +27, 


ula, Y, Z dio = v(x, p) — 2aInp 


): I J (ao — 2)? + p? 


with 
oe, p)= V/A —2)? +0? — V2? + 
+aln|(1-2+ Va = 2)? +p) («+ a+ p?)|. 
We have 


li =1. 
eee es 
«z>0 


The limiting value of —2a1np, however, crucially depends on the sequence 
(x, p) converging to 0. For example, if p = |2|", we have 


—22 In p = —2nzIn|z| cei) 
On the other hand, if p= C73, k,x > 0, we have 


lim (—2¢lnp)=k>0. 
(x,p)—0 


Yr 


Figure 3.7. Figure 3.8. 


The surface p = e~ 3 has an “infinitely pointed” cusp at 0. (See Figure 
3.7.) 
Considering u as a potential, this means that the equipotential surfaces of u 
for the value 1+ k come together at 0, in such a manner that f’(0) = 0 if the 
equipotential surface is given by p = f(x). With 2 as an equipotential surface 
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for 1+, then wu solves the exterior Dirichlet problem, and by reflection at 
the ball (a — $)? + y? + 2? = i, one obtains a region 2’ as in Figure 3.8). 
Depending on the manner, in which one approaches the cusp, one obtains 
different limiting values, and this shows that the solution of the potential 
problem cannot be continuous at (x,y,z) = (—5, 0, 0), and hence 02’ is not 


regular at (- 5, 0, 0) . 


Summary 


The maximum principle is the decisive tool for showing the convergence of 
various approximation schemes for harmonic functions. The difference meth- 
ods replace the Laplace equation, a differential equation, by difference equa- 
tions on a discrete grid, i.e., by finite-dimensional linear systems. The max- 
imum principle implies uniqueness, and since we have a finite-dimensional 
system, then it also implies the existence of a solution, as well as the control 
of the solution by its boundary values. 

The Perron method constructs a harmonic function with given boundary 
values as the supremum of all subharmonic functions with those boundary 
values. Whether this solution is continuous at the boundary depends on the 
geometry of the boundary, however. 

The alternating method of H.A. Schwarz obtains a solution on the union 
of two overlapping domains by alternately solving the Dirichlet problem on 
each of the two domains with boundary values in the overlapping part coming 
from the solution of the previous step on the other domain. 


Exercises 


3.1 Employing the notation of Section 3.1, let xo € Q, C R? have neighbors 
£1,...,24. Let @5,...,28 be those points in R? that are neighbors of 
exactly two of the points 71,...,24. We put 


Qp = {x9 € Qy: 01,...,2g € Q,). 
For wu: Qn > R, to € Qn, we put 


8 


4 
Anu(xo) = = 4 Se u(@a) + S- u(ag) — 20u(x0o) 


a=1 B=5 


Discuss the solvability of the Dirichlet problem for the corresponding 
Laplace and Poisson equations. 

3.2 Let xo € 92; have neighbors x1,...,22q. We consider a difference operator 
Lu for wu: 2, > R, 


2d 
Lu(ao) = ye bat(La), 
a=0 


3.3 


3.4 


3.9 
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satisfying the following assumptions: 
2d 2d 
by 0 fore S122, SS be 0, Shy <0. 
a=1 a=0 


Prove the weak maximum principle: Lu > 0 in (2; implies 


max u < max u. 
Qn Tn 


Under the assumptions of Section 3.2, assume in addition 
ba > 0 fora=1,...,2d, 


and let (2; be discretely connected. Show that if a solution of Du > 0 
assume its maximum at a point of (2;, it has to be constant. 

Carry out the details of the alternating method for the union of three 
domains. 

Let u be harmonic on the domain 2, 2 € 2, B(ap, R) C2,0<r<p< 
R,p? =rR. Then 


i) u(ap + rV)u(ao + RV)dd = i u? (xo + pv)dd. 
|9|=1 \9|=1 


Conclude that if u is constant in some neighborhood of xo, it is constant 
on all of 92. 


4. Existence Techniques ITI: Parabolic 
Methods. The Heat Equation 


4.1 The Heat Equation: Definition and 
Maximum Principles 


Let 2 € R¢ be open, (0,T) C RU {oo}, 


Qp = 2X (0,7), 
O* Op = (Ox {0}) U (a2 x (0.7) _ (See Figure 4.1.) 


We call 0* 27 the reduced boundary of Qr. 

For each fixed t € (0,7) let u(a,t) € C?(Q), and for each fixed x € 2 let 
u(x,t) € C1((0,T)). Moreover, let f € C°(O*Qr), u € C°(Qr). We say that 
u solves the heat equation with boundary values f if 


u(x,t) = A,u(a,t) for (x,t) € Qr, 
u(a,t) = f(a, t) for (x,t) € O* Ar. (4.1.1) 


Written out with a less compressed notation, the differential equation is 


Equation (4.1.1) is a linear, parabolic partial 
differential equation of second order. The rea- 
son that here, in contrast to the Dirichlet prob- 
lem for harmonic functions, we are prescribing 
boundary values only at the reduced boundary 
is that for a solution of a parabolic equation, 
the values of u on 2 x {T'} are already deter- 
mined by its values on 0* 27, as we shall see 
in the sequel. 

The heat equation describes the evolution 
of temperature in heat-conducting media and is likewise important in many 
other diffusion processes. For example, if we have a body in R® with given 
temperature distribution at time t) and if we keep the temperature on its 


Figure 4.1. 
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surface constant, this determines its temperature distribution uniquely at all 
times t > to. This is a heuristic reason for prescribing the boundary values 
in (4.1.1) only at the reduced boundary. 

Replacing t by —t in (4.1.1) does not transform the heat equation into it- 
self. Thus, there is a distinction between “past” and “future”. This is likewise 
heuristically plausible. 

In order to gain some understanding of the heat equation, let us try to 
find solutions with separated variables, i.e., of the form 


u(a,t) = v(x) w(t). (4.1.2) 
Inserting this ansatz into (4.1.1), we obtain 


wilt) _ Av(z) 
w(t) u(a) - 


Since the left-hand side of (4.1.3) is a function of t only, while the right-hand 
side is a function of x, each of them has to be constant. Thus 


(4.1.3) 


Av(x) = —Av(z), 
w,(t) = —Aw(t), 


for some constant A. We consider the case where we assume homogeneous 
boundary conditions on 02 x [0,00), ie., 


u(a,t)=0 for x € dN, 
or equivalently, 


v(x) =0 for x € ON. (4.1.6) 


From (4.1.4) we then get through multiplication by v and integration by parts 


i |Du(a)|°dx = — I v(x) Av(a)dx =X | v(x)" da. 


2 


Consequently, 
A> 0 


(and this is the reason for introducing the minus sign in (4.1.4) and (4.1.5)). 

A solution v of (4.1.4), (4.1.6) that is not identically 0 is called an eigen- 
function of the Laplace operator, and A an eigenvalue. We shall see in Sec- 
tion 8.5 that the eigenvalues constitute a discrete sequence (An)nen, An 7 CO 
for n — oo. Thus, a nontrivial solution of (4.1.4), (4.1.6) exists precisely if 
A = Xn, for some n € N. The solution of (4.1.5) then is simply given by 


w(t) = w(0)e. 
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So, if we denote an eigenfunction for the eigenvalue A, by un, we obtain the 


solution 


u(x,t) = Un(x)w(0)e>* 


of the heat equation (4.1.1), with the homogeneous boundary condition 


u(az,t)=0 forx€ dN 
and the initial condition 


u(az,0) = vp (x)w(0). 


This seems to be a rather special solution. Nevertheless, in a certain sense this 
is the prototype of a solution. Namely, because (4.1.1) is a linear equation, any 
linear combination of solutions is a solution itself, and so we may take sums 
of such solutions for different eigenvalues A,,. In fact, as we shall demonstrate 
in Section 8.5, any L?-function on Q, and thus in particular any continuous 
function f on Q, assuming 2 to be bounded, that vanishes on 02, can be 


expanded as 


f(z) = = AnUn(X), 


nen 


where the v,p(x) are the eigenfunctions of A, normalized via 


| Un(x)?dx = 1 
Q 


and mutually orthogonal: 


i Un(L)Um(a)dx =0 forn#Am. 
Q 


Then a, can be computed as 


an | Un (x) f (a) da. 
2 
We then have an expansion for the solution of 


u(x,t) = Au(a,t) for « € 2,t > 0, 
u(x,t) = 0 for x € O2,t > 0, 


u(x,0) = f(x) (= Sencar for « € 92, 


namely, 


(4.1.7) 


(4.1.8) 
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u(x,t) = »- ane >”*un (x). (4.1.9) 


Since all the \,, are nonnegative, we see from this representation that all the 
“modes” QyUn(x) of the initial values f are decaying in time for a solution 
of the heat equation. In this sense, the heat equation regularizes or smoothes 
out its initial values. In particular, since thus all factors e~*' are less than 
or equal to 1 for t > 0, the series (4.1.9) converges in L?(2), because (4.1.7) 
does. 

If instead of the heat equation we considered the backward heat equation 


Ut = —Au, 


then the analogous expansion would be u(x,t) = >, ane*”’vn(x), and so the 
modes would grow, and differences would be exponentially enlarged, and in 
fact, in general, the series will no longer converge for positive t. This expresses 
the distinction between “past” and “future” built into the heat equation and 
alluded to above. 

If we write 


q(x, y, t) =e e Any, (t)Un(y), (4.1.10) 
neN 


and if we can use the results of Section 8.5 to show the convergence of this 
series, we may represent the solution u(x,t) of (4.1.8) as 


u(a,t) =o e'en(a) f only) flody by (41.9) 
wh (4.1.11) 


= | q(x, y, t) f(y)dy. 
2 


Instead of demonstrating the convergence of the series (4.1.10) and that 
u(x,t) given by (4.1.9) is smooth for t > 0 and permits differentiation under 
the sum, in this chapter we shall pursue a different strategy to construct the 
“heat kernel” q(a,y,t) in Section 4.3. 

For x,y € R”, t,to € R, t £ to, we define the heat kernel at (y, to) as 


1 ja—yl? 
A(x, y, t,t) = ————-e#0-9. 
ee) = Gate 
We then have 
At(2, y, t, to) Sie a tae le— vl a¢ t, to) 
= —-——_ x 
tlt, Y, l, to AE =t9) L,Y, €, to A(to t) »Y, ©, bo 
at —y? 
Az, (a, y,t, to.) = Ato ac ,y,t, to), 
(z?-y')? 1 
Noa: 7 bab = A ? , t,t A ’ 3 it d 
i (a y 0) A(to — t)? (x ¥y 0) + AiO (x yt 0) 
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2 
ips 
A, A(x, y,t, to) = FeAl tate) ae 


= A; (2, y, t, to). 


d 
Me pi y, t, to) 


The heat kernel thus is a solution of (4.1.1). The heat kernel A is similarly 
important for the heat equation as the fundamental solution I is for the 
Laplace equation. 

We first wish to derive a representation formula for solutions of the (ho- 
mogeneous and inhomogeneous) heat equation that will permit us to compute 
the values of u at time T from the values of u and its normal derivative on 
O* Or. For that purpose, we shall first assume that u solves the equation 


u(x,t) = Au(a#,t)+ y(a,t) in Qr 


for some bounded integrable function y(a,t) and that 2 C R®@ is bounded 
and such that the divergence theorem holds. Let v satisfy v1, = —Av on Qr. 
Then 


i vy dx dt =| v(uz, — Au) da dt 
Qr OQ 


= ([ e-omcaar) iw fo ( |, vauar) dt 


T 
-| v(a, T)u(a,T) — v(x, 0)u(a, 0) -| “nn dx 
Q 0 


aie @ Avie dt — [ i; (oz ux) do dt 

0 Q AQ av Ov 

=| vude ~ [ rude ~ [ | € a URE | do dt. 
Qx{T} Qx {0} an Ov 


(4.1.12) 


For v(2,t) := A(x,y,T +e,t) with T > 0 and y € 2% fixed we then have, 
because of v, = —Av, 


i; Audz = Agdrat-+ | Au dx 
Qx{T} Qr Qx {0} 


- du OA 
+f ie: (45; - ) do) a ' 


For ¢ + 0, the term on the left-hand side becomes 


(4.1.13) 


lim | A(c,y,T +, T)u(x, T)de = u(y, 7). 
e0 Ja 
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Furthermore, A(az,y,T + ¢,t) is uniformly continuous in ¢,2,t for « > 0, 
x € 0M, and 0 <t< T or for « € 2, t = 0. Thus (4.1.13) implies, letting 
E> 0, 


uly, T) = . A(x, y,T, t)p(x, t) da dt + Pe ey 


+ i ([. (Acer. yee) = u(x.) AEE) io) dt. (4.1.14) 


This formula, however, does not yet solve the initial boundary value problem, 
since in (4.1.14), in addition to u(z, t) for 7 € 02, t > 0, and u(x, 0), also the 
normal derivative u(x, t) for x € 02, t > 0, enters. Thus we should try to 
replace A(x, y, T,t) by a kernel that vanishes on 02 x (0,00). This is the task 
that we shall address in Section 4.3. Here, we shall modify the construction 
in a somewhat different manner. Namely, we do not replace the kernel, but 
change the domain of integration so that the kernel becomes constant on its 
boundary. Thus, for p > 0, we let 


M(y,T; ph) = {to ER?xR s<T: eS > “ : 
(4n(T — s))? 
For any y € 2,T > 0, we may find pp > 0 such that for all uw > po, 
M(y,T; pu) C 2 x [0,T). 
We always have 
(y,T) € M(y,T; 1H), 


and in fact, M(y,T; 4) 1 {s = T} consists of the single point (y,T). For t 
falling below T, M(y,T;) 1 {s = t} is a ball in R? with center (y,t) whose 
radius first grows but then starts to shrink again if t is decreased further, 
until it becomes 0 at a certain value of t. 

We then perform the above computation on M(y,T; 4) (uw > po) in place 
of Or, with 


v(a,t) = A(a,y,T +.e,t) — p, 
and as before, we may perform the limit ¢ \, 0. Then 
(x,t) =0 for (x,t) € OM(y,T; y), 


so that the corresponding boundary term disappears. 
Here, we are interested only in the homogeneous heat equation, and so, 
we put y = 0. We then obtain the representation formula 
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u(y.t) =— f u(x,t)“ (@,y,T, t)do(2, t) 
aM (y,T31) OV, 


|x —y| 
= u(x, t)————~do(z, t), 4.1.15 
Evra”! sry ole.) (4.1.15) 
since 
OA ey lz —y| 
= 7 eee a M(y,T: 1). 
Ov, 24T—t) To pt OM, Tie) 


In general, the maximum principles for parabolic equations are quali- 
tatively different from those for elliptic equations. Namely, one often gets 
stronger conclusions in the parabolic case. 


Theorem 4.1.1: Let u be as in the assumptions of (4.1.1). Let Q Cc R® be 
open and bounded and 


Au-u>0 in Qr. (4.1.16) 
We then have 
supu = sup uw. (4.1.17) 
Qr OQ 


(Uf T < oo, we can take max in place of sup.) 
Proof: Without loss of generality T’ < oo. 
(i) Suppose first 
Au-—u>0 in 2p. (4.1.18) 


For 0 < « < T, by continuity of uw and compactness of Qp_—z, there 
exists (x0, to) € Qr_- with 


u(ao, to) = max u. (4.1.19) 
QT. 
If we had (2o,to) € Qr—z, then Au(xo,to) < 0, Vu(ao,to) = 9, 
uzt(xo,to) = 0 would lead to a contradiction; hence we must have 
(ao, to) € OQr_-. For t = T—e and x € 2, we would get Au(xo, to) < 0, 
Uut(Xo, to) > 0, likewise contradicting (4.1.18). Thus we conclude that 


maxu= max u, (4.1.20) 
QT—e O* OT 


and for ¢ — 0, (4.1.20) yields the claim, since u is continuous. 
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(ii) If we have more generally Au — uz > 0, we let v := u— et, e > 0. We 
have 
Up = Up —€ < Au-—e = Av—eE< Av, 
and thus by (i), 
max u = max(v + et) < maxv +eT = maxv+eT < maxu+teT, 
Qn Qr Qn O* Qr O* Or 


and « > 0 yields the claim. 


Theorem 4.1.1 directly leads to a uniqueness result: 


Corollary 4.1.1: Let u, v be solutions of (4.1.1) with u =v on O*Qr, where 
2 CR? is bounded. Then u=v on Or. 


Proof: We apply Theorem 4.1.1 to u—v and v — u. 


This uniqueness holds only for bounded Q, however. If, e.g., 2 = R%, unique- 
ness holds only under additional assumptions on the solution wu. 


Theorem 4.1.2: Let 2 = R¢@ and suppose 
Au—u > 0 in Qr, 
u(x,t) < Me**!" in Qp for M,r > 0, (4.1.21) 
u(x,0) = f(x) gE Q=R?. 
Then 


sup u < sup f. (4.1.22) 
Qr R¢ 


Remark: This maximum principle implies the uniqueness of solutions of the 
differential equation 


Au = ut on Qr = R¢ x (0,T), 
u(x,0) = f(x) for « € R¢, 
u(a,t) < Mel!’ for (x,t) € Or. 
The condition (4.1.21) is a condition for the growth of u at infinity. If this 


condtion does not hold, there are counterexamples for uniqueness. For exam- 
ple, let us choose 
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with 


ey 
* t>0, for some k > 1, 
g(t) := 


et 
Oo. pec) 
u(x,t) :=0 for all (x,t) € R x (0,00). 


Then u and v are solutions of (4.1.1) with f(a) = 0. For further details we 
refer to the book of F. John [9]. 


Proof of Theorem 4.1.2: Since we can divide the interval (0, 7) into subinter- 


vals of length 7 < x it suffices to prove the claim for T < x because we 
shall then get 
sup u< sup u<-++<sup f(z). 
R¢x[0,k7] R¢x[0,(k—1)7] R¢ 
Thus let T < 7. We may then find ¢ > 0 with 
PEELS (4.1.23) 
E<—. A. 
An 
For fixed y € R@ and 6 > 0, we consider 
(x,t) := u(a,t) —dA(a,y,t,T +e), O<t<T. (4.1.24) 
It follows that 
ve — Av’ = u, — Au <0, (4.1.25) 


since A is a solution of the heat equation. For 2? := B(y, p), we thus obtain 
from Theorem 4.1.1 


j = ms 4.1.2 
u'(y,t) S maxv (4.1.26) 
Moreover, 
v>(x,0) < u(x, 0) < sup f, (4.1.27) 
Re 
and for |x — y| = p, 
2 
5 Ala|? 1 ( p ) 
v°(a,t) < Me ) exp | ———___. 
ay (4n(T +e—t))2 4(T +e-t) 


< Melulte)? _ 5 


= Te et (Ga's5) | 
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Because of (4.1.23), for sufficiently large p, the second term has a larger 
exponent than the first, and so the whole expression can be made arbitrarily 
negative; in particular, we can achieve that it is not larger than suppa f. 
Consequently, 

v> <supf on d*2°. (4.1.28) 

Rd 

Thus, (4.1.26) and (4.1.28) yield 
1 


6 =u = =U 
v'(y,t) = uly, t) — dA(y, y,t, T + €) = uly, t) Gn(P+e-o)i 


The conclusion follows by letting 6 > 0. 


We shall finally use the representation formula (4.1.12) to obtain a strong 
maximum principle for the heat equation, in the same manner as the mean 
value formula could be used to obtain Corollary 1.2.3: 


Theorem 4.1.3: Let 2 C R®% be open and bounded and 
Au-—u=0 in Qr, 


with the regularity properties specified at the beginning of this section. Then 
if there exists some (xo, to) € 2 x (0,T] with 


u(ao,to) =maxu (or with u(xo,to) = min uw), 
Qr OQ 


then u is constant in 2, . 


Proof: The proof is the same as that of Lemma 1.2.1, using the representation 
formula (4.1.12). (Note that by applying (4.1.12) to the function u = 1, we 


obtain 
Iz — yl 
u | ~——~ do(x, t) = 1, 
OM (y,T 3) 2(T — t) 


and so a general u that solves the heat equation is indeed represented as some 
average. Also, M(y,T; 2) C M(y,T; 1) for ui < 2, and as pp > ov, the 
sets M(y,T; 4) shrink to the point (y,T).) 


Remark: Of course, the maximum principle also holds for subsolutions, i.e., 
if 
Au-u>0 in Qe. 


In that case, we get the inequality “<” in place of “=” in (4.1.12), which 
is what is required for the proof of the maximum principle. Likewise, the 
statement with the minimum holds for solutions of 


Au — uz < 0. 
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4.2 The Fundamental Solution of the Heat Equation. 
The Heat Equation and the Laplace Equation 


We first consider the so-called fundamental solution 
Lipa neyto\=— (4.2.1) 
xz, & a x, 3 = = e B s $ 
A . (4nt)2 
and we first observe that for all  € R?, t > 0, 
Te = de | eae amar 
0 


~ oe Jee 

For bounded and continuous f : R¢ — R, we consider the convolution 
2 

(4.2.3) 


=— if ea F(y)dy. 


u(2,t) = K(a,y,t dy = 
(x, t) - (x,y, t) f(y)dy (ants 
Lemma 4.2.1: Let f :R?—+ R be bounded and continuous. Then 
u(x,t) = iC K(x, y,t) f(y)dy 
(4.2.4) 


is of class C? on R¢ x (0,00), and it solves the heat equation 
ut = Au. 


Proof: That wu is of class C° follows, by differentiating under the inte- 
gral (which is permitted by standard theorems), from the C® property of 


K(a,y,t). Consequently, we also obtain 
) 
c= FKenoswdy= [Ak (eut)faddy = Acu(e,0) 


O 
—U 


ot 
Lemma 4.2.2: Under the assumptions of Lemma 4.2.1, we have for every 


x € R¢, 
lim u(e,t) = fl) 
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Proof: 
ie) — ula] = |r) — ff Keen ostondy 


=| [Ken (re) = Hup)au)_ with (4.2.2) 


ne 

7 vara ct f (f(a) — f(a + r€)) do(€) dr 
1 i —s? .d-1 

=e fas sf 1, (f(x) - s(w + 2vbs8)) do(E) ds 


M co 
0 M 


< sup |f(x) — f(y)| +2sup|f| 
ye B(a2,2VtM) R¢ 


dwg 
d 
12 


Pe 2 
af ef gids: 
M 


Given ¢ > 0, we first choose M so large that the second summand is less 
than ¢/2, and we then choose tp > 0 so small that for all t with 0 < t < to, 
the first summand is less than ¢/2 as well. This implies the continuity. 


By (4.2.3), we have thus found a solution of the initial value problem 


u(x,t) — Au(z,t)=0 forx eR’, t>0, 


for the heat equation. By Theorem 4.1.2 this is the only solution that grows 
at most exponentially. 

According to the physical interpretation, u(a,t) is supposed to describe 
the evolution in time of the temperature for initial values f(a). We should 
note, however, that in contrast to physically more realistic theories, we here 
obtain an infinite propagation speed as for any positive time t > 0; the 
temperature u(z,t) at the point x is influenced by the initial values at all 
arbitrarily far away points y, although the strength decays exponentially with 
the distance |x — y]. 

In the case where f has compact support K, i.e., f(x) = 0 for x ¢ K, the 
function from (4.2.3) satisfies 


1 _ dist(«,K)? 
ju(x,t)| < eee | lf (y)| dy, (4.2.5) 
(Ant) 2 K 


which goes to 0 as t > oo. 
Remark: (4.2.5) yields an explicit exponential rate of convergence! 


More generally, one is interested in the initial boundary value problem for 
the inhomogeneous heat equation: 
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Let 2 c R? be a domain, and let y € C°(2 x [0,00)), f € C2), g € 
C°(A2 x (0,00)) be given. We wish to find a solution of 
Ou(a, t) 
Ot 


— Au(x,t) = y(2,t) in 2 x (0,00), 


u(x,0) = f(a) in 22, (4.2.6) 
u(x,t) =g(z,t) forrE€ dN, t € (0,00). 


In order for this problem to make sense, one should require a compatibility 
condition between the initial and the boundary values: f € C°(2), g € 
C°(O2 x [0,00)), and 


f(x) = 9(a,0) for € On. (4.2.7) 


We want to investigate the connection between this problem and the Dirichlet 
problem for the Laplace equation, and for that purpose, we consider the 
case where y = 0 and g(x,t) = g(x) is independent of t. For the following 
consideration whose purpose is to serve as motivation, we assume that u(z, t) 
is differentiable sufficiently many times up to the boundary. (Of course, this 
is an issue that will need a more careful study later on.) We then compute 


) one 
(5- 4) 5 Hy? = = UtUtt — ut Aut — Su Unit = = ura, (u =u Unit 


w=1 
d 
=— DS uz, <0. (4.2.8) 
i=1 
According to Theorem 4.1.1, 
du(a, t) | 
v(t) := su 
( ) eS Ot 


then is a nonincreasing function of t. 
We now consider 


and compute 


) 
ape ut y= f 2 Utgi Uzi AL 


w=1 


— -| uzAudx, since uz(x,t) = S 9(2) =0 forreE€on 
Q 


= -| urdx <0. (4.2.9) 
2 
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90 
With (4.2.8), we then conclude that 
e° a2 2 2 
—~ E(u(-,t)) = — ugdx = — Auide +2 f Uj i,dx 
Ot2 ( ( ) . Ot t S t ° 2, t 
9 d 
2 
= —u;,do(x +2 f Uz ide 
i av" oe Q 2, : 
Since u? > 0 in Q, u? = 0 on 02, we have on OQ, 
) 
It follows that 
oO? 
pp E(u ,t))>0. (4.2.10) 
Thus E(u(-,t)) is a monotonically nonincreasing and convex function of t. In 
) 
(u(-,t)) <0. (4.2.11) 


particular, we obtain 
too Ot 


? B(u(-,t)) 


Ak <a:= lm —E 
Since E(u(-,t)) > 0 for all t, we must have a = 0, because otherwise for 


sufficiently large T, 
‘9a 
E(u(-,T)) = E(u(-,0)) +f ape us t))dt < E(u(-,0)) +aT <0. 
(4.2.12) 


Thus it follows that 
lim 


In order to get pointwise convergence as well, we have to utilize the maximum 
principle once more. We extend u?(x,0) from 2 to all of R@ as a nonnegative, 
(4.2.13) 


continuous function | with compact support and put 
x—y|? 
SSE" Uy)dy. 


ro = a 


We then have 


and since | > 0, also 
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and thus in particular 
v> ur on O22. 


Thus w := u? — v satisfies 


ow —Aw<0 inf, (4.2.14) 


w<0 on ON, 
w(z,0)=0 forrve 2,t=0. 


Theorem 4.1.1 then implies 

w(x, t) <0, 
Le., 

ui(a,t) <v(z,t) for alla € 2,t>0. (4.2.15) 
Since | has compact support, from Lemma 4.2.2 


lim v(a,t)=0 forallxe 2, 
too 


and thus also 
jim ue(2,t)=0 forallee 2. (4.2.16) 


We thus conclude that provided that our regularity assumptions are valid 
the time derivative of a solution of our initial boundary value theorem with 
boundary values that are constant in time goes to 0 as t + oo. Thus, if we 
can show that u(x,t) converges for t + oo with respect to x in C?, the limit 
function Ug, needs to satisfy 


Aus = 0, 


i.e., be harmonic. If we can even show convergence up to the boundary, then 
Uo. satisfies the Dirichlet condition 


Uso(x) = g(x) for x € ON. 


From the remark about (4.2.5), we even see that uz(x,t) converges to 0 ex- 
ponentially in t. 
If we know already that the Dirichlet problem 


Aun =0 inf, 
Us =g onda, (4.2.17) 
admits a solution, it is easy to show that any solution u(x,t) of the heat 


equation with appropriate boundary values converges to Uo. Namely, we 
even have the following result: 
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Theorem 4.2.1: Let Q be a bounded domain in R¢, and let g(a,t) be con- 


tinuous on O02 x (0, co), and suppose 

Jim g(x, t) = g(x) uniformly in x € ON. 
Let F(x,t) be continuous on 2 x (0,00), and suppose 

jim. F(a,t) = F(x) uniformly ina € 2. 
Let u(x,t) be a solution of 


Au(x,t) — (a,t)=F(a,t) forte 2, IO<t<a, 


ote 
u(a,t) =g(a,t) forrE€ OQ, 0<t<o. 
Let v(x) be a solution of 


Av(z) = F(x) forve 2, 
v(z) = g(a) forx eon. 


We then have 
Jim u(a,t) = v(a) uniformly in x € 22. 


Proof: We consider the difference 


Aw(a,t) — © w(2,t) = F(a#,t)— F(x) in 2x (0,00), 
w(a,t) = g(a,t)— g(x) in 02x (0,00), 


and the claim follows from the following lemma: 


(4.2.18) 


(4.2.19) 


(4.2.20) 


(4.2.21) 


(4.2.22) 


(4.2.23) 


(4.2.24) 


Lemma 4.2.3: Let 2 be a bounded domain in R4, let ¢(x,t) be continuous 


on 92 x (0,00), and suppose 
jim o(a,t)=0 uniformly in x € 2. 
Let y(x,t) be continuous on OQ x (0,00), and suppose 
Jim. y(a,t)=0 uniformly in « € ON. 


Let w(a,t) be a solution of 


(4.2.25) 


(4.2.26) 
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= 
8 
I 


d(a,t) in 2x (0,00), 
y(a,t) in 02 x (0,00). 


is 
8 
I 


Then 

Jim w(x,t)=0 uniformly ina € 2. 
Proof: We choose R > 0 such that 

221 < R for allz =(a',..., 2°) € 2, 


and consider 


Then 


With « := infzcaq e we thus have 
Ak < —k. 
We consider, with constants 7,co,7 to be determined, and with 


Ko := inf K(x), Ky = sup he); 


the expression 


m(a,t) = n—— +n—— + ee 
K Ko Ko 
in 2 x [T, 00). 
Then 
Am(e,t)— 2m(x,1) 
m(ax, —m(2, 
Ot 
K K ~~ #& (4 —* (t- 
<-—n-17 come OO) 4 eg Ht Fee) 
Ko Ko KO A1 
Furthermore, 


m(2,T)>co forxe 2, 
m(a,t) > for (x,t) € OQ x [T, 00). 


<—. 


(4.2.27) 


(4.2.28) 


(4.2.29) 


(4.2.30) 


(4.2.31) 


(4.2.32) 


(4.2.33) 


(4.2.34) 
(4.2.35) 


By our assumptions (4.2.25), (4.2.26), for every 7, there exists some T = T(7) 


with 
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d(x, t)|< forte Q, t>r7, (4.2.36) 
ly(a,t)| <n forxw€ dQ, t>r. (4.2.37) 


In (4.2.32) we now put 
T=T7(n), co = sup |w(z,7)|. 
rEQ 


Then 


m(a,7T)+w(a,7) >0 for x € 2 by (4.2.34), 
m(«,t)+w(#,t)>0 for €02,t>7, 
by (4.2.35), (4.2.37), (4.2.27): 


(4 : =) (m(x,t) + w(a,t)) <0 fore €Q,t>r, 


by (4.2.33), (4.2.36), (4.2.27). 


It follows from Theorem 4.1.1 (observe that it is irrelevant that our functions 
are defined only on 2 x [r,0o) instead of 2 x [0,00), and initial values are 
given on (2 x {r}) that 


|w(a,t)| << m(a,t) forte, t>r7, 


K K K — Ki (pe 
<n( oA :) beeper), 


K Ko Ko 


and this becomes smaller than any given ¢ > 0 if 7 > 0 from (4.2.36), (4.2.37) 
is sufficiently small and t > 7(7) is sufficiently large. 


4.3 The Initial Boundary Value Problem 
for the Heat Equation 


In this section, we wish to study the initial boundary value problem for the 
inhomogeneous heat equation 
u(x,t) — Au(x,t) = y(a,t) for #€ 2,t>0, 
u(x,t) = g(a,t) for « € 02,t>0, (4.3.1) 
u(z,0)= f(a) forreQ, 


with given (continuous and smooth) functions y,g, f. We shall need some 
preparations. 


Lemma 4.3.1: Let 2 be a bounded domain of class C? in R¢. Then for every 
a< q +1,T > 0 there exists a constant c = c(a,T,d, 2) such that for all 
%9,0 €O2,0<t<T, letting v denote the exterior normal of 02, we have 


OK - 
Eon) < ct |e — a9] 97". 


OV, 
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Proof: 
1 a~29|? 1 ~29)* Uy _ 2-20! 
RL ee : 0 ae fol = : (a Xo) V en! fol , 
OVy (Art)? OV, (Ant) 2 2t 


As we are assuming that the boundary of Q is a manifold of class C?, and 
since 2,29 € Of, and vz is normal to 02, we have 


(x — x0) - ¥e| < en |x — aol” 
with a constant c, depending on the geometry of 02. Thus 


2 
|z—2xo| 


aor) < et 27! |jr—aol|°e (4.3.2) 
Vy 


with some constant cy. With a parameter @ > 0, we now consider the function 
w(s) := sPe-*® for s>0. (4.3.3) 


Inserting s = Leas B= 441 -a, we obtain from (4.3.3) 


—xo|2 
gen se ese ote eee, (4.3.4) 


with cz depending on /, i.e., on d and a. Inserting (4.3.4) into (4.3.2) yields 
the assertion. 


Lemma 4.3.2: Let QC R¢% be a bounded domain of class C? with exterior 
normal v, and let y € C°(02 x [0,T]) (T > 0). We put 


¢ OK 
OC) = a—(r,y,T)¥(y,t _ T)do(y)dr. (4.3.5) 
0 Jan Wy 
We then have 


ve C™%(2 x [0,7)), 
v(@,0)=0 forallx Ee Q, (4.3.6) 


and for allzp €02,0<t<T, 


¥(Zo, 


t 
lim v(a,t) = y -f ae oF (oust )1yst - T)do(y)dr. (4.3.7) 
0 y 


xwL>XLoO 2 


Proof: First of all, Lemma 4.3.1, with a = 3, implies that the integral in 
(4.3.5) indeed exists. The C™-regularity of v with respect to x then follows 
from the corresponding regularity of the kernel K by the change of variables 
o =t—rT. Equation (4.3.6) is obvious as well. It remains to verify the jump 


relation (4.3.7). For that purpose, it obviously suffices to investigate 
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ne OK 
-| | Bae (x,y, T)y(y, t — T)do(y)dr (4.3.8) 
0 OQNB(x0,6) OVy 


for arbitrarily small 7) > 0, 6 > 0. In particular, we may assume that 69 and 
7 are chosen such that for any given ¢ > 0, we have for y € 02, |y — xo| < 4, 
and 0 <T <7, 


ly(2o, t) ~~ Vy, t— T)| <E. 


Thus, we shall have an error of magnitude controlled by ¢ if in place of (4.3.8), 
we evaluate the integral 


#9 OK 
= Dy, (bY T)I(20, t)doly)dr. (4.3.9) 
0 J8RNB(«o,6) C%y 
Extracting the factor y(xo,t) it remains to show that 
wo OK 1 
— tim f i =—(a,y,T)do(y)dr = = + O(6). 4.3.10 
2m EP tes dog ees MOWAT = 5 +018). (48.10 


Also, we observe that since y is continuous, it suffices to show that (4.3.10) 
holds uniformly in x9 if x approaches Of? in the direction normal to 02. In 
other words, letting v(x9) denote the exterior normal vector of 02 at xo, we 
may assume 


Lv = Xo — pv (Xo). 


In that case, up? = |x — xo|”, and since 0 is of class C?, for y € 02, 


lz — yl? =|y— aol” + 2? +O (ly — aol? |e — aol) - 


The term O (ly — xo|" |x — rol) here is a higher-order term that does not 


influence the validity of our subsequent limit processes, and so we shall omit 
it in the sequel for the sake of simplicity. Likewise, for y € 02, 


(a= y) + ¥y = (w= 20) ry + (00-9) -Yy = +O (|t0-y?’), 
and the term O(|z9 — y|”) may be neglected again. 
Thus we approximate 
OK 1 (ay): Vy lagu 


BMY, T) = d 
au, . ) (4n7)2 2T 


by 
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This means that we need to estimate the expression 


no 1 leg—vl2 2 
| : = ie ei et do(y)dr. 
0 JannB(ao,6) 2(4r)2 7241 


We introduce polar coordinates with center zo and put a = |ao — y|. We then 
obtain, again up to a higher-order error term, 


1 TOT Spee he a 
pVol(S*?) = | —e | e re dr dr, 
2(47r)2 9 7r2tl 0 


where S¢~? is the unit sphere in R¢~! 


aod 
=e al he e-* st-2dsdr 
T2 0 

A. 
_ Vol(S4?) is i ae 


oes - cee f e ° st dsdo. 
T 2 HS. o2 (0) 
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_ pVol(S4-?) { 1 
0 


d 
An? 


In this integral we may let ww tend to 0 and obtain as limit 


Vol(S=2) fe <4 = 1 
at 5 | : aa! e~* stds do = -. (4.3.11) 
on? 0 o2 0 2 
By our preceding considerations, this implies (4.3.10). 
Equation (4.3.11) is shown with the help of the gamma function 


I(x) i e 't?-ldt for x > 0. 
0 


We have 


TI(a+1)=al (x) for alla >0, 
and because of (1) = 1, then 


I(n+1)=n! forneN. 


Moreover, 


| sre as=5r (4) for alln EN. 
A 2 2 


In particular, 
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and 
7 —|a|? d-1 ae 1 d-1 d 
T2 = e dx = Vol(S“*) e' r° “dr = =Vol(S® ")I' | — }; 
Ra (0) 2 2 
hence 
Qn? 
Vol(S41) = — 
(3) 
With these formulae, the integral (4.3.11) becomes 
d-—1 
Qm2e i. 1\ 1 -1 1 
ee) eh 
In an analogous manner, one proves the following lemma: 
Lemma 4.3.3: Under the assumptions of Lemma 4.3.2, for 
t 
w(a,t) = i K(a2,y,T)y(y, t — 7) do(y) dr (4.3.12) 
0 Jae 
(cE 2,0<t<T), we have 
we C*(2 x [0,T)), 
w(x2,0)=0 forxe 22. (4.3.13) 


The function w extends continuously to 2 x [0,T|, and for x9 € OQ we have 


t : 2) 
in V2w(2, t) : v(xo) == 10) a5 ii ss Weep (xo, Y, T)V(yt i T) do(y) dr. 
(4.3.14) 
We now want to try first to find a solution of 
Au — 2; =0 in 2 x (0,0) 
U- Bua ,00), 
u(x,0) = 0 for x € Q2, 
u(x,t) = g(a,t) forx€ dN, t>0, (4.3.15) 


by Lemma 4.3.2. 
We try 


uy OK 
Ui =e i OF ey <7) 9y, 7) doy) ae, (4.3.16) 
0 Jan OVy 
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with a function 7(a,t) yet to be determined. As a consequence of (4.3.7), 
(4.3.15), y has to satisfy, for a € 02, 


otvo.t) = sr(eo.t)— ff FE (aasant—r)alusr) dota ar 


ie., 


a are ga (y,7)do(y)dr. (4.3.17) 
a2 OVy 


(ao, t) = 2g(wo,t) +2 [ 


This is a fixed-point equation for y, and one may attempt to solve it by 
iteration; i.e., for 79 € OL, 


Yo(Xo, t) = 29(xo, t), 
OK 
‘in (ato, t) = 2g(0, 8) +2 | LS oe eMC ON 
a2 OVy 


for n € N. Recursively, we obtain 


t n 
*n(0,t) = 2o(s0,t) +2 if | S>Si(20,y,t—T)9(y.7) doly)dr (4.3.18) 
0 2 y=1 
with 
OK 
Si (20, y, t) aa 25, nowt), 


OK 
Sv41(Xo, YU; t) = 2 | Si (Zo, z,t — TM 123 Y, T) do(z) dr. 
0 Jan Ovy 


In order to show that this iteration indeed yields a solution, we have to 
verify that the series 


S(x,y, t) = Sos (x0, y, t) 


converges. 
Choosing once more a = 3 in Lemma 4.3.1, we obtain 


|Si(x0,y,t)| < ct78/4 Jay — yO F8 


Iteratively, we get 


|Sn(#o, ¥,£)| < ent 244 ao — yf PF 


We now choose n = max(4, 2(d — 1)) so that both exponents are positive. If 
now 
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\Sin(Xo0,y,t)| < Bmt® for some constant Z,, and some a > 0, 


then 


t 
[Smaa(to,%t)| < e808m f (t= 1)97-8!4 ar, 
0 
where the constant c comes from Lemma 4.3.1 and 


Bo := sup i: lz — yf -Y+2 do(z). 
yEO2 JAQ 
Furthermore, 
1 
fe — 7)%7 3/4 dr = P(1 +a) (4) por u/a 
0 i: (3 + a) 


where on the right-hand side we have the gamma function introduced above. 
Thus 


(a+ $+ y/4) P (4) 
r( CSE eaTy 


ISn+v(0,95t)] S Bn(cBo)"ter”/4 II 


Since the gamma function grows factorially as a function of its arguments, 
this implies that 


be SL (xo, y, t) 
v=1 


converges absolutely and uniformly on 02 x 02 x [0,T] for every T > 0. We 
thus have the following result: 


Theorem 4.3.1: The initial boundary value problem for the heat equation 
on a bounded domain 2 Cc R¢ of class C?, namely, 


Au(x,t) — Oe. t)=0 in QQ x (0,00), 


u(az,0) =0 in Q2, 
u(a,t) =g(a#,t) forxe dQ, t>0, 


with given continuous g, admits a unique solution. That solution can be rep- 
resented as 


u(x,t) = -f (x, y,t — T)g(y, 7) do(y) dr (4.3.19) 
0Q 


where 


OK 
apy er NDS (z,y,7) do(z) dr. 


OK 
Dlayst) = 25> (emt +2 f° 


(4.3.20) 
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Proof: Since the series }*>-_, S, converges, 


“(a0,t) = 2g(0,4) a2 fs 10, yst — T)g(ys7) doly) dr 


is a solution of (4.3.17). Inserting this into (4.3.16), we obtain (4.3.20). Here, 
one should note that 


ion ly =} g| -d+8 ys, S.(xo, yt); 


v=1 


and hence also (x, y,t) converges absolutely and uniformly on 02 x 02 x 
[0,7] for every T > 0. Thus, we may differentiate term by term under the 
integral and show that u solves the heat equation. The boundary values are 
assumed by construction, and it is clear that u vanishes at t = 0. Uniqueness 
follows from Theorem 4.1.1. 


Definition 4.3.1: Let Q C R* be a domain. A function q(x,y,t) that is 
defined for x,y € 2, t > 0, ts called the heat kernel of QQ if 


(4. - =) q(a,y,t)=0 forz,yEe2,t>9, 
q(x,y,t)=0 forx€ dn, 


hing J a(e.ust)f(a)da = Fly) for all y € 2 


and for all continuous f: QR. 


Corollary 4.3.1: Any bounded domain 2 C R? of class C? has a heat ker- 
nel, and this heat kernel is of class C! on 2 with respect to the spatial vari- 
ables y. The heat kernel is positive in 22, for allt > 0. 


Proof: For each y € 92, by Theorem 4.3.1 we solve the boundary value prob- 
lem for the heat equation with initial values 0 and 


g(a, t) = —K(a,y, t). 
The solution is called (a, y,t), and we put 
g(a, y,t) = K(a,y,t) + ua, y, t). (4.3.21) 
Obviously, q(x, y, t) satisfies (i) und (ii), and since 


lim (a, y,t) =0, 
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and K(a,y,t) satisfies (iii), then so does q(z, y, t). 

Lemma 4.3.3 implies that q can be extended to 2 as a continuously dif- 
ferentiable function of the spatial variables. 

That q(x,y,t) > 0 for allz,y € 2,t > 0 follows from the strong maximum 
principle (Theorem 4.1.3). Namely, 


q(a,y,t)=0 for x€ dN, 
q(x,y,t)=0 fora,y,€ Q,r Fy, 


while (iii) implies 
q(z,y,t) >0 if |a—y| and t > 0 are sufficiently small. 
Thus, g > 0 and q £0, and so by Theorem 4.1.3, 


q>0 inQx 2x (0,0). 


Lemma 4.3.4 (Duhamel principle): For all functions u,v on Q x [0,T 
with the appropriate regularity conditions, we have 


T 
if | { (x, t) (Au(a2,T — t) + u:(2,T — t)) 
0 J2 
—u(a,T — t) (Av(a,t) — v:(a,t)) \ ae dt 


-[ be 1a ay ed — bul, 8) — a (y.thuly,T - of do(y) dt 
+f {u(ax,0)v(x,T) — u(x, T)v(2,0)} da. (4.3.22) 
Q 


Proof: Same as the proof of (4.1.12). 


Corollary 4.3.2: If the heat kernel q(z,w,T) of Q is of class C1 on Q with 
respect to the spatial variables, then it is symmetric with respect to z and w, 
1.€., 


q(z,w,T)=q(w,2z,T) forallz,we 2,T>0. (4.3.23) 
Proof: In (4.3.22), we put u(a,t) = q(a, z,t), u(x,t) = q(x, w,t). The double 


integrals vanish by properties (i) and (ii) of Definition 4.3.1. Property (iii) of 
Definition 4.3.1 then yields v(z,T) = u(w, T), which is the asserted symmetry. 


Theorem 4.3.2: Let Q Cc R@ be a bounded domain of class C? with heat 
kernel q(x, y,t) according to Corollary 4.8.1, and let 


y €C°(2 x [0,00)), gE CAN x (0,c0)), fe C(M). 
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Then the initial boundary value problem 


ur(x,t) — Au(a#,t) = y(a,t) forx Ee 2,t>0, 
u(x,t) =g9(z,t) forrE€dN,t>0, 
u(z,0)= f(a) forxe 2, (4.3.24) 


admits a unique solution that is continuous on Q x [0,00) \ 02 x {0} and is 
represented by the formula 


ula.) = f [ aemt—retu.r dy dr 
+ ip q(x, y,t) f(y)dy -{ hs in (x, y,t — T)g(y,T)do(y)dr. (4.3.25) 


Proof: Uniqueness follows from the maximum principle. We split the exis- 
tence problem into two subproblems: 
We solve 
uz(a,t) — Av(a,t) =0 for x € 2,t > 0, 
u(x,t) =g(a,t) for x € 02,t>0, (4.3.26) 
v(@,0) = f(x) forrxe 2, 
i.e., the homogeneous equation with the prescribed initial and boundary con- 
ditions, and 


wrz(x,t) — Aw(a,t) = v(a,t) for x € 2,t > 0, 
w(a,t) =0 for z € 0,t > 0, (4.3.27) 
w(a,0) = 0 forr € 2, 


i.e., the inhomogeneous equation with vanishing initial and boundary values. 
The solution of (4.3.24) is then given by 


U=U+wW. 


We first address (4.3.26), and we claim that the solution v can be represented 
as 


v(a,t) = i ale. yst)Fly)dy — if i Sele yt — aly, r)do(y) dr. 


The facts that v solves the heat equation and the initial condition v(a,0) = 
f(x) follow from the corresponding properties of g. Moreover, q(z,y,t) = 
K(a,y,t) + u(a2,y,t) with p(x, y, t) coming from the proof of Corollary 4.3.1. 
By Theorem 4.3.1, this ~~ can be represented as 


p(x, y, t) y= ff U(x, 2z,t-— 7)K(z, y,7)do(z) dr, (4.3.28) 
an 
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and by Lemma 4.3.3, we have for y € 02, 
Ou (a, y, t) [ OK 
—— (a, y,t) = ——— + (ax, z,t — T)——(z, y, T)do(z) dr. 
av, | ) 2 0 Jan Wy 
(4.3.29) 


This means that the second integral on the right-hand side of (4.3.25) is pre- 
cisely of the type (4.3.19), and thus, by the considerations of Theorem 4.3.1, v 
indeed satisfies the boundary condition v(a,t) = g(a,t) for « € 022, because 
the first integral vanishes on the boundary. 

We now turn to (4.3.27). For every 7 > 0, we let z(x,t,7) be the solution 
of 


(2, t; T) = AHS, 4,7,) = 


2(f:57) = 


for « € 2,t > 7, 
for ¢ € 02,t > 7, (4.3.30) 
2(2,7;T)=9(2,T) forxe 2. 


This is a special case of (4.3.26), which we already know how to solve, except 
that the initial conditions are not prescribed at t = 0, but at t = 7. This 
case, however, is trivially reduced to the case of initial conditions at t = 0 by 
replacing t by t — 7, i.e., considering ¢(#,t;7) = 2(a,t+7;7). Thus, (4.3.30) 
can be solved. 

We then put 


w(est) = z(a,t;T)dr. (4.3.31) 


Then 


t t 
wr(a,t) = | 2i(x,t; T)dr + 2(a,t;t) = i. Az(a,t;7)dt + y(a, t) 
0 0 
= Aw(z,t) + y(z,t) 
and 


w(a,t)=0 forx€dN,t>0, 

w(#,0)=0 forrEe 2. 
Thus, w is a solution of (4.3.27) as required, and the proof is complete, since 
the representation formula (4.3.25) follows from the one for v and the one for 


w that, by (4.3.31), comes from integrating the one for z. The latter in turn 
solves (4.3.30), and so by what has been proved already, is given by 


etit) = f dlaut—roler)dy. 


Thus, inserting this into (4.3.31), we obtain 
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w(a,t) = | I q(a,y,t — T)p(a, T)dy dr. (4.3.32) 


This completes the proof. 


Remark: We are not asserting that u is twice differentiable with respect to x, 
and in fact, this need not be true for a y that is merely continuous. However, 
one may still justify the equation 


u(x,t) — Au(a,t) = y(a,t). 


We shall return to the analogous issue in the elliptic case in Sections 9.1 and 
10.1. In Section 10.1, we shall verify that u is twice continuously differentiable 
with respect to x if we assume that y is Holder continuous. 


Here, we shall now concentrate on the case y = 0 and address the regularity 
issue both in the interior of 2 and at its boundary. We recall the representa- 
tion formula (4.1.14) for a solution of the heat equation on 2, 


u(x,t) = K(a,y, t)u(y, 0) dy 


Q 
‘ Ou(y,T) OK 
+f iB (Het T) A ou, oe u(y.7)) a dr. | 
4.3.33 


We put K(x, y,s) = 0 for s < 0 and may then integrate the second integral 
from 0 to oo instead of from 0 to t. Then K(z, y, s) is of class C® for x,y € R4, 
s ER, except at x = y,s = 0. We thus have the following theorem: 


Theorem 4.3.3: Any solution u(x,t) of the heat equation in a domain Q is 
of class C° with respect tox € 2,t>0. 


Proof: Since we do not know whether the normal derivative ge exists on O02 
and is continuous there, we cannot apply (4.3.33) directly. Instead, for given 
x € §2, we consider some ball B(x,r) contained in 2. We then apply (4.3.33) 
on B(az,r) in place of 2. Since OB(x,r) in 2 is contained in 2, and u asa 
solution of the heat equation is of class C! there, the normal derivative ie 


on OB(x,r) causes no problem, and the assertion is obtained. 


In particular, the heat kernel q(x,y,t) of a bounded C?-domain 2 is of 
class C° with respect to x,y € 2, t > 0. This also follows directly from 
(4.3.21), (4.3.28), (4.3.20), and the regularity properties of »’(x, y,t) estab- 
lished in Theorem 4.3.1. From these solutions it also follows that at (x,y, t) 
for y € 02 is of class C® with respect to x € Q,t > 0. Thus, one can also use 
the representation formula (4.3.25) for deriving regularity properties. Putting 
q(x,y,s) = 0 for s < 0, we may again extend the second integral in (4.3.25) 


106 4. Existence Techniques II: Parabolic Methods. The Heat Equation 


from 0 to oo, and we then obtain by integrating by parts, assuming that the 
boundary values are differentiable with respect to ¢, 


0 6) 
ap utet) = : aie y HFly)dy 


o ) ) 
— ff SE te ut— ng -alu7) doly) ar 
0 Jag Vy ws 


+ lim OF y,t — T)g(y,T) do(y). (4.3.34) 
T—0 AQ OVy 


Since q(zx,y,t) = 0 for « € 02, y E 2, t > 0, also 24(a,y,t — Tr) = 0 for 


OVy 
x,y € 02,7 <tand 


a) 

Bide yt) =0 forte dQ, yER,t>0 (4.3.35) 
(passing to the limit here is again justified by (4.3.28)). Since the second 
integral in (4.3.34) has boundary values Z g(a, t), we thus have the following 
result: 


Lemma 4.3.5: Let u be a solution of the heat equation on the bounded C?- 
domain 2 with continuous boundary values g(x, t) that are differentiable with 
respect to t. Then u is also differentiable with respect to t, for x € 022, t > 0, 
and we have 


0 


Bute #) - ees forx € 02, t>0. (4.3.36) 


ot 


We are now in position to establish the connection between the heat and 
Laplace equation rigorously that we had arrived at from heuristic considera- 
tions in Section 4.2. 


Theorem 4.3.4: Let Q Cc R®@ be a bounded domain of class C?, and let 
f € ©8(2), g € C°(OM). Let u be the solution of Theorem 4.3.2 of the initial 
boundary value problem 


Au(x,t) — uz(a,t) = 0 forxE 2, t>0, 
u(x,0) = f(x) forxe Q, (4.3.37) 
u(a,t)=g(a) forxeE OQ, t>0. 


Then u converges for t + co uniformly on Q towards a solution of the Dirich- 
let problem for the Laplace equation 


0 
uz) = g(a) forx Ee 0n. (4.3.38) 
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Proof: We write u(x,t) = u'(x,t) + u?(a,t), where ut and u? both solve the 
heat equation, and u! has the correct initial values, i.e., 


u'(x,0) = f(z) forze 2, 
while u? has the correct boundary values, i.e., 
u(x,t) = g(x) for r€ 0, t>0, 

as well as 

ul(z,t)=0 for 2 € ON, t>0, 

u*(,0)=0 forre 2. 
By Lemma 4.2.3, we have 

lim u'(zx,t) =0. 


too 


Thus, the initial values f are irrelevant, and we may assume without loss of 
generality that f = 0, ie., u=u?. 

One easily sees that q(a,y,t) > 0 for a,y € 2, because q(z,y,t) = 0 
for all a € 02, and by (iii) of Definition 4.3.1, q(a,y,t) > 0 for x,y € 2 
and sufficiently small t > 0. Since q solves the heat equation, by the strong 
maximum principle q then is indeed positive in the interior of 2 for all t > 0 
(see Corollary 4.3.1). 


Therefore, we always have 
oq 
Wy 
Since q(z,y,t) solves the heat equation with vanishing boundary values, 
Lemma 4.2.3 also implies 


jim q(a,y,t) = 0 uniformly in Q x Q (4.3.40) 
00 


(x,y,t) <0. (4.3.39) 


(utilizing the symmetry q(x, y,t) = q(y, x,t) from Corollary 4.3.1). We then 
have for tg > ty, 


|u(a,to) — u(a,t1)| = 


te 
i Oe Zz, tal eho) 
ti JOQ Ov, 


<mextol ff (-FLte.2.0) dolar 


=—max|gl fo | Avale.u tava 
ty 2 


te 
=—maxlol ff ae(e,u,t)dy at 
ty 2 


= —max|g| | Ce ee Cera te 
QQ 


+0 for t1,t2 > c by (4.3.40). 
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Thus u(x,t) converges for t + oo uniformly towards some limit function u(2) 
that then also satisfies the boundary condition 


u(z) = g(a) forx€ On. 


Theorem 4.3.2 also implies 


u(x) = -f - ae (x, z,t)g(z)do(z)dt. 


We now consider the derivatives Zu(z, t) =: v(a,t). Then v(a, t) is a solution 
of the heat equation itself, namely with boundary values v(a,t) = 0 for 
x € O92 by Lemma 4.3.5. By Lemma 4.2.3, v then converges uniformly to 
0 on 2 for t —> oo. Therefore, Au(x,t) converges uniformly to 0 in Q for 
t + oo, too. Thus, we must have 


Au(x) = 0. 


As a consequence of Theorem 4.3.4, we obtain a new proof for the solv- 
ability of the Dirichlet problem for the Laplace equation on bounded domains 
of class C?, i.e., a special case of Theorem 3.2.2 (together with Lemma 3.4.1): 


Corollary 4.3.3: Let Q Cc R¢% be a bounded domain of class C?, and let 
g: 02 > R be continuous. Then the Dirichlet problem 


0 forx EQ, (4.3.41) 
uz) = g(a) forx€ ON, (4.3.42) 


admits a solution that is unique by the maximum principle. 


References for this Section are Chavel [3] and the sources given there. 


4.4 Discrete Methods 


Both for the heuristics and for numerical purposes, it can be useful to dis- 
cretize the heat equation. For that purpose, we shall proceed as in Section 3.1 
and also keep the notation of that section. In addition to the spatial variables, 
we also need to discretize the time variable t; the corresponding step size will 
be denoted by k. It will turn out to be best to choose k different from the 
spatial grid size h. 

The discretization of the heat equation 


uz(a,t) = Au(z, t) (4.4.1) 


is now straightforward: 
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(u"* (x,t +k) —u* (a, t)) Anu™* (cz, t) (4.4.2) 
1 ; : 
=a ye {ul (2 acca “ge Eos, 6) 


— Qy lk (c1,..., 27,4) +u® (a fg lyase) \. 


Thus, for discretizing the time derivative, we have selected a forward differ- 
ence quotient. In order to simplify the notation, we shall mostly write u in 
place of u!*, Choosing 


he = Ddk. (4.4.3) 


the term u(x,t) drops out, and (4.4.2) becomes 


— (ie Ac Pee) t+u(a',...,2'—h,...,2%t)). (4.4.4) 


This means that u(2,t+k) is the arithmetic mean of the values of u at the 2d 
spatial neighbors of (,t). From this observation, one sees that if the process 
stabilizes as time grows, one obtains a solution of the discretized Laplace 
equation asymptotically as in the continuous case. 

It is possible to prove convergence results as in Section 3.1. Here, however, 
we shall not carry this out. We wish to remark, however, that the process 
can become unstable if h? < 2dk. The reader may try to find some examples. 
This means that if one wishes h to be small so as to guarantee accuracy of 
the approximation with respect to the spatial variables, then & has to be 
extremely small to guarantee stability of the scheme. This makes the scheme 
impractical for numerical use. 

The mean value property of (4.4.4) also suggests the following semidiscrete 
approximation of the heat equation: Let 2 C R? be a bounded domain. For 
é > 0, we put Q. := {4 € N: dist(x,OM2) > ¢}. Let a continuous function 
g: 02 > R be given, with a continuous extension to 2 \ Q., again denoted 
by g. Finally, let initial values f : 2 R be given. We put iteratively 


u(x,0) = f(x) for 2 € Q, 
i(x,0) =0 for « € R?7\ Q, 


1 
| u(y,(n—1)k)dy forreE 2,neEN, 
B(2,e) 


u(x, nk) = oa 


and 


u(a,nk) for # € Q., 


EN. 
g(x) for x € R4\ 2., . 


u(a,nk) -| 
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Thus, in the nth step, the value of the function at 7 € 92. is obtained as the 
mean of the values of the preceding step of the ball B(«,<¢). A solution that is 
time independent then satisfies a mean value property and thus is harmonic 
in 2. according to the remark after Corollary 1.2.5. 


Summary 
In the present chapter we have investigated the heat equation on a domain 


QO ER-, 


£ (2,2) — Au(x,t)=0 forx Ee 2,t>0. 


We prescribed initial values 
u(z,0) = f(#) forxre Q, 
and in the case that 2 has a boundary 022, also boundary values 
u(y,t) = g(y,t) for y€ O0N,t > 0. 
In particular, we studied the Euclidean fundamental solution 


1 _ |e-yl? 


ee ene wt, 


and we obtained the solution of the initial value problem on R? by convolution 


u(x,t) = - K(a,y,t) f(y)dy. 
If Q is a bounded domain of class C?, we established the existence of the 
heat kernel g(x, y,t), and we solved the initial boundary value problem by 
the formula 


u(a, t) =) q(x, y,t)f(y)dy — [ (a, z,t — T)g(z,7)do(z)dr. 
Q a2 we 


In particular, u(az,t) is of class C® for « € 2, t > 0, because of the cor- 
responding regularity properties of the kernel q(x, y, t). The solutions satisfy 
a maximum principle saying that a maximum or minimum can be assumed 
only on 2 x {0} or on O2 x [0,00) unless the solution is constant. Conse- 
quently, solutions are unique. If the boundary values g(y) do not depend on t, 
then u(x,t) converges for t + co towards a solution of the Dirichlet problem 
for the Laplace equation 


Au(x) = 0 in 2, 
u(z) = g(a) for ¢ € OM. 
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This yields a new existence proof for that problem, although requiring 
stronger assumptions for the domain {2 when compared with the existence 
proof of Chapter 3. The present proof, on the other hand, is more construc- 
tive in the sense of giving an explicit prescription for how to reach a harmonic 
state from some given state f. 


Exercises 


4.1 


4.2 


4.3 


4.4 


Let 2 C R¢ be bounded, Qr := 2 x (0,T). Let 


d 9 d 


. fa) 7) 
— oo ———— i 
y Ee ) a’) (x,t) Aaaioal + > b' (a, t) Aa 


i,j=l i= 


be elliptic for all (x,t) € Qr, and suppose 
Ut Ss Lu, 


where u € C°(Qr) is twice continuously differentiable with respect to 
x € 92 and once with respect to t € (0,T). 
Show that 


sup u = sup u. 

QT O* QL 
Using the heat kernel A(x, y,t,0) = K(a,y,t), derive a representation 
formula for solutions of the heat equation on Qp with a bounded Q Cc R¢ 


and T < oo. 
Show that for kK as in Exercise 4.2, 


Kegsene | K(2#,y,0)K(y0,8)dy 
Ra 


(a) if s,t > 0; 

(b) if0<t<-—s. 

Let ©’ be the grid consisting of the points (a,t) with « = nh, t = mk, 
n,m € Z, m > 0, and let v be the solution of the discrete heat equation 


u(a,t+k)—v(a,t) v(a+h,t) — 2v(a,t) + v(x — h,t) 


k h2 ae 
with v(z,0) = f(x) € C°(R). 
Show that for & — 3, 
a m 
h,mk) =2-™ —m+2j)h). 
sam) = 2" 9 (12) (=m 290 


Conclude from this that 


sup |v| < sup | f]. 
>) R 
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4.5 Use the method of Section 4.3 to obtain a solution of the Poisson equation 
on 2 C R¢, a bounded domain of class C?, continuous boundary values 
g: 02 > R, and continuous right-hand side y : 2 > R, i.e., of 


Au(x) = (x) forr Ee 2, 
u(t) = g(a) for x € ON. 


(For the regularity issue, we need to refer to Section 10.1.) 


5. The Wave Equation and Its Connections 
with the Laplace and Heat Equations 


5.1 The One-Dimensional Wave Equation 


The wave equation is the PDE 


oO? 


7 tie t) — Au(x,t)=0 forr€ Q2CR4,t€ (0,00) orteER. (5.1.1) 


As with the heat equation, we consider t as time and x as a spatial variable. 
For illustration, we first consider the case where the spatial variable x is 
one-dimensional. We then write the wave equation as 


ure(x,t) — Ure (x,t) = 0. (5.1.2) 
Let vy, € C?(R). Then 
u(x,t) = p(a+t) + o(a -t) (5.1.3) 


obviously solves (5.1.2). 

This simple fact already leads to the important observation that in con- 
trast to the heat equation, solutions of the wave equation need not be more 
regular for t > 0 than they are at t = 0. In particular, they are not necessarily 
of class C°°. We shall have more to say about that issue, but right now we 
first wish to motivate (5.1.3): 


p(x + t) solves 


Lt — Pa = 0, (5.1.4) 
(a — t) solves 
V+ ve = 0, (5.1.5) 
and the wave operator 
em oi 
L:= a2 Bae (5.1.6) 


can be written as 
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ee ea ee 
b= (5 =) (ate): oa) 


i.e., as the product of the two operators occurring in (5.1.4), (5.1.5). This 
suggests the transformation of variables 


f=2+t, n=az-t. (5.1.8) 
The wave equation (5.1.2) then becomes 
uen(€,7) = 9, (5.1.9) 
and for a solution, ug has to be independent of 7, i-e., 
ue =y'(€) (where “’” denotes a derivative as usual), 


and consequently, 


u= / g'(6) + Wn) = v6) + Un). (5.1.10) 


Thus, (5.1.3) actually is the most general solution of the wave equation 
(5.1.2). 

Since this solution contains two arbitrary functions, we may prescribe two 
data at t = 0, namely, initial values and initial derivatives, again in contrast 
to the heat equation, where only initial values could be prescribed. From the 
initial conditions 


a5 2 - . (5.1.11) 

we obtain 
i z : ue (5.1.12) 

and thus 
oa) = + 5 faery +e _ 
w= FP 5 [ante ered 


with some constant c. Hence we have the following theorem: 


Theorem 5.1.1: The solution of the initial value problem 
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is given by 
u(x,t) = y(a +t) + p(a - t) 


xt 5.1.14 
=fuerotie-o+$ fay OO 


(For u to be of class C?, we need to require f € C?, g € C'.) 


The representation formula (5.1.14) emphasizes another difference be- 
tween the wave and the heat equations. For the latter, we had found an 
infinite propagation speed, in the sense that changing the initial values in 
some local region affected the solution for arbitrary small t > 0 in its en- 
tire domain of definition. The solution u of the wave equation from formula 
(5.1.14), however, is determined at (x,t) already by the values of f and g in 
the interval [x — t,2 +t]. The value u(z,t) thus is not affected by the choice 
of f and g outside that interval. Conversely, the initial values at the point 
(y,0) on the a-axis influence the value of u(a,t) only in the cone 


y-tsrsyrtt. 


Since the rays bounding that region have slope 1, the propagation speed for 
perturbations of the initial values for the wave equation thus is 1. 


In order to compare the wave equation with the Laplace and the heat 
equations, as in Section 4.1, we now consider some open 2 C R?@ and try to 
solve the wave equation on 


Np =2~x(0,T) (T>0) 
by separating variables, i.e., writing the solution u of 


un(x,t) = A,u(ax,t) on Qr, 


5.1.15 
u(a,t) = 0 for x € O22, ( ) 
as 
u(x,t) = v(x) w(t) (5.1.16) 
as in (4.1.2). This yields, as in Section 4.1, 
t) A 
iD) Be) (5.1.17) 


w(t) v(a)’ 


and since the left-hand side is a function of t, and the right-hand side one of 
x, each of them is constant, and we obtain 


Av(x) = —Av(z2), (5.1.18) 
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for some constant A > 0. 

As in Section 4.1, v is thus an eigenfunction of the Laplace operator on 2 
with Dirichlet boundary conditions, to be studied in more detail in Section 8.5 
below. From (5.1.19), since \ > 0, w is then of the form 


w(t) = acos VAt + Bsin VAt. (5.1.20) 


As in Section 4.1, referring to the expansions demonstrated in Section 8.5, 
we let 0 < Ay < Ag < Ag... denote the sequence of Dirichlet eigenvalues of 
A on 22, and v1,v2,... the corresponding orthonormal eigenfunctions, and 
we represent a solution of our wave equation (5.1.15) as 


u(x,t) = eo (an cos V Ant + By sin V An t) Un (2). (5.1.21) 
nen 

In particular, for t = 0, we have 

u(a,0) = S° anvn(x), (5.1.22) 
nen 
and so the coefficients a, are determined by the initial values u(«#,0). Like- 
wise, 
uy(,0) = S 7 BnV An Un(a), (5.1.23) 
neNn 


and so the coefficients 6,, are determined by the initial derivatives uz(x,0) (the 
convergence of the series in (5.1.23) is addressed in Theorem 8.5.1 below). So, 
in contrast to the heat equation, for the wave equation we may supplement 
the Dirichlet data on 022 by two additional data at t = 0, namely, initial 
values and initial time derivatives. 

From the representation formula (5.1.21), we also see, again in contrast to 
the heat equation, that solutions of the wave equation do not decay exponen- 
tially in time, but rather that the modes oscillate like trigonometric functions. 
In fact, there is a conservation principle here; namely, the so-called energy 


d 
E(t) := sf foe? + x tigi in| dx (5.1.24) 


is given by 


Yad ee ta) ete) 


2 
(an cos af ded + By sin Wnt) ete) dx 


= 5 Do Ano? + 8), (5.1.25) 
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since 


O otherwise, 


i: OnE) Vp (oda = ‘ for n =m, 
2 


and 


> [2 ie An forn=m, 
aa: * nanw 0 otherwise 


(see Theorem 8.5.1). Equation (5.1.25) implies that F does not depend on f, 
and we conclude that the energy for a solution wu of (5.1.15), represented by 
(5.1.21), is conserved in time. This issue will be taken up from a somewhat 
different perspective in Section 5.3. 


5.2 The Mean Value Method: Solving the Wave 
Equation Through the Darboux Equation 


Let v € C°(R*), « € R¢, r > 0. As in Section 1.2, we consider the spatial 
mean 


1 
S(v,2,r) = dort bs uot: (5.2.1) 


For r > 0, we put S(v,z,—-r) := S(v,2,r), and S(v,x,r) thus is an even 
function of r € R. Since ZS(v, x,1)|r=0 = 0, the extended function remains 
sufficiently many times differentiable. 


Theorem 5.2.1 (Darboux equation): For v € C?(R%), 


0 d—-10 
(ss arr r >) S(v, x, 7) =, A, S(v,2£,7). (5.2.2) 
Proof: We have 
S(v, 2,7) = af v(a + r€) do(€), 
dura J\e\=1 
and hence 
0 — Sv, r) al Se (a + r€) &' do(€) 
Or a ~ dwg \€J= 1; Ox? 


a) 
=e : i Ov vty) do(y), 


where v is the exterior normal of B(x,r) 
1 


= —__ A d 
dwgrt} i ue 


by the Gauss integral theorem. 


(5.2.3) 
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This implies 


0? d—1 1 
= Soe A peas Av(y) d 
pear —iag fp Avleldz+ aracr ff Av) dol) 
d—-10 1 
a pp 3 (% 27) + fog Doro do(y), 
(5.2.4) 
because 
As i) vly) doy) = As v(e— 29+ y) doy) 
OB(a,r) OB(axo,r) 


= i, A,v(a — 20 + y) do(y) 
OB(2xo,r) 


S | Av(y) doly). 
OB(a,r) 


Equation (5.2.4) is equivalent to (5.2.2). 


Corollary 5.2.1: Let u(a,t) be a solution of the initial value problem for the 
wave equation 


u(z,0) = f(a), (5.2.5) 
uz(a,0) = g(x) 
We define the spatial mean 
1 
M(u,2,1r,t) = it os u(y, t) do(y). (5.2.6) 
We then have 
(im a d-10 
gp Mu, 2,7, t) = (7+ <3) M(u, 2,7, t). (5.2.7) 
Proof: By the first line of (5.2.4), 
a d-10 1 
(7 + <3) M(u, 2,r,t) = Peas i Ayu(y, t) do(y) 


OB(a,r) 
1 7 
= drt / apa uly t) do(y), 
OB(a,r) 
since u solves the wave equation, and this in turn equals 
2 


7M lu ar, t). 
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For abbreviation, we put 
w(r,t) = M(u,2,r,t). (5.2.8) 
Thus w solves the differential equation 


d—1 
Wit = Wer + Wr (5.2.9) 
r 


with initial data 
w(r,0) = S(f,2z,r), 


wr(r,0) = S(g, 2,1). 21) 


If the space dimension d equals 3, for a solution u of (5.2.9), v := rw then 
solves the one-dimensional wave equation 


Utt = Urr (5.2.11) 


with initial data 
0)=rS 
v(r,0) =rS(f,2,r), (5.2.12) 
u(r, 0) = rS(g,@,1). 


By Theorem 5.1.1, this implies 
1 
rM(u,a,7,t) = s{(r +OS(fa.r +t) + (r—tS(f,a,r—t)} 


1 r+t 
pes ‘| pS(g, x, p)dp. (5.2.13) 


—t 


Since S(f,2,7r) and S(g,x,1r) are even functions of r, we obtain 


M(u, 2,7, t) = Aetr)S(f.a,r +4) —(t—r)S(f,2,t —r)} 
i pS(g,x, p)dp. (5.2.14) 


2r Jer 


We want to let r tend to 0 in this formula. By continuity of u, 


M(u,x,0,t) = u(z, t), (5.2.15) 
and we obtain 
u(a,t) = tS(g,x,t) + & (SUF x,t)). (5.2.16) 


By our preceding considerations, every solution of class C? of the initial value 
problem (5.2.5) for the wave equation must be represented in this way, and 
we thus obtain the following result: 
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Theorem 5.2.2: The unique solution of the initial value problem for the 
wave equation in 3 space dimensions, 


u(x,t) — Au(z,t)=0 forze€ R®, t>0, 
u(x,0) = f(z), (5.2.17) 
ur(x,0) = g(2), 
for given f € C3(R3), g € C?(R°), can be represented as 


3 
e.0= Fa feo (sn +H) +L Hole - 2) doly). (5.2.18) 


Proof: First of all, (5.2.16) yields 


de 0 1 
uet=7 f een OOO + Fy (z i: _ Hts (5.2.19) 


In order to carry out the differentiation in the integral, we need to transform 
the mean value of f back to the unit sphere, i.e., 


: t 
ions f(y)do(y) = inf fete) 


The Darboux equation implies that u from (5.2.19) solves the wave equation, 
and the correct initial data result from the relations 


oe Gis x,1)|r=0 = 0 


S(w,x,0) = w(x), 5p 


satisfied by every continuous w. 


An important observation resulting from (5.2.18) is that for space dimen- 
sions 3 (and higher), a solution of the wave equation can be less regular 
than its initial values. Namely, if u(x,0) € C”, u,(x,0) € C*7!, this implies 
u(x,t) € C®-1, u,(x,t) € C*-? for positive t. 

Moreover, as in the case d = 1, we may determine the regions of influence 
of the initial data. It is quite remarkable that the value of u at (x,t) depends 
on the initial data only on the sphere 0B(x,t), but not on the data in the 
interior of the ball B(a,t). This is the so-called Huygens principle. This prin- 
ciple, however, holds only in odd dimensions greater than 1, but not in even 
dimensions. We want to explain this for the case d = 2. Obviously, a solution 
of the wave equation for d = 2 can be considered as a solution for d = 3 that 
happens to be independent of the third spatial coordinate 2°. 

We thus put x? = 0 in (5.2.19) and integrate on the sphere OB(z,t) = 
{y € R®: (yt — 21)? + (y? — 2”)? 4 4 = t?} with surface element 


do(y) = —dy' dy’. 


a 
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Since the points (y',y?,y®) and (y!,y?,—y?) yield the same contributions, 
we obtain 


u( 


1 
aa". t)= = | __9Y) wy 
20 J B(«,t) [42 — |x -— y\ 
0 1 
ee Ra), 
Ot Qn B(a,t) [42 = |x = y| 


where x = (x!,27), y = (y',y?), and the ball B(a,t) now is the two- 
dimensional one. 

The values of u at (a#,¢) now depend on the values on the whole disk 
B(a,t) and not only on its boundary 0B(z,t). 

A reference for Sections 5.1 and 5.2 is F. John [9]. 


5.3 The Energy Inequality and the Relation with the 
Heat Equation 


Let u be a solution of the wave equation 
un(2,t) — Au(a,t)=0 for 2 €R4,t>0. (5.3.1) 


We define the energy norm of wu as follows: 


d 
E(t) := sf. fle t+ ds Ug (2, | dx. (5.3.2) 


We have 


d 
dE 
a = m ft + os oy dx 


i=1 


d (5.3.3) 
= a flo — Au) + s (ta). dx 


i=l 


=0 


if u(x,t) = 0 for sufficiently large |x| (where that may depend on t, so that this 
computation may be applied to solutions of (5.3.1) with compactly supported 
initial values). 

In this manner, it is easy to show the following result about the region of 
dependency of a solution of (5.3.1), partially generalizing the corresponding 
results of Section 5.2 to arbitrary dimensions: 
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Theorem 5.3.1: Let u be a solution of (5.3.1) with 


u(z,0) = f(x), uz(a,0) = 0, (5.3.4) 


and let K := supp f (= {a ER¢: f(x) Z 0}) be compact. Then 


u(a,t) =0 for dist(x, K) >t. (5.3.5) 


Proof: We show that f(y) = 0 for all y € B(x,T) implies u(x,T) > 0, which 
is equivalent to our assertion. We put 


d 
al 1 2 2 
E(t) := = + y apd 3. 
) 2 —_ {i = “y ! Ore) 


and obtain as in (5.3.3) (cf. (1.1.1)) 
1 
Ut Wet + Uyi Uyi ay—> | ue + te ea 
Oe tUtt s y ye} y 5) ee t Xe a (y) 
Ou olf s . \ 
= Uta — 5 Ue + Ui do(y). 
| ‘ov 2 ( u oe y ) (y) 


By the Schwarz inequality, the integrand is nonpositive, and we conclude that 


dE 
dt 


dE 
7s < 0 fort>0. 
Since by assumption £(0) = 0 and EF is nonnegative, necessarily 


E(t) =0 for allt < T, 


and hence 
u(y,t)=0 for ja—y| <T -t, 
so that 
u(z,T) =0 
as desired. 


Theorem 5.3.2: As in Theorem 5.3.1, let u be a solution of the wave equa- 
tion with initial values 


u(x,0) = f(a) with compact support 


and 
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uz(x,0) = 0. 


Then 


v(a, t) =f ce u(x, s)ds 


~co V4at 
yields a solution of the heat equation 
v,(a,t) — Av(a,t)=0 forxe RY,t>0 
with initial values 
v(x, 0) = f(x). 


Proof: That u solves the heat equation is seen by differentiating under the 
integral 


2 
a) EO of sean 
ae th= seme! (Moe 
pred ) ee At ( = u(a, s)ds 
2 
~~ OF fee 
-[- 7s (sa u(a, s)ds 
(since the kernel solves the heat equation) 


2 
~~ ee OP 
=), Traore 


oo 6 
=) ——— A, u(z, s)ds 
—oo V4rt 
(since u solves the wave equation) 
= Av(2,t), 


where we omit the detailed justification of interchanging differentiation and 
integration here. Then v(x,0) = u(x,0) = f(x) follows as in Section 4.1. 


Summary 
In the present chapter we have studied the wave equation 


2 
Sula —Au(z,t)=0 forze R4,t>0 


with initial data 
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In contrast to the heat equation, there is no gain of regularity compared 
to the initial data, and in fact, for d > 1, there may even occur a loss of 
regularity. 

As was the case with the Laplace equation, mean value constructions are 
important for the wave equation, and they permit us to reduce the wave 
equation for d > 1 to the Darboux equation for the mean values, which is 
hyperbolic as well but involves only one spatial coordinate. 

The propagation speed for the wave equation is finite, in contrast to the 
heat equation. The effect of perturbations sets in sharply, and in odd dimen- 
sions greater than 1, it also terminates sharply (Huygens principle). 

The energy 


E(t) = , (\nue(a.2)/? + [Vae(n,t))*) dx 


is constant in time. 
By a certain time averaging, a solution of the wave equation yields a 
solution of the heat equation. 


Exercises 
5.1 We consider the wave equation in one space dimension, 
Utt — Ure =O for0O<a<_7,t>Q0, 


with initial data 
Co [oe) 
u(x,0) = Se Qy,sinnz, u;,(x,0) = » By, sinnx 
n=1 n=1 


and boundary values 
u(0,t) = u(z,t) =0 for allt > 0. 

Represent the solution as a Fourier series 

co 

u(x,t) = > Yn (t) sin na 

n=1 

and compute the coefficients 7, (t). 
5.2 Consider the equation 
Ut + CUz = 0 


for some function u(x,t), «,t € R, where c is constant. Show that wu is 
constant along any line 


5.3 
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x—ct= const = €, 
and thus the general solution of this equation is given as 


u(x,t) = f(g) = flax — et) 


where the initial values are u(x,0) = f(a). Does this differential equation 
satisfy the Huygens principle? 

We consider the general quasilinear PDE for a function u(x, y) of two 
variables, 


Ugg + 2bUgy + Cuyy = d, 
where a,b, c,d are allowed to depend on x, y,u, Ux, and u,. We consider 


the curve 7(s) = (y(s), W(s)) in the xy-plane, where we wish to prescribe 
the function wu and its first derivatives: 


u= f(s), Ue = 9(s); Uy =h(s) for x = 9(s),y = ¥(s). 
Show that for this to be possible, we need the relation 
f(s) = g(s)e"(s) + h(s)o"(s). 
For the values of Uzx,Uzy,; Uyy along y, compute the equations 


! ! ! 
Puce + uUsy = 9’; 


/ / / 
YP Ugy + W Uyy = h’. 


Conclude that the values of uzz,Uzy, and Uy, along y are uniquely de- 
termined by the differential equations and the data f,g,h (satisfying the 
above compatibility conditions), unless 


av" — 2by'y’ + cy” =0 


along y. If this latter equation holds, y is called a characteristic curve for 
the solution u of our PDE atigg + 2btgy + CUyy = d. (Since a,b, c,d may 
depend on u and uz, ty, in general it depends not only on the equation, 
but also on the solution, which curves are characteristic.) How is this 
existence of characteristic curves related to the classification into elliptic, 
hyperbolic, and parabolic PDEs discussed in the introduction? What are 
the characteristic curves of the wave equation uz; — Uge = 0? 


6. The Heat Equation, Semigroups, and 
Brownian Motion 


6.1 Semigroups 


We first want to reinterpret some of our results about the heat equation. For 
that purpose, we again consider the heat kernel of R?, which we now denote 


by p(z, y, t), 


1 |e—y|? 
z,y,t) = e 6.1.1 
Prat) = Gm (6.1.1) 
For a continuous and bounded function f : R¢ > R, by Lemma 4.2.1 
ule) =f ren )fudy (6.1.2) 
then solves the heat equation 
Au(«,t) — uz(a, t) = 0. (6.1.3) 


For t > 0, and letting C? denote the class of bounded continuous functions, 
we define the operator 


PGP (R47) > CP(R*) 


via 
(Pf) (x) = u(a, t), (6.1.4) 
with u from (6.1.2). By Lemma 4.2.2 
Pf = lim Pf =f; (6.1.5) 


i.e., Po is the identity operator. The crucial point is that we have for any 
ti, to 2 0, 


Petia = Pr, 7 P,,. (6.1.6) 


Written out, this means that for all f €¢ C?(R%), 
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1 __le-vl? 
R¢ (40 (ty + ta))? 


1 _ [2-2/2 | 1 _ le=ul? 
_ ——;e at ze 4ty f y) dy dz. (6.1.7) 
dh (Ant) 2 Rd (4nt1)2 ( 


This follows from the formula 


1 _ le=wl? 1 1 _lenzl? _ le-yl? 
zee se q 5 e 4t2 qt, dz, 
(4x (ty + tz))? (Art) 2 (4nty)2 Rd 


(6.1.8) 


which can be verified by direct computation (cf. also Exercise 4.3). 

There exists, however, a deeper and more abstract reason for (6.1.6): 
Pi, 41. f (x) is the solution at time t; + tg of the heat equation with initial 
values f. At time t,, this solution has the value P,, f(a). On the other hand, 
P,, (Pi, f)(x) is the solution at time tz of the heat equation with initial values 
P,,f. Since by Theorem 4.1.2, the solution of the heat equation is unique 
within the class of bounded functions, and the heat equation is invariant 
under time translations, it must lead to the same result starting at time 0 
with initial values P;, f and considering the solution at time tg, or starting 
at time t; with value P;, f and considering the solution at time t; + te, since 
the time difference is the same in both cases. This reasoning is also valid 
for the initial value problem because solutions here are unique as well, by 
Corollary 4.1.1. We have the following result: 


Theorem 6.1.1: Let QC R@ be bounded and of class C?, and let g : 0Q > 
R be continuous. For any f € CP(2), we let 


Po,9,tf (2) 
be the solution of the initial value problem 
Au — u, = 0 in 92x (0,00), 
u(a,t)= g(a) forx€0Q, (6.1.9) 
u(z,0) = f(a) forrw@Ee 2. 
We then have 
Paxof= lim Pogef =f for all f € C°(), (6.1.10) 


PQ ,9,t1+t2 = PQ, 9,t2 ie) Pe ,9,t1 (6.1.11) 


Corollary 6.1.1: Under the assumptions of Theorem 6.1.1, we have for all 
to > 0 and for all f € CP(2), 


Pogtof = Hs Poaig th: 
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We wish to cover the phenomenon just exhibited by a general definition: 


Definition 6.1.1: Let B be a Banach space, and for t > 0, let T;: BB 
be continuous linear operators with 


(i) To = Id; 
(it) Tidy = Th, 0 Fi, for all ty, t2 > 0} 
(ttt) limy+4, Tyv = T;,u for all to >0 and allv € B. 


Then the family {Ti}i>0 is called a continuous semigroup (of operators). 


A different and simpler example of a semigroup is the following: Let B be 
the Banach space of bounded, uniformly continuous functions on [0, co). For 
t > 0, we put 


Ti f(x) := f(a +t). (6.1.12) 


Then all conditions of Definition 6.1.1 are satisfied. Both semigroups (for 
the heat semigroup, this follows from the maximum principle) satisfy the 
following definition: 


Definition 6.1.2: A continuous semigroup {T;}i>0 of continuous linear op- 
erators of a Banach space B with norm || - || is called contracting if for all 
v€ Band allt >0, 


Tvl] < lll - (6.1.13) 


(Here, continuity of the semigroup means continuous dependence of the op- 
erators T, ont.) 


6.2 Infinitesimal Generators of Semigroups 


If the initial values f(a) = u(x,0) of a solution u of the heat equation 
u(x,t) — Au(a,t) = 0 (6.2.1) 
are of class C?, we expect that 


_ u(x,t) — u(a,0) 
bee +g uzt(x,0) = Au(az,0) = Af(x), (6.2.2) 


or with the notation 
u(x,t) = P.f(u) 


of the previous section, 


1 
lim —(P, — Id) f = Af. 6.2.3 
lim =(P, ~Id)f = Af (6.2.3) 
We want to discuss this in more abstract terms and verify the following 
definition: 
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Definition 6.2.1: Let {T;}i>0 be a continuous semigroup on a Banach space 
B. We put 


D(A) := fv EB: ee “(Ti —Id)v exists} CB (6.2.4) 


and call the linear operator 
A: D(A) > B, 


defined as 
eal 
Av:= en q(t —Id)v, (6.2.5) 


the infinitesimal generator of the semigroup {T;}. 


Then D(A) is nonempty, since it contains 0. 
Lemma 6.2.1: For all v € D(A) and allt > 0, we have 
T,Av = ATyv. (6.2.6) 
Thus A commutes with all the T;. 
Proof: For v € D(A), we have 


1 
T,Av = T, lim —(T, —Id)v 
T\0 T 


1 
- a —(T;T, — T;)v (since T; is continuous and linear) 
T i 


1 
= ie —(T-T; — T;)v (by the semigroup property) 
T i 


1 
= lim —(T, —Id)Tyw 
T\0 T 


—= ATyv. 


In particular, if v € D(A), then so is T;v. In that sense, there is no loss of 
regularity of T;v when compared with v (= Tov). 
In the sequel, we shall employ the notation 


Jv = i de’ T,vds for \>0 (6.2.7) 
0 
for a contracting semigroup {J;}. The integral here is a Riemann integral 


for functions with values in some Banach space. The standard definition of 
the Riemann integral as a limit of step functions easily generalizes to the 
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Banach-space-valued case. The convergence of the improper integral follows 
from the estimate 


M M 
lim eT, vds|| < _ lim | re~*8 || T,v|| ds 
K,M—->co K K,M>ox JK 
M 
<_ lim lol f reds 
K,M-0o K 


which holds because of the contraction property and the completeness of B. 
Since 


eae | Pas 2 
a Ae ds | AG Fe, (6.2.8) 


Jyv is a weighted mean of the semigroup {T;} applied to v. Since 
[Fells [Ae [yollas 
0 


< lot f de ds (6.2.9) 


by the contraction property 
< loll 


by (6.2.8), J, : B > B is a bounded linear operator with norm ||J)|| < 1. 


Lemma 6.2.2: For all v € B, we have 
lim Jv = v. (6.2.10) 
A>0o 
Proof: By (6.2.8), 
Jv -—v= i de *8(T,u — v)ds. 
0 


For 6 > 0, let 


-|f re~*8(T,u — v)ds Sl re *8(T,u — v)ds 


Now let ¢ > 0 be given. Since Tv is continuous in s, there exists 6 > 0 such 
that 


Zev — vl < 5 for0<s<6 


and thus also 
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5 
E € 
Eh Ne = 
.< 5 e “ds < 5 
by (6.2.8). For each 6 > 0, there also exists Ap € R such that for all A > Xo, 
Rs [de (Tell + [ella 
5 
< 2|lv|| i Ae *Sds (by the contraction property) 
5 


< 


do] 


This easily implies (6.2.10). 


Theorem 6.2.1: Let {T;}is0 be a contracting semigroup with infinitesimal 
generator A. Then D(A) is dense in B. 


Proof: We shall show that for all \ > 0 and all v € B, 
Jyv € D(A). (6.2.11) 
Since by Lemma 6.2.2, 
{Jhv: A> 0,v € B} 

is dense in B, this will imply the assertion. We have 

aN u 4 —As 1 a —As 

—(T, —Id)Jyu = - Ae “Ti 4,.0ds — — Ae “Tu ds 

t ee EAs 

since J; is continuous and linear 


1 CoO 1 CoO 
= al Nee > Tu do — al Ne **T,u ds 
oo t Jo 


At oo t 

—1 1 

as ih re Tor = :| eT, v ds 
ft ose t Jo 


et —1 : ei 
= (a0- de Tv da) - al Ae 8 Tu ds. 


The last term, the integral being continuous in s, for t + 0 tends to 
—ATov = —Av, while the first term in the last line tends to AJ,v. This 
implies 


AJy\u = A(Jx —Id)v_ for all uv € B, (6.2.12) 


which in turn implies (6.2.11). 


For a contracting semigroup {J7;};50, we now define operators 
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DiT; : D(D:T:)(C B) 3 B 
by 
a Hl 
D,Tyv := lim — (Ti+h ae T;) Uy (6.2.13) 
hoo h 
where D(D;T;) is the subspace of B where this limit exists. 
Lemma 6.2.3: v € D(A) implies v € D(D:T;), and we have 
DiTyv = ATjv = T;,Av_ fort > 0. (6.2.14) 


Proof: The second equation has already established shown in Lemma 6.2.1. 
We thus have for v € D(A), 


. tl 
jn. h (Tish T;) v= ATyv = T, Av. (6.2.15) 


Equation (6.2.15) means that the right derivative of Tv with respect to t 
exists for all v € D(A) and is continuous in t. By a well-known calculus 
lemma, this then implies that the left derivative exists as well and coincides 
with the right one, implying differentiability and (6.2.14). (The proof of the 
calculus lemma goes as follows: Let f : [0,00) — B be continuous, and 
suppose that for all t > 0, the right derivative dt f(t) := limp\o ¢(f(t + 
h) — f(t)) exists and is continuous. The continuity of d*f implies that on 
every interval [0,7] this limit relation even holds uniformly in ¢. In order to 
conclude that f is differentiable with derivative dt f, one argues that 


lim 
h\O 


7 - Fe—n)) ~ a F0 


< fim, | F(IU(E- a) +) — F00=m) a4 7e— 0) 
+ lim a“se— a) —a* 700 


=0.) 


Theorem 6.2.2: For \ > 0, the operator (\Id —A) : D(A) > B is invertible 
(A being the infinitesimal generator of a contracting semigroup), and we have 


(AId —A)-? = R(A,.A) = xd (6.2.16) 


(AId—A)~*v = R(A, A)v = i e *T,v ds. (6.2.17) 
0 
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Proof: In order that (AId—A) be invertible, we need to show first that 
(AId —A) is injective. So, we need to exclude that there exists vg € D(A), 
VO x 0, with 


Avo = Avo. (6.2.18) 
For such a v9, we would have by (6.2.14) 
D:Tivp = T Avo = XTyv0, (6.2.19) 
and hence 
Tyv9 = eu. (6.2.20) 
Since > 0, for vp 4 0 this would violate the contraction property 
I|Tzvoll < |lvoll , 


however. Therefore, (AId—A) is invertible for X > 0. In order to obtain 
(6.2.16), we start with (6.2.12), ie., 


AJyv = (Jy — Id)v, 
and get 

(Ald —A)Jyu = dv. (6.2.21) 
Therefore, (A Id—A) maps the image of J) bijectively onto B. Since this 
image is dense in D(A) by (6.2.11), and since (AId —A) is injective, (A Id —A) 


then also has to map D(A) bijectively onto B. Thus, D(A) has to coincide 
with the image of J), and (6.2.21) then implies (6.2.16). 


Lemma 6.2.4 (resolvent equation): Under the assumptions of Theorem 
6.2.2, we have for X, 4 > 0, 


R(X, A) — R(w, A) = (uw — A). ROA, A) R(p, A). (6.2.22) 
Proof: 
R(A, A) = RO, A) (Id —A) R(p, A) 
= R(A, A)((u — A) Id +(ATd —A)) R(p, A) 


= (uw — A)R(A, A) R(u, A) + R(p, A). 


We now want to compute the infinitesimal generators of the two examples 
we have considered with the help of the preceding formalism. We begin with 
the translation semigroup: B here is the Banach space of bounded, uniformly 
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continuous functions on [0,00], and T; f(x) = f(a+t) for f € B, x,t > 0. We 
then have 


(Af)(x) = 7. eS f(a + s)ds = [ eS) ade, (6.2.23) 


and hence 


d 


ag DF) (2) = AF (2) + MAF) (2). (6.2.24) 


By (6.2.12), the infinitesimal generator satisfies 
AJ f(x) = A Iaf — f)(2), (6.2.25) 


At the end of the proof of Theorem 6.2.2, we have seen that the image of J) 
coincides with D(A), and we thus have 


d 
Ag = aa! for all g € D(A). (6.2.27) 


We now intend to show that D(A) contains precisely those g € B for which 
wg belongs to B as well. For such a g, we define f € B by 


ag) — Xg(x) = —Af (a). (6.2.28) 
By (6.2.24), we then also have 


d 


ag PF) (2) — Saf (a) = —AF (x). (6.2.29) 
Thus 
y(x) = g(x) — Af (a) 
satisfies 
+ (2) = d9(2), (6.2.30) 


whence (x) = ce*”, and since vy € B, necessarily c = 0, and so g = Jy f. 


We thus have verified that the infinitesimal generator A is given by 
(6.2.27), with the domain of definition D(A) containing precisely those g € B 


for which a g € Bas well. 
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We now want to study the heat semigroup according to the same pattern 
Let B be the Banach space of bounded, uniformly continuous functions on 


R?¢, and 
(6.2.31) 


x—y|2 
he at f(y)dy fort>0. 


Bley ae 


We now have 
Inf (x a (ant ag eA aE™ at f(y)dy (6.2.32) 
We compute 
Ad fle sh i ape ae SP der oday 
1 
25g - re a OO) ange Fahl) 
= —Af(x) + AJ f (x). 
It follows as before that 
AJ) f = AJyf, (6.2.33) 
and thus 
Ag = Ag for all g € D(A). (6.2.34) 
We now want to show that this time, D(A) contains all those g € B for which 
Ag is contained in B as well. For such a g, we define f € B by 
Ag(x) — Ag(a) = —Af (2) (6.2.35) 
and compare this with 
AJ) f(x) — AJy f(x) = —Af (2). (6.2.36) 
Thus y := g — J) f is bounded and satisfies 
(6.2.37) 


Ay -—Avg=0 for r > 0. 


The next lemma will imply y = 0, whence g = J) f as desired 
Lemma 6.2.5: Let \ > 0. There does not exist p £0 with 
Ay(r) = A(x) for all x € R*. (6.2.38) 
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Proof: For a solution of (6.2.38), we compute 


2 7 Q 2 
Ay? = 2|Vy| + 2pAy (wien Ve= (gore goa) | 


=2|Vyl?+2ry?__ by (6.2.38). (6.2.39) 


Let x9 € R?. We choose C?-functions nr for R > 1 with 


O<nr(x) <1 forallae R?, (6.2.40) 
nr(x)=0 for |jve—ap| > R+4+1, (6.2.41) 

nr(x)=1 for |jx~—axo| < R, (6.2.42) 

|\Vnr(x)| + |Anr(x)| <co with a constant co that does (6.2.43) 


not depend on x and R. 
We compute 
A (nRy’) = nRAy’ + Anz + 8nreVor: Ve 


> ane Vel’ + WnRy? + (Anz)? — 2nz|Vel? —8|Varl? —? 
by (6.2.39) and the Schwarz inequality 


= 2dnhy? + (Ani =: Vinal’) e. (6.2.44) 


Together with (6.2.40)—(6.2.43), this implies 


0= I A (nay’) > 2r y" — a | y’, 
B(xo,R+1) B(axo,R) B(xo,R+1)\B(xo0,R) 


(6.2.45) 

where the constant c, does not depend on R. 

By assumption, y is bounded, so 
yp’ < K. (6.2.46) 
Thus (6.2.45) implies 

K 

| ye < 22 pel, (6.2.47) 
B(axo,R) A 


where the constant c2 again is independent of R. Equation (6.2.39) implies 
that y is subharmonic. The mean value inequality (cf. Theorem 6.2.2) thus 
implies 


1 cok 
(29) < | a< by (6.2.47 >0 for Ro. 
yp (xo) < okt Pata oe (by ( )) 


(6.2.48) 


Thus, v(x) = 0. Since this holds for all a9 € R¢, y has to vanish identically. 
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Lemma 6.2.6: Let B be a Banach space, L : B > B a continuous linear 
operator with ||L|| <1. Then for every t > 0 and each x € B, the series 


1 
exp(tL)x := S- th)" e 
v=0 ~ 


converges and defines a continuous semigroup with infinitesimal generator L. 


Proof: Because of ||L|| < 1, we also have 


IL" || <1 for alln EN. (6.2.49) 
Thus 
n 1 ) n it r E n v 
Yo atehyay s So oe eal < lel Oo (6.2.50) 


By the Cauchy property of the real-valued exponential series, the last ex- 
pression becomes arbitrarily small for sufficiently large m,n, and thus our 
Banach-space-valued exponential series satisfies the Cauchy property as well, 
and therefore it converges, since B is complete. The limit exp(tZ) is bounded, 
because by (6.2.50) 


n 


ye F(tLyrn 


v=0 


<e* |[2| 


and thus also 
lexp(tL)a|| < e* |||] . (6.2.51) 


As for the real exponential series, we have 


So E48)" ad 5 8 p0 
is La = se ae 2 Ll" | @ (6.2.52) 
v=0 u=0 o=0 
i.e., 
exp((t + s)L) = exptLoexpsL, (6.2.53) 


whence the semigroup property. Furthermore , 


oS. hy-1 iad hyv-1 
<0 I2’2I < lel SD 
v=2 


v=2 


1 
| i (exp(hL) — Id) « — La 


Since the last expression tends to 0 as h — 0, h is the infinitesimal generator 
of the semigroup {exp(tL)}i>0. 
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In the same manner as (6.2.53), one proves (cf. (6.2.52)) the following lemma: 


Lemma 6.2.7: Let L,M :B— B be continuous linear operators satisfying 
the assumptions of Lemma 6.2.6, and suppose 


ILM=ML. (6.2.54) 
Then 


exp(t(M + L)) = exp(tM) o exp(tL). (6.2.55) 


Theorem 6.2.3 (Hille-Yosida): Let A: D(A) > B be a linear operator 
whose domain of definition D(A) is dense in the Banach space B. Suppose 
that the resolvent R(n, A) = (nId—A)~! exists for alln EN, and that 


ea 
| (1-2) 
nm 


Then A generates a unique contracting semigroup. 


<1. for alineN. (6.2.56) 


Proof: As before, we put 


pye 
Ip (1a-2a) for n € N (cf. Theorem 6.2.2). 
n 


The proof will consist of several steps: 


(1) We claim 


lim J,v =a forall xe B, (6.2.57) 
n—->Co 

and 
Jnz € D(A) for alla € B. (6.2.58) 


Namely, for x € D(A), we first have 
AJnu = Jn Ax = In(A—nId)a+nJInx = n(Jn —1d)a, (6.2.59) 
and since by assumption || J, Ax|| < || Az||, it follows that 
Ink —L= * Int >0 forn>o. 


As D(A) is dense in B and the operators J, are equicontinuous by our 
assumptions, (6.2.57) follows. (6.2.59) then also implies (6.2.58). 
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(2) By Lemma 6.2.6, the semigroup 


{exp(sJn)}s>0 
exists, because of (6.2.56). Putting s = tn, we obtain the semigroup 
{exp(tnJn) }r>0 
and likewise the semigroup 
T” := exp(tAJn) = exp(tn(Jn —1d)) (t > 0) 


(cf. (6.2.59)). By Lemma 6.2.7, we then have 


so = exp(—tn) exp(tnJ,). (6.2.60) 
Since by (6.2.56) 
llexp(trJn al] < a oe i sal < exp(nt) ||2"||, 
it follows that 
| T| <1, (6.2.61) 


and thus in particular, the operators are equicontinuous in t > 0 and 
neN. 
For all m,n € N, we have 


5 er eas es (6.2.62) 


Since by (6.2.60), J, commutes with ey then also J, commutes with 
fe for all n,m € N, t > 0. By Lemmas 6.2.3, 6.2.6, we have for x € B, 


DM 2 = AIg To 2 = Th ATn 2; (6.2.63) 


hence 


™ql| = - [Lf ( (TT a 


-|f pt ip Jn — Adm) x ds 
<t||(Adn — Adm) 2|| 


(6.2.64) 


with (6.2.61). For « € D(A), we have by (6.2.59) 


(AJn — Adm) & = (Jn — J) Aa. (6.2.65) 


WN 


wna 
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Equations (6.2.64), (6.2.65), (6.2.57) imply that for x € D(A), 


Gag x) = 


is a Cauchy sequence, and the Cauchy property holds uniformly on 0 < 
t < to, for any to. Since the operators T, 0 are equicontinuous by (6.2.61), 
and D(A) is dense in B by assumption, then 


Ge x) ie 


is even a Cauchy sequence for all « € B, again locally uniformly with 
respect to t. Thus the limit 


T,x := lim TM 2 
noo 
exists locally uniformly in t, and T; is a continuous linear operator with 
|Zel] <1 (6.2.66) 


(cf. (6.2.61)). 
We claim that (T;);>0 is a semigroup. Namely, since LE Vc, is a semi- 
group for all n € N, using (6.2.61), we get 


|Ti+s% — TrTsx|] < | Tryst — Tip) 


< | Ty45% = TOs 


| +||r@2 — TT 


TOT, 2 — T.Tyx | 


t+s 


| +Tax — Tre 


e | (ar = 7.) Tot 


and this tends to 0 for n — oo. 

By (4) and (6.2.66), {Ti }:>0 is a contracting semigroup. We now want to 
show that A is the infinitesimal generator of this semigroup. Letting A 
be the infinitesimal generator, we are thus claiming 


A=A. (6.2.67) 
Let « € D(A). From (6.2.57) and (6.2.59), we easily obtain 


T,Ax = lim TT AIna, (6.2.68) 


again locally uniformly with respect to t. Thus, for « € D(A), 
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1 1 n 
lim — (Tia — #7) = lim — lim es a — x) 
t\0 t t\0 t n> 
t 


1 
=lim= lim | T\ AJ, 2x ds by (6.2.63) 
t\0 t noo Jo 


1 t 
= lim — T, Ax ds 
0 t Jo 


= Ax. 
Thus, for x € D(A), we also have x € D(A), and Ar = Az. All that 


remains is to show that D(A) = D(A). By the proof of Theorem 6.2.2, 
(nId—A) maps D(A) bijectively onto B. Since (nId—A) already maps 
D(A) bijectively onto B, we must have D(A) = D(A) as desired. 

(6) It remains to show the uniqueness of the semigroup {Z;}:>0 generated by 


A. Let {T;}:>0 be another contracting semigroup generated by A. Since 
A then commutes with Tt: so do AJ;, and Tey We thus obtain as in 


(6.2.64) for x € D(A), 
t 
= Ds; Tage ds 
J= | ff 2 (ons) 


|r Tex 
t a, 
=||/ (-T_.7{)(A - AJ,)2) ds|| . 
0 


Then (6.2.57) implies 
Tc = lim 7” 
n—- co 


for all 2 € D(A) and then as usual also for all « € B; hence T; = T;. 


We now wish to show that the two examples that we have been considering 
satisfy the assumptions of the Hille-Yosida theorem. Again, we start with the 
translation semigroup and continue to employ the previous notation. We had 
identified 

_d 

da 
as the infinitesimal generator, and we want to show that A satisfies condition 
(6.2.56). Thus, assume 


(6.2.69) 


n dx 


rey 
(1-2) f=49, (6.2.70) 
and we have to show that 


sup |g(x)| < sup | f(«)] . (6.2.71) 
«>0 «x>0 
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Equation (6.2.70) is equivalent to 


f(x) = g(x) — —9'(z). (6.2.72) 


We first consider the case where g assumes its supremum at some 29 € [0, 00). 
We then have 


g(a) <0 (=0, if zp > 0). 


From this, 
sup 9(2) = g(Xo) < g(#o) — = 4! (20) = f(xo) < sup f(a). (6.2.73) 


If g does not assume its supremum, we can at least find a sequence (2,) yen C 
(0, 00) with 


g(xv) > sup g(2). (6.2.74) 


We claim that for every €9 > 0 there exists v9 € N such that for all vy > v, 
g' (xv) < €0. (6.2.75) 
Namely, if we had 
g' (tv) = €0 (6.2.76) 


for some €9 and almost all v, by the uniform continuity of g’ that follows 
from (6.2.72) because f,g € B, there would also exist 6 > 0 such that 


Eo 
2 
for all v with (6.2.76). Thus we would have 


g(x) > if jr—a,| <6 


6 
g(ap + 6) = g(a) +f g (ay +t)dt > g(av) + a (6.2.77) 


On the other hand, by (6.2.74), we may assume 


E00 

g(vy) = sup g(a) — —P, 

which in conjunction with (6.2.77) yields the contradiction 
g(ayp + 6) > sup g(z). 


Consequently, (6.2.75) must hold. As in (6.2.73), we now obtain for each ¢ > 0 
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sup g(a) = im. a(ay) < Jim, (o(2,) ~ Zal(e.)) + 


v—- co v-> co 


s/o 


= lim fev) + = < sup f(z) + =. 


Vv co 


The case of an infimum is treated analogously, and (6.2.70) follows. 


We now want to carry out the corresponding analysis for the heat semi- 
group, again using the notation already established. In this case, the infinites- 
imal generator is the Laplace operator, 


A=A. (6.2.78) 
We again consider the equation 
a ta. 
(11-24) f=4, (6.2.79) 
or equivalently, 
1 
F(x) = g(x) — — Ag(z), (6.2.80) 


and we again want to verify (6.2.56), ie., 


sup |g(x)| < sup |f(z)|. (6.2.81) 
ceER4 x2eER@ 


Again, we first consider the case where g achieves its supremum at some 
ao € R¢. Then 


Ag(xo) < 0, 


and consequently, 
sup g(x) = g(o) < g(%o) — * Ag(20) = f(ao) < sup f(z). (6.2.82) 


If g does not assume its supremum, we select some 29 € R@, and for every 
7” > 0, we consider the function 


9n(&) = g(a) — 9 |e — aol”. 
Since 


lim g,(x) = —on, 
|z|—-00 


Jn assumes its supremum at some x, € R¢. Then 


Agn (Xn) as 0, 
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Le., 
Ag(&n) < 2dn. 
For y € R®, we obtain 


2 
gy) < gan) + nly — Zo 


Since 7 > 0 can be chosen arbitrarily small, we thus get for every y € R@ 


g(y) < sup f(z), 
xeER¢ 


ie., (6.2.81) if we treat the infimum analogously. 

It is no longer so easy to verify directly that (6.2.80) is solvable with 
respect to g for given f. By our previous considerations, however, we already 
know that A generates a contracting semigroup, namely, the heat semigroup, 
and the solvability of (6.2.80) therefore follows from Theorem 6.2.2. Of course, 
we could have deduced (6.2.56) in the same way, since it is easy to see that 
(6.2.56) is also necessary for generating a contracting semigroup. The direct 
proof given here, however, was simple and instructive enough to be presented. 


6.3 Brownian Motion 


We consider a particle that moves around in some set S$, for simplicity as- 
sumed to be a measurable subset of R%, obeying the following rules: The 
probability that the particle that is at the point x at time t happens to be in 
the set E C S for s >t is denoted by P(t, x; s, £). In particular, 


P(t,x;s,S) =1, 
P(t, 2; 8,0) =0. 


This probability should not depend on the positions of the particles at any 
times less than t. Thus, the particle has no memory, or, as one also says, 
the process has the Markov property. This means that for t < 7 < s, the 
Chapman-—Kolmogorov equation 


Peay | P(r,y; 8, E)P(t, 037, y)dy (6.3.1) 
S 
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holds. Here, P(t,2;7,y) has to be considered as a probability density, i-e., 
P(t,x;7T,y) > 0 and fe P(t,x;7,y)dy = 1 for all x,t,7. We want to assume 
that the process is homogeneous in time, meaning that P(t, x; s, £) depends 
only on (s — t). We thus have 


P(t,x;s,E) = P(0,2;s—t, FE) =: P(s —t,x, E), 


and (6.3.1) becomes 
POLRaey= | P(r, y, E) P(t, 2, y)dy. (6.3.2) 
Ss 


We express this property through the following definition: 


Definition 6.3.1: Let B a o-additive set of subsets of S with S € B. For 
t>0,x2€S, and E © B, let P(t,x, EF) be defined satisfying 


(i) P(t,a,E) > 0, P(t,x,S) =1. 
(i) P(t,a, E) is o-additive with respect to E € B for all t,x. 
(iti) P(t,x, E) is B-measurable with respect to x for allt, E. 
(iv) P(t +7,2,E) = fy P(t,y, E)P(t,2,y)dy (Chapman—Kolmogorov equa- 
tion) for allt,r > 0, 2, E. 


Then P(t,x,E) is called a Markov process on (5, B). 


Let L°°(S) be the space of bounded functions on S$. For f € L°(S), t > 0, 
we put 


(TAV(a) = f Pete.) floddy. (6.3.3) 
The Chapman—Kolmogorov equation implies the semigroup property 
Tits = Ti fe) Ts for t, s>0. (6.3.4) 
Since by (i), P(t, x,y) > 0 and 
i P(t,z,y)dy =1, (6.3.5) 
S 
it follows that 
sup |T; f(x)| < sup |f(x)|, (6.3.6) 
Es Es 
i.e., the contraction property. 
In order that TJ; map continuous functions to continuous functions and 


that {T;}:>0 define a continuous semigroup, we need additional assumptions. 
For simplicity, we consider only the case S = R?¢. 
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Definition 6.3.2: The Markov process P(t,x, FE) is called spatially homoge- 
neous if for all translations i: R4 > R¢, 


P(t,i(x),i(E)) = P(t,2, E). (6.3.7) 


A spatially homogeneous Markov process is called a Brownian motion if for 
all 9 > 0 and all x € R¢, 


1 
lim — P(t,x,y)dy = 0. (6.3.8) 
OT Je—-yl>e 


Theorem 6.3.1: Let B be the Banach space of bounded and uniformly con- 
tinuous functions on R4, equipped with the supremum norm. Let P(t, x, E) 
be a Brownian motion. We put 


Tle): =f Plewsw)dy fort >o. 
R 

Tof =f. 
Then {Ti}i>0 constitutes a contracting semigroup on B. 


Proof: As already explained, P(t,2, E) > 0, P(t,x,R“) = 1 implies the con- 
traction property 


sup |(Tif)(a)| < sup |f(a)| for all f € Bt >0, (6.3.9) 
«ER? xceER¢ 


and the semigroup property follows from the Chapman—Kolmogorov equa- 
tion. Let i be a translation of Euclidean space. We put 


if(x) = f(tx) 
and obtain 


iT; f(x) = Tif (ia) =f, P(t, ix, y) f(y)dy 
=f Pltyie. iy) Flava 


since d(iy) = dy for a translation, 


= [Petey flivddy, 
Ra 

since the process is spatially homogeneous, 
_ Tiif (x), 


iT, = Tyi. (6.3.10) 
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For x,y € R4, we may find a translation 7: R? > R¢@ with 
ia = y. 
We then have 
(Tif) (x) — (Lif (wy) = \Eef)(@) — CLS) (@)| = [Tf — af) (2)]. 


Since f is uniformly continuous, this implies that T;f is uniformly continuous 
as well; namely, 


IT:(f — ¢f)(2)| = [[ Penase ~IGe))az) seup|f(2) = 502): 


and if |2 — y| < 6, then also |z — iz| < 6 for all z € R4, and 6 may be chosen 
such that this expression becomes smaller than any given ¢ > 0. Note that 
this estimate does not depend on t. 

It remains to show continuity with respect to t. Let t > s. For f € B, we 
consider 


IT: f(@) — Tsf(@)| =|Trg(@) — g(@)| for r= t— 8,9 = Tsf 


=| [ Poena ) - a(e))ay 


because of | P(t,x,y)dy =1 
Re 


< 


/ Pe Caw) ~ 92))ty 


7 


i Per Mav) — aa) 


= 


i Pers Maw) — 9(2)ay 


+ 2 sup |f(z)| P(r, 2, y)dy 
zeER¢ |jx—y|>o 


by (6.3.9). Since we have checked already that g = T;f satisfies the same 
continuity estimates as f, for given « > 0 we may choose g > 0 so small that 
the first term on the right-hand side becomes smaller than ¢/2. For that value 
of @ we may then choose 7 so small that the second term becomes smaller 
than ¢/2 as well. Note that because of the spatial homogeneity, 7 can be 
chosen independently of x and y. This shows that {T;}:>0 is a continuous 
semigroup, and the proof of Theorem 6.3.1 is complete. 


An example of Brownian motion is given by the heat kernel 
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1 |z-y/? 


P(t, 2, y) = (ant) eat, (6.3.11) 


da 
2 


We shall now see that this already is the typical case of a Brownian motion. 


Theorem 6.3.2: Let P(t, x, E) be a Brownian motion that is invariant un- 
der all isometries of Euclidean space, 1.e., 


P(t,i(x),i(E)) = P(t, x, E) (6.3.12) 


for all Euclidean isometries i. Then the infinitesimal generator of the con- 
tracting semigroup defined by this process is 


A=cA, (6.3.13) 


c= const > 0, A =Laplace operator, and this semigroup then coincides with 
the heat semigroup up to reparametrization, according to the uniqueness result 
of Theorem 6.2.8. More precisely, we have 


1 _ je-yl|? 
det 


PE ey) = (4nct)# 


(6.3.14) 


Proof: (1) Let B again be the Banach space of bounded, uniformly contin- 
uous functions on R¢, equipped with the supremum norm. By Theo- 
rem 6.3.1, our semigroup operates on B. By Theorem 6.2.1, the domain 
of definition D(A) of the infinitesimal operator A is dense in B. 

We claim that D(A) MN C%°(R%) is still dense in B. To verify that, as 
in Section 2.1 we consider mollifications with a smooth kernel, i.e., for 


f-€ D(A); 


NK, 
i) 
as 


fr(@) = Zs 0 (=) f(y)dy as in (1.2.6) 
Rd r 


rd 


I 


a p(\z|) f(a — rz)dz. (6.3.15) 


Since we are assuming translation invariance, if the function f(a) is con- 
tained in D(A), so is (i,, f)(x) = f(a—rz) for all r > 0, z € R47 in D(A), 
and the defining criterion, namely, 


t>0 t 


tin = (ff Ploesu)flu—r2) — sere) =0, 


holds uniformly in r,z. Approximating the preceding integral by step 
functions of the form 5°, c, f(x —rz,) (where we have only finitely many 
summands, since g has compact support), we see that since f does, f, also 
satisfies lim_,o + (fea P(t, x,y) f,(y) dy — f,(x)) = 0, hence is contained 
in D(A). Since f,. is contained in C°(R“) for r > 0, and converges to f 
uniformly as r + 0, the claim follows. 
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(3) We claim that there exists a function y € D(A) MN C™®(R®) with 


. &y d 
Jak )? for all R¢. a1 
xix Daigak 0 )2 Dd (e) or all x € (6.3.16) 


For that purpose, we select # € B with 


Pw 1 forj=k 
———-(0) = 26; Oi, = 
Daloak | ) cl ( ae f ae , 


and from (2), we find a sequence (f(”)),en C D(A)NC™(R®), converging 
uniformly to w. Then 


oO? 1 e2 ly _ | 
(v) — 
Oxi Oak’ (0) ~~ pd dxioxk? ( a ) 
} O° ly — a| 

rd J axiauk © ( r ) ae wy) dy for v + co 


call ly — a| 0 
=5 fof r ) aeaage vo) au 


replacing the derivative with respect to x by one with 
respect to y and integrating by parts 
oO? 
> ~~ v(0 
Oxi Oxk ¥(0) 
= jp. 


f(y) dy 


x=0 


aa 


for r > 0 


We may thus put y = FY) for suitable v € N, r > 0, in order to achieve 
(6.3.16). By Euclidean invariance, for every 29 € R%, there then exists a 
function in D(A) N C®(R®), again denoted by y for simplicity, with 


2 for all x € R¢. 
(6.3.17) 


YS 


0? ; 
(2) — 2})(«* — af) 5-0) > Y(a! — 24 


(4) For all zp € R?, j =1,...,d,r >0,t>0, 
i | (x — a) P(t, Dowd 0,< “oS Begs 4) ; (6.3.18) 
x—x9|\<r 


namely, let 
i:R?> R¢ 


be the Euclidean isometry defined by 


(6.3.19) 


nN 
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(reflection across the hyperplane through 7 that is orthogonal to the jth 
coordinate axis). We then have 


/ (ay “e a) P(t, x0, x)dx ~ / i(a! i. a) PG 1x0, ix)da 
|e—axo|<r |e—ao|<r 
=— / (a) — 3)P(t, ro, x)dx 
|ja—ao|<r 


because of (6.3.19) and the assumed invariance of P, and this indeed 
implies (6.3.18). 
Similarly, the invariance of P under rotations of R@ yields 


ip (a — 23)? P(t, ao, 2)de = i (a* — ok)? P(t, xo, x)dx 
|z—2o|<r |z—ao|<r 


for all zo € R¢,r > 0,t>0,j,k=1,...,d, (6.3.20) 
and finally as in (6.3.18), 


/ (ai — ad)(x* _ ak) P(t, xo,x)dx =0 for j <k, (6.3.21) 
|vo—2|<r 


if rp € R¢, r>0,t>0, j,k € {1,...,d}. 
Let y € D(A) N C?(R®¢). We then obtain the existence of 


Ag(ao) =lim + f P(t, 20,2)(o(2) — o(a0))dex 


t\0 t Jpa 
1 
= lim — P(t, x0, x)(p(x) — y(xo))dx by (6.3.8) 
tot |w—axo9|<e 
d dx 
= lim — a) — 23) —(r P(t, xo, x)dx 
1 ange a gs Plt 22) 
2 1 a ae 
+ lim — =o (a! — £4)(x" — x5) 


tot |a—ao|<e 2-4 


oy ! P(t d 
x Daiggk (2 + T(a — Xo)) P(t, xo, x)dx 


by Taylor expansion for some 7 € [0,1), as y € C?(R®). 
The first term on the right-hand side vanishes by (6.3.18). Thus, the 


limit for t \, 0 of the second term exists, and it follows from (6.3.17) and 
P(t,xo,x) > 0 that 


1 ; ; 
lim sup -/ S@ — x3)*P(t, xo, 2)dx < 00. (6.3.22) 
t\,0 |w—a9|<e 


By (6.3.8), this limit superior does not depend on ¢ > 0, and neither does 
the corresponding limit inferior. 
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(6) Now let f € D(A) NC?(R®). As in (5), we obtain, by Taylor expanding 
f at 0, 


7 (Tif (20) — f(eo)) 
= 5 | (F@) ~ Flo) Plt 20, 2)de 
Rd 
=; “cage (O) = Flo) P02) 


1 1 bs of 3 
4 / I<e 2 (v! — wf) (08 — 28) 5 SF (o) Plt to, a) 
&—Xo|SE Fh 
: J J k k 
vt | I< (x? — 29) (a* — 29 )oij(€) P(E, 20, x) dx 
L—XLO| SE ik 


t 


(where the notation suppresses the x-dependence of the remain- 
der term o;;(€), since this converges to 0 for « + 0 uniformly 
in x, since f € C?(R*)) 

1 


7 t ff) - F(xo)) PU, 70; x)dx 


1 : : e2 
age Pictoes Yi — ai) aa (xo) P(t, xo, x)dx 


1 
af al . So (2! — a) (a* — xf )oi;(€) P(t, xo, x)de 
L—XLo|<E jk 


by (6.3.18), (6.3.21). (6.3.23) 


By (6.3.8), the first term on the right-hand side tends to 0 as t > 0 for 
every € > 0. Because of (6.3.22) and lim-,9 ai;(€) = 0 (since f € C?), the 
last term converges to 0 as e + 0 for every t > 0. Since we have observed at 
the end of (5), however, that in the second term on the right-hand side, limits 
can be performed independently of ¢, for all ¢ > 0, we obtain the existence 
of 


a Sas OF 
lim 5 oer: S "(ei — 23)? ae (xo) P(t, xo, x)dx = Af(xo), (6.3.24) 


by performing the limit t > 0 on the right-hand side of (6.3.23). 
The argument of (3) shows that for f € D(A), 
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may approximate arbitrary values, and so in particular, we infer the existence 
of 


1 ar 
lim — (x3 — 23)? P(t, xo, x) dx 
0b J\2—ao|<e ° 


independently of ¢. By (6.3.20), for each j = 1,...,d, 


1 
lim — x) — x))*P(t, xo, 2)dx 
ton 5 fo =)? t0.2) 


exists and is independent of j7 and by translation invariance independent of 
Xo as well. We thus call this limit c. By (6.3.24), we then have 


Af (xo) = cAf (x0). 
The rest follows from Theorem 6.2.3. 


Remark: If we assume only spatial homogeneity, i.e., translation invariance, 
but not invariance under reflections and rotations, the infinitesimal generator 
still is a second-order differential operator; namely, it is of the form 


St Sie peel 
= ) F(a) oa 
Af) = > oe) (a) + LOSS (a) 
jk=1 j=l 
with 
a?™(x) = lim = y — x) (y* — x") P(t, x, y)dy, 
a pre. Vly )P(t, x, y)dy 
and thus in particular, 
al®¥ —@*J, @JJ >0- for all j,k, 
and 
: 1 : : 
b’ (x) = lim — (y’ — 2’) P(t, x, y)dy, 


N06 SIy—al<e 


where the limits again are independent of ¢ > 0. The proof can be carried 
out with the same methods as employed for demonstrating Theorem 6.3.2. 


A reference for the present chapter is Yosida [17]. 


Summary 


The heat equation satisfies a Markov property in the sense that the solution 
u(x,t) at time ty + tg with initial values u(x,0) = f(x) equals the solution at 
time ty with initial values u(x, t,). Putting 
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(Pi f)(2) = u(z,t), 


we thus have 


(Pritts f)(@) = Peo (Pr f) (2); 
i.e., P; satisfies the semigroup property 
Prat. = P,o Pt, for ti,te > 0. 
Moreover, {P;}:>0 is continuous on the space C° in the sense that 


lim P, = Pro 
t\\to 


for all tg > 0 (in particular, this also holds for tp = 0, with Py = Id). 
Moreover, P; is contracting because of the maximum principle, i.e., 


IPiflloo < WIfllco fort 20, f € O°. 


The infinitesimal generator of the semigroup P; is the Laplace generator, i.e., 
A= ili : (P, — Id) 
= lim —(P; — Id). 
t\0 t , 


Upon these properties one may found an abstract theory of semigroups in 
Banach spaces. The Hille-Yosida theorem says that a linear operator A : 
D(A) — B whose domain of definition D(A) is dense in the Banach space B 
and for which Id —1A is invertible for all n € N and 


|ca—Zay <1 
nm 


generates a unique contracting semigroup of operators 
T%: BoB (t>0). 


For a stochastic interpretation, one considers the probability density 
P(t,x,y) that some particle that during the random walk happened to be 
at the point x at a certain time can be found at y at a time that is larger by 
the amount t. This constitutes a Markov process inasmuch as this probability 
density depends only on the time difference, but not on the individual values 
of the times involved. In particular, P(t,2,y) does not depend on where the 
particle had been before reaching x (random walk without memory). Such a 
random walk on the set S satisfies the Chapman—Kolmogorov equation 


P(t, + te,x,y) — / Pi, 2,2) P(bs,.2,y) az 
Ss 
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and thus constitutes a semigroup. 


If such a process on R?@ is spatially homogeneous and satisfies 


1 


_/ P(t, x,y) dy =0 
t J\e—y|>p 


for all p > 0 and x € R%, it is called a Brownian motion. One shows that 
up to a scaling factor, such a Brownian motion has to be given by the heat 
semigroup, 1.e., 


1 |a-yl? 
P(t ne ae ie 
Exercises 
6.1 Let f € C°(R¢) be bounded, u(z, t) a solution of the heat equation 


6.2 


uz(z,t) = Au(2,t) for c € R%,t > 0, 
u(x, 0) = f(a). 


Show that the derivatives of u satisfy 


) 
| ppg UO@ 4) < const sup|f|-¢7/?. 


(Hint: Use the representation formula (4.2.3) from Section 4.2.) 
As in Section 6.2, we consider a continuous semigroup 


exp(tA): B— B (t>0),B a Banach space. 
Let B, be another Banach space, and for t > 0 suppose 
exp(tA): B, > B 
is defined, and we have for 0 < t < 1 and for all y € By, 
l|exp(tA)yl|lp < const t~“||y||g, for some a < 1. 
Finally, let 
@:B- By, 


be Lipschitz continuous. 
Show that for every f € B there exists T > 0 with the property that the 
evolution equation 
O 
i = Av+®(v(t)) for t>0, 
v(0) =f, 
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has a unique, continuous solution v : [0,7] > B. 
(Hint: Convert the problem into the integral equation 


v(t) = exp(tA)f + if exp((t — s)A)®(u(s))ds 


and use the Banach fixed-point theorem (as in the standard proof of the 
Picard—Lindeléf theorem for ODEs) to obtain a solution of that integral 
equation.) 

6.3 Apply the results of Exercises 6.1, 6.2 to the initial value problem for the 
following semilinear parabolic PDE: 


Ou t) = Au(a,t)+ F(t,2,u(x),Du(x)) for c € R4,t > 0, 
u(a, 0) = f(«), 


for compactly supported f € C°(IR7). We assume that F is smooth with 
respect to all its arguments. 
6.4 Demonstrate the assertion in the remark at the end of Section 6.3. 


7. The Dirichlet Principle. 
Variational Methods for the Solution of PDEs 
(Existence Techniques ITT) 


7.1 Dirichlet’s Principle 


We consider the Dirichlet problem for harmonic functions once more: 
We want to find a solution u: Q—> R, 2 € R4 a domain, of 


Au=0 inf, 


11 
u=f ond, Ly) 


with given f. 
Dirichlet’s principle is based on the following observation: Let u € C?() 
be a function with u = f on 0 and 


| |Vu(a)|? da = min{ [ \Vo(x)|° dz :v: QR with v = f on aah : 
7 ° (7.1.2) 
We now claim that wu then solves (7.1.1). To show this, let 
m € Co? (@2).* 


According to (7.1.2), the function 


a(t)i= f ut tny(a)l de 


possesses a minimum at t = 0, because u+ ty = f on O02, since 7 vanishes 
on 02. Expanding this expression, we obtain 


a(t) = ‘ |Vu(a) |" da + 2 | vate) -Vin(a)dax + t? f |\Vn(a)|° dx. (7.1.3) 


In particular, a is differentiable with respect to t, and the minimality at t = 0 
implies 
a(0) = 0. (7.1.4) 


' O§ (A) := {py € C®(A) : the closure of {x : v(x) 4 0} is compact and contained 
in 
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By (7.1.3) this implies 
Vu(x)- Vn(x)dx = 0, (7.1.5) 


2 


and this holds for all 7 € Cf°(2). 
Integrating (7.1.5) by parts, we obtain 


Au(«)n(a)dx =0 for all n € CO°(2). (7.1.6) 
2 
We now recall the following well-known and elementary fact: 


Lemma 7.1.1: Suppose g € C°(22) satisfies 


i: g(x)n(a)dx =0 for all n € Coe(2). 


Then g=0 in 22. 


Applying Lemma 7.1.1 to (7.1.6) (which is possible, since Au € C°(2) by 
our assumption u € C?(Q)), we indeed obtain 


Au(x)=0 in Q, 


as claimed. 
This observation suggests that we try to minimize the so-called Dirichlet 
integral 


pes i. IVu(a) |? de (7.1.7) 


in the class of all functions u: 2 —> R with u = f on 0. This is Dirichlet’s 
principle. 

It is by no means evident, however, that the Dirichlet integral assumes 
its infimum within the considered class of functions. This constitutes the 
essential difficulty of Dirichlet’s principle. In any case, so far we have not 
specified which class of functions u : 2 — R (with the given boundary values) 
we allow for competition; the possibilities include functions of class C'°°, which 
would be natural, since we have shown already in Chapter 1 that any solution 
of (7.1.1) automatically is of regularity class C®°; functions of class C?, which 
would be natural, since then the differential equation Au(a) = 0 would have 
a meaning; and functions of class C1! because then at least (assuming 2 
bounded and f sufficiently regular, e.g., f € C') the Dirichlet integral D(u) 
would be finite. Posing the question somewhat differently, should we try to 
minimize D(U) in a space of functions that is as large as possible, in order to 
increase the chance that a minimizing sequence possesses a limit in that space 
that then would be a natural candidate for a minimizer, or should we rather 
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select a smaller space in order to facilitate the verification that a tentative 
solution is a minimizer? 


In order to analyze this question, we consider a minimzing sequence 
(Un)nen for D, ie., 


lim D(un) = inf {D(v) :v: 25 R,v= f on OQ} =: kK, (7.1.8) 


n> co 


where, of course, we assume u, = f on Of? for all uy. To find properties of 
such a minimizing sequence, we shall employ the following simple lemma: 


Lemma 7.1.2: Dirichlet’s integral is conve, 1.e., 

D(tu + (1 —t)v) < tD(u) + (1 — t)D(v) (7.1.9) 
for all u,v and all t € [0,1]. 
Proof: 


D(tu+(1—t)v) = | |tVut+ (1 —t)Vo/? 
Q 


<i {t\vuP? + (1-2) (Vol?) 


because of the convexity of w+ |w|? 
=tD(u) + (1—t)Dv. 


Now let (un)nen be a minimizing sequence. Then 


D(un — Um) = |V (un a Um) |" 


2 2: Un + Um é 
-2/ [Vun| +2 / IV aten| -a/ vas) 
Q Q Q 2 


= 2D(un) + 2D(tm) —4D (2) (7.1.10) 
We now have 
K<D (ao) by definition of « ((7.1.8)) 
1 1 
< Pun) + 5 P (um) by Lemma 7.1.2 
>« forn,m—o, (7.1.11) 


since (u,,) is a minimizing sequence. This implies that the right-hand side of 
(7.1.10) converges to 0 for n,m — oo, and so then does the left-hand side. 
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This means that (Vun)nen is a Cauchy sequence with respect to the topology 
of the space 1*(2). (Since Vu, has d components, i.e., is vector-valued, this 
says that S¥z (2) for i=1,...,d.) Since L?(Q) 
isa Hilbert: space, hence complete, Vu, thus converges to some w € L?(2). 
The question now is whether w can be represented as the gradient Vu of 
some function u : 2 — R. At the moment, however, we know only that 
w € L?(2), and so it is not clear what regularity properties u should possess. 
In any case, this consideration suggests that we seek a minimum of D in the 
space of those functions whose gradient is in L?(2). In a subsequent step we 
would then have to analyze the regularity proprties of such a minimizer wu. 
For that step, the starting point would be relation (7.1.5), i.e., 


Vu(z)- Vn(x)da =0 for all n € Co° (2), (7.1.12) 
Q 


which continues to hold in the context presently considered. By Corol- 
lary 1.2.1 this already implies u € C™(2). In the next chapter, however, 
we shall investigate this problem in greater generality. 

Dividing the problem into two steps as just sketched, namely, first proving 
the existence of a minimizer and afterwards establishing its regularity, proves 
to be a fruitful approach indeed, as we shall find in the sequel. For that 
purpose, we first need to investigate the space of functions just considered in 
more detail. This is the task of the next section. 


7.2 The Sobolev Space W1? 


Definition 7.2.1: Let Q Cc R®% be open and u € LI} 2). A function v € 


loc 


Li.(2) is called weak derivative of u in the direction x* (x = (x1,..., 24) € 
R*) if 
ey 
=— - 7.2.1 
i ov unde ( ) 


for all ¢ € CA(Q).2 We write v = Dyu. 
A function u is called weakly differentiable if it possesses a weak derivative 
in the direction x* for alli € {1,...,d}. 


It is obvious that each u € C1(22) is weakly differentiable, and the weak 
derivatives are simply given by the ordinary derivatives. Equation (7.2.1) is 
then the formula for integrating by parts. Thus, the idea behind the definition 
of weak derivatives is to use the integration by parts formula as an abstract 
axiom. 


2 CF (Q) := a € C*(Q) : the closure of {x : f(a) 4 0} is a compact subset of 2} 
(b= 1,2... 
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Lemma 7.2.1: Let u € Li,.(Q), and suppose v = Dju exists. If dist(x, 02) 
>h, we have 


Di(un(#)) = (Diu)n(@). 


Proof: By differentiating under the integral, we obtain 
1 O z-y 
D; = 
stunt) = pa f gov (*) mney 
-1 O u-y 
= he / aye? ( is ) u(y)dy 
1 


= / 0 (=) D;u(y)dy by (7.2.1) 
= (Dyu)n(2). 


Lemmas A.3 and 7.2.1 and formula (7.2.1) imply the following theorem: 
Theorem 7.2.1: Let u,v € L?(Q). Then 


v= Du 


precisely if there exists a sequence (Un) C C%(Q2) with 


0 
Un > U, he sv in L?(2) for any Q' cc QA. 
od 


Definition 7.2.2: The Sobolev space W':?(22) is defined as the space of those 
u € L?(Q2) that possess a weak derivative of class L?(Q) for each direction 
reael a eee 

In W!?(Q) we define a scalar product 


d 
(u, ¥)w1.2(9) = | uv + ye Dyu- Dyyv 
2 rr Ly) 


and a norm 
1 
Ullw2.2(9) = (u, U) Fy1.2(Q)- 


We also define H'?(Q) as the closure of C°(Q)W?'?(Q) with respect to 
the W1?-norm, and Hg(Q) as the closure of CS°(Q) with respect to this 
norm. 


Corollary 7.2.1: W!?(Q) is complete with respect to ||-\|yy1.2, and is hence 
a Hilbert space. W1:?(Q) = H1?(Q). 
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Proof: Let (un)nen be a Cauchy sequence in Wt?(2). Then (un)nen, 
(Ditn)nen (i = 1,...,d) are Cauchy sequences in L?(Q2). Since L?(22) is 
complete, there exist u,v’ € L?(Q) with 


Un >, Dit, in L?(Q) (i= 1,...,¢). 


[ Pin 6=- fundio, 


and the left-hand side converges to [ v'-¢, the right-hand side to — f u- Did. 
Therefore, Dju = v', and thus u € W!:?(Q2). This shows completeness. 

In order to prove the equality H'?(Q) = W1?(Q), we need to verify that 
the space C°(2) N W1?(Q) is dense in W!:?(2). For n € N, we put 


For ¢ € C4(2), we have 


1 
t= {« EN: ||a|| < n,dist(x,02) > a 


with Q := Q_1 := 0. Thus, 


Qn CC Mn, and (JQ =2. 
neN 


We let {y;}jen be a partition of unity subordinate to the cover 
{Qn41 \ oan } 


of 2. Let u € W!?(Q). By Theorem 7.2.1, for every ¢ > 0, we may find a 
positive number h,, for any n € N such that 


hn < dist(Qn, OQn+41), 
& 
l(Pn)n, _ Pnl|y1.2() < Qn° 


Since the vy, constitute a partition of unity, on any 2’ CC 2, at most finitely 
many of the smooth functions (y,u)p,, are non-zero. Consequently, 


i= S“(~nu)n, € C?(2). 


n 


We have 


|| = tll wa.2(@) < x II(PnU)irn ~~ Pnul| <é, 


n 


and we see that every u € W!?(Q2) can be approximated by C°°-functions. 
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Corollary 7.2.1 answers one of the questions raised in Section 7.1, namely 
whether the function w considered there can be represented as the gradient 
of an L?-function. 


Examples: 2 = (—1,1) CR. 
(i) u(x) = a 
In that case, u € W!?((—1,1)), and 


1 forO<a<1, 
—1 for -l<a2<0Q, 


Du(x) = 


because for every ¢ € C4((—1,1)), 
1 
1 


[. —$(x)dx + a (x)dx = -{ o! (x) + |a| de. 


1 forO<2<1, 
u(a) = 
0 for -l<2<0O, 


is not weakly differentiable, for if it were, necessarily Du(x) = 0 for 
x # 0; hence as an Lj.,, function Du = 0, but we do not have, for every 
¢€Cg((-1,1)), 


1 1 i 
0= ‘i o(a)-Odx = -| ¢' (x)u(a)dx = -| ¢' (x)dx = 6(0). 
= Ti -1 0 
Remark: Any u € Li.(Q) defines a distribution (cf. Section 1.1) 1, by 


loc 


lu[y] = [w@etaae for yp € Cpe (2). 


Every distribution | possesses distributional derivatives D;l, 1 = 1,...,d, 
defined by 
Op 
[¢] | a 


If v = Du € Li,.(@) is the weak derivative of u, then 


Dilu <=, ly, 


because 


for all y € C§°(2). 
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Whereas the distributional derivative Djl,, always exists, the weak deriva- 
tive need not exist. Thus, in general, the distributional derivative is not of 


the form 1, for some v € Li,,(), ie., not represented by a locally integrable 


function. This is what happens in Example 2. Here, Dl, = 60, the delta 
distribution at 0, because 


The delta distribution cannot be represented by some locally integrable func- 
tion v, because, as one easily verifies, there is no function v € Li,.((—1, 1)) 
with 


i u(x)p(x)dx = p(0) for all yp € CO°(22). 


This explains why u from Example 2 is not weakly differentiable. 
We now prove a replacement lemma exhibiting a characteristic property 
of Sobolev functions: 


Lemma 7.2.2: Let 29 CC 2, g € Wi7(2), u € W17(M), u-g € 
Hy’? (Qo). Then 


snes ula) fora € Qo, 
g(x) forx Ee Q\ Q, 


is contained in W1?(Q), and 
DAe= Dyula) for x € Qo, 
Dig(a) forx® Ee Q\ Qo. 
Proof: By Corollary 7.2.1, there exist gn € C™(2), Un € C™(M) with 
Ing in WI7(Q), 


Un > u in W'?(2o), 
Un —9n=O0 on OM. (7.2.2) 


We put 


Djyuy(x) for x € 2, 
Dign() for x € Q\ MD, 


Un(x) for x € 2, 
Un (a) = 
Gn(x) for x E€ Q\ 2, 


oe Djyu(x) for « € 2, 
ISS (x) for « € 2\ Qo. 
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We then have for y € C}(), 


[ows =| pus + f pur, =| eDiuin + f pDign 
22 No Q\ 2 20 Q\ 26 
--f unDie ~ f InDiP 
20 Q\ 2 


since the two boundary terms resulting from integrating the two 
integrals by parts have opposite signs and thus cancel because 
of gn = Un On OM 


=— | Dip 
Q 


by (7.2.2). Now for n > oo, 


[ews eDiu+ | pDig, 
2 2 QQ 


i UnDip > vDiy, 
Q 2 


and the claim follows. 


The next lemma is a chain rule for Sobolev functions: 


Lemma 7.2.3: For u€ W!?(Q), f € C'(R), suppose 


Then fou € W!?(Q), and the weak derivative satisfies D( fou) = f’(u)Du. 


Proof: Let un € C°(2), un 4 u in W)?(2) for n > oo. Then 


[letun) 4 — f(u)|? dx < sup|f"| * fun — ul? dx > 0 


| \ten)Dun ~ f"w)Dul? de < 2sup|f"? hi Dig ~ Dal? de 
2 
+2 | f’ (un) (u)|? |Dul? dx. 


By a well-known result about L?-functions, after selection of a subsequence, 
Un converges to u pointwise almost everywhere in 2.3 Since f’ is continuous, 
f'(un) then also converges pointwise almost everywhere to f’(u), and since 


3 See J. Jost, Postmodern Analysis, p. 240 [11]. 
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f’ is also bounded, the last integral converges to 0 for n + oo by Lebesgue’s 
theorem on dominated convergence. 
Thus 


f(un) > f(u) in L?(2) 
and 
D(f(un)) = f"(un)Dun > f'(u)Du in L?(2), 
and hence fou € W!?(Q) and D(f ou) = f’(u)Du. 


Corollary 7.2.2: If u € W?(Q), then also |u| € W'?(2), and D\u| = 
signu- Du. 


Proof: We consider f=(u) := (u2+e2)2 —e, apply Lemma 7.2.3, and let ¢ > 0, 
using once more Lebesgue’s theorem on dominated convergence to justify the 
limit as before. 


We next prove the Poincaré inequality: 


Theorem 7.2.2: For u € Fe) we have 


1 
Nt 
lelaace § (2) Wath aaca (7.2.3) 


where |Q| denotes the (Lebesgue) measure of 2, and wa is the measure of 
the unit ball in R¢. In particular, for any u € Hy), its W!:?-norm is 
controlled by the L?-norm of Du: 


1 
Jal # 
lellws2¢ay S (1+ (eI —) | bDallcace 


Proof: Suppose first u € C4(2); we put u(x) = 0 for « € R¢\ 2. For w € R4 
with |w| = 1, by the fundamental theorem of calculus we obtain by integrating 
along the ray {rw :0 <r < co} that 


u(a) = — i ula +rw)dr. 


Integrating with respect to w then yields, as in the proof of Theorem 1.2.1, 


u(x) = -zf dees oF (a + rw) dwdr 


1 Ou 
= aie is ety (7.2.4) 


yo 
if oabew a—y| : 
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and thus with the Schwarz inequality, 


1 1 
r)|< -|Du dy. 7.2.5 
<a fy pet Paley (725) 


We now need a lemma: 


Lemma 7.2.4: For f € L1(2),0<p< 1, let 


=| Ja — y|@"—Y F(y)dy 
Q 


1 qe 
Vif lle22) < a . |2|" lf llz2¢0) . 


Proof: B(a, R) := {y € R¢: |x —y| < R}. Let R be chosen such that |Q| = 
|B(ax, R)| =waR*. Since in that case 


|2\ (20 Bla, R))| = |Bla, R) \ (20 BG, R))| 


Then 


and 
la — y|te—Y) = < RYH) for ljc—y| > R, 
ja — y|2"Y > RADY for ja —yl < R, 


it follows that 


3 = 1 Lge 
/ ja — y[@#-) dy < i le — yl) dy = wy Rt = Sut La/H, 
2Q B(«,R) Mb Lt 


(7.2.6) 


We now write 
a dye dy 
je — yl [Fl = (lo FO Y) (le FO [F@)1) 


and obtain, applying the Cauchy Schwarz inequality, 


\(V,f)(2)| < iE le — y[®@ [F(g) | dy 
< ( je ay) ( | je — yl [ga P dy) 
QQ Q 
and hence 


Te ain = 
| ViF(a) Pde < twt* 0)" i | le — yD] f(y)? dy ax 
Q L QaSa 


by estimating the first integral of the preceding inequality 
with (7.2.6) 


1 7 2 
< (4.1 “\\") [score 
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by interchanging the integrations with respect to x and y and applying (7.2.6) 
once more, whence the claim. 


We may now complete the proof of Theorem 7.2.2: Applying Lemma 7.2.4 
with 4 = 4 and f = |Du| to the right-hand side of (7.2.5), we obtain 
(7.2.3) for wu € C}(). Since by definition of Hj’?(2), it contains Cd (2) 
as a dense subspace, we may approximate u in the H':?-norm by some se- 
quence (Un)nen C C§(2). Thus, un converges to u in L?, and Duy to u. 


Thus, the inequality (7.2.3) that has been proved for up, extends to wu. 


Remark: The assumption that u is contained in Hy’?(Q), and not only in 
H'(Q), is necessary for Theorem 7.2.2, since otherwise the nonzero con- 
stants would constitute counterexamples. However, the assumption u € 
H,7(Q) may be replaced by other assumptions that exclude nonzero con- 
stants, for example by [(, u(x)dx = 0. 


For our treatment of eigenvalues of the Laplace operator in Section 8.5, 
the fundamental tool will be the compactness theorem of Rellich: 


Theorem 7.2.3: Let Q € R¢ be open and bounded. Then Hj’?(Q) is com- 
pactly embedded in L?(Q); i.e., any sequence (Un)nen C Hy7(Q) with 


I|Un|I w2.2(.2) <0 (7.2.7) 


contains a subsequence that converges in L?(22). 


Proof: The strategy is to find functions wn,- € C!(Q), for every « > 0, with 


E 
|r a Wnellyy1.2(a) < 5 (7.2.8) 


and 
|| nell w1.2(@) <c (7.2.9) 


(the constant c; will depend on ¢, but not on n). By the Aszela—Ascoli theo- 
rem, (Wn,c)nen then contains a subsequence that converges uniformly, hence 
also in L?. Since this holds for every « > 0, one may appeal to a general 
theorem about compact subsets of metric spaces to conclude that the closure 
of (Un)nen is compact in L?(Q) and thus contains a convergent subsequence. 
That theorem‘ states that a subset of a metric space is compact precisely if 
it is complete and totally bounded, i.e., if for any € > 0, it is contained in 
the union of a finite number of balls of radius e. 

Applying this result to the (closure of the) sequence (Wp.-)nen, we infer 
that there exist finitely many z,, v =1,...,N, in L?(Q) such that for every 
neéN, 


* see, e.g., J. Jost, Postmodern Analysis, Springer, 1998, Theorem 7.38. 
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E 
llwne — Zvllz2¢@) <5 for some v€ {1,...,N}. (7.2.10) 
Hence, from (7.2.8) and (7.2.10), for every n EN, 
llr os 2v|l12() <e for some v. 


Since this holds for every ¢ > 0, the sequence (Un)nen is totally bounded, 
and so its closure is compact in L?(92), and we get the desired convergent 
subsequence in L?(2). 

It remains to construct the wp,-. First of all, by definition of Hy’?(Q), 
there exists w, € Cj(2) with 


é 
lun — Wnllwa.2(@) < a (7.2.11) 
By (7.2.7), then also 
lrllwr2ca) S cy for some constant ch. (7.2.12) 


We then define w,,- as the mollification of w, with a parameter h = h(e) to 
be determined subsequently: 


Wn,e(@) = af, 0 (: = ) wn(y)dy. 


The crucial step now is to control the L?-norm of the difference wy — Wn,e 
with the help of the W1!:?-bound on the original u,. This goes as follows: 


ih [tn (2) — Wne(@) Pda = a (= soi ate ig) ee 
=H (fof ow 
=f (/,_,eemtatn? 
s (s ay) (/.., aia [ Dele? dey) 


by Hélder’s inequality ((A.4) of the Appendix) and Fubini’s theorem. Since 
Jiyics oy) dy = 1, we obtain the estimate 


n(& — Tw) 


2 
dr w) dx with w= a 
y 


0 


pp wala —Trw) 


ix] 


2 
dr i) dx 


\|wn = Wnell r2(@) <h |Dwrllr2(a) : 


Because of (7.2.12), we may then choose h such that 


& 
In — Wn ellr2(a) < a (7.2.18) 


Then (7.2.11) and (7.2.13) yield the desired estimate (7.2.8). 
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7.3 Weak Solutions of the Poisson Equation 


As before, let 2 be an open and bounded subset of R?, g € H!?(Q). With the 
concepts introduced in the previous section, we now consider the following 
version of the Dirichlet principle. We seek a solution of 


Au=0 inf, 
u=g for 02 ( meaning u—g € Hy?(2)) ; 
by minimizing the Dirichlet integral 


[ier (here, Dv = (Dyv,..., Dav)) 
2 


among all v € H!?(Q) with v—g € Hj*(Q). We want to convince ourselves 
that this approach indeed works. Let 


«= inf {| |Du? : v € Ht?(Q),u-—ge H3(ay ’ 
Q 


and let (Un)nen be a minimizing sequence, meaning that un, — g € Hy’?(2), 


and 
i |Dun|? + K. 
Q 


We have already argued in Section 7.1 that for a minimizing sequence 
(Un)nen, the sequence of (weak) derivatives (Du,,) is a Cauchy sequence 
in L?(Q). Theorem 7.2.2 implies 


lun — Umllp2¢a) < const || Dun — Duml|p2 (ay - 


Thus, (uy) also is a Cauchy sequence in L?(Q). We conclude that (un) nen 
converges in W!?(Q2) to some u. This wu satisfies 


i |Dul? =k 
Q 


U—g € He (), 


as well as 


because Hj’*(Q) is a closed subspace of W!?(Q). Furthermore, for every 
v € Hy?(Q), t ER, putting Du- Du := SX“, Dyu- Dyv, we have 


K< Dusty? = f Jul? +2¢ f Du- Dor [ |Dv|", 
Q Q Q Q 


and differentiating with respect to t at t = 0 yields 


d 
0= a |D(u + tv)|? |r=o =, Du- Dv for all v € Hy? (Q). 
dt Ja Q 
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Definition 7.3.1: A function u € H'?(Q) is called weakly harmonic, or a 
weak solution of the Laplace equation, if 


i Du-Dv=0_ for all v € Hy’?(Q). (7.3.1) 
2 


Any harmonic function obviously satisfies (7.3.1). In order to obtain a har- 
monic function from the Dirichlet principle one has to show that, conversely, 
any solution of (7.3.1) is twice continuously differentiable, hence harmonic. 
In the present case, this follows directly from Corollary 1.2.1: 


Corollary 7.3.1: Any weakly harmonic function is smooth and harmonic. In 
particular, applying the Dirichlet principle yields harmonic functions. More 
precisely, for any open and bounded Q in R*, g € H'7(Q), there exists a 
function u € H*?(2)N C*(Q2) with 


Au=0 inf 
and 
u-—g € Hy? (2). 


The proof of Corollary 7.3.1 depends on the rotational invariance of the 
Laplace operator and therefore cannot be generalized. For that reason, in the 
sequel, we want to develop a more general approach to regularity theory. Be- 
fore turning to that theory, however, we wish to slightly extend the situation 
just considered. 


Definition 7.3.2: Let f € L?(Q). A function u € H'?(Q) is called a weak 
solution of the Poisson equation Au = f if for allv € Hy? (2), 
Du-Dv+ | fv=0. (7.3.2) 
Q Q 


Remark: For given boundary values g (meaning u—g € He °(Q2)), a solution 
can be obtained by minimizing 


1 
= Dut + | fw 
2 Joa Q 


inside the class of all w € H1?(Q) with w —g € Hj?(Q). Note that this 
expression is bounded from below by the Poincaré inequality (Theorem 7.2.2), 
because we are assuming fixed boundary values g. 


Lemma 7.3.1 (stability lemma): Let wja1,2 be a weak solution of Au; = 
fi with uy — ue € Hy? (2). Then 


Jur — ual w1.2(@) < const || fi — Fallr2(a) : 


In particular, a weak solution of Au = f, u-g € Hy (2) is uniquely 
determined. 
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Proof: We have 


i D(ur = ug)Dv = -| (fi = fo)v for all v € Hy (2), 
2 2 


and thus in particular, 


[Plus wa) Dla = 9) = = ffs = fa)(en na) 


S Wf — fall2cay lea — vallzacay 


< const || fi — fall z2(qy ||Dua — Duall rea) 
by Theorem 7.2.2, and hence 


|| Duy — Dual|z2¢q) < const || fi — fall za (ay - 


The claim follows by applying Theorem 7.2.2 once more. 


We have thus obtained the existence and uniqueness of weak solutions of 
the Poisson equation in a very simple manner. The task of regularity theory 
then consists in showing that (for sufficiently well behaved f) a weak solution 
is of class C? and thus also a classical solution of Au = f. 

We shall present three different methods, namely the so-called L?-theory, 
the theory of strong solutions, and the C°-theory. The L?-theory will be 
developed in Chapter 8, the theory of strong solutions in Chapter 9, and the 
C°-theory in Chapter 10. 


7.4 Quadratic Variational Problems 


We may ask whether the Dirichlet principle can be generalized to obtain solu- 
tions of other PDEs. In general, of course, a minimizer u of some variational 
problem has to satisfy the corresponding Euler-Lagrange equations, first in 
the weak sense, and if u is regular, also in the classical sense. In the general 
case, however, regularity theory encounters obstacles, and weak solutions of 
Euler-Lagrange equations need not always be regular. We therefore restrict 
ourselves to quadratic variational problems and consider 


d 


Hays= fo X ae )Danla) Dyula) 


; (7.4.1) 
+2 x b} (x) Dju(x)u(x) + e(x)u(x)? > de. 
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We require the symmetry condition a’? = a!’ for all i,j. In addition, the 
coefficients a’) (a), b? (x), c(a) should all be bounded. Then J(u) is defined for 
u € H'?(Q). As before, we compute, for y € Hj’*(), 


I(u+ ty) =I(u) 


+t f | Don, eS anaes (Xv, utcu)ehae 


2Q J 
+¢#?I(y). (7.4.2) 


A minimizer u thus satisfies, as before, 


d 
qillu+ tein =0 for all y € Hy? (Q); (7.4.3) 
hence 
/ Da > a Diut va) Dyp+| SS WDjutcu} ypdx=0 (7.4.4) 
Q j ‘ j 


for all y € Hj*(). 
If u € C?(Q2) and a’J,bi € C+(2), then (7.4.4) implies the differential 
equation 


d 


d a on d 
San (Se (a) + 8i(e ms) - Yoo) —e(e)u=0. (74.5) 


i=1 j=l 
As the Euler-Lagrange equation of a quadratic variational integral, we thus 
obtain a linear PDE of second order. This equation is elliptic when we assume 
that the matrix (a‘)(x));,;=1,...,a is positive definite at every x € 92. 

In the next chapter we should see that weak solutions of (7.4.5) (i-e., so- 
lutions of (7.4.4)) are regular, provided that appropriate assumptions for the 
coefficients a7, b!, c hold. The direct method of the calculus of variations, 
as this generalization of the Dirichlet principle is called, consists in finding a 
weak solution of (7.4.5) by minimizing I(u), and then demonstrating its reg- 
ularity. We finally wish to study the transformation behavior of the Dirichlet 
integral and the Laplace operator with respect to changes of the independent 
variables. We shall also need that transformation rule for our investigation 
of boundary regularity in the next chapter. 

Thus let 


f— 2(€) 


be a diffeomorphism from 2’ to 2. We put 
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Ox Ox 
95 '= aa (7.4.6) 


0g OE) 


WJ. 
TS 24 G08 ne" (7.4.7) 
Le., 
d —— 
1 fori=j 
gQi=6.= ; 
D989 7 1) for i j, 
and 
g := det (933), geld’ (7.4.8) 
We then have, for u(&()), 
d re : 
Ou O€! Ou OG _ j Ou Ou 


The Dirichlet integral thus transforms via 


ip : (ge) & =f xe i se V9ds. (7.4.10) 


By (7.4.5), the Euler-Lagrange equation for the integral on the right-hand 
side is 


ESS a. 3 ae, (7.4.11) 
V9 5A og Mees og -< _ 


where we have added the normalization factor 1/,/g. This means that under 
our substitution 2 = x(€) of the independent variables, the Laplace equation, 
i.e., the Euler-Lagrange equation for the Dirichlet integral, is transformed 
into (7.4.11). 

Likewise, (7.4.5) is transformed into 


Li 8 aay.» OFF OE 
Fad ae (al De eee gens agt Os) 


7 » ie a aim 6 (7.4.12) 


where x = x(€) has to be inserted, of course. 
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7.5 Abstract Hilbert Space Formulation of the 
Variational Problem. The Finite Element Method 


The present section presents an abstract version of the approach described in 
Section 7.3 together with a method for constructing an approximate solution. 

We again set out from from some model problem, the Poisson equation 
with homogeneous boundary data 


Au=f inJf, 


7.5.1 
u=0 ond”. ( ) 


In Definition 7.3.2 we introduced a weak version of that problem, namely the 
problem of finding a solution u in the Hilbert space Hy’*() of 


i DuDy +f fy =0 forall y € Hy7(2). (7.5.2) 
2 Q 


This problem can be generalized as an abstract Hilbert space problem that 
we now wish to describe: 


Definition 7.5.1: Let (H,(-,-)) be a Hilbert space with associated norm ||-||, 
A: Hx H +> R a continuous symmetric bilinear form. Here, continuity 
means that there exists a constant C' such that for all u,v ©€ H, 


A(u,v) < Cull lol. 
Symmetry means that for all u,v € H, 
A(u,v) = A(v,u). 


The form A is called elliptic, or coercive, if there exists a positive X such that 
for allu € H, 


A(v,v) > Alful]?. (7.5.3) 


In our example, H = AyD), and 


1 
A(u, v) = 3 Io Du- Dv. (7.5.4) 


Symmetry is obvious here, continuity follows from Holder’s inequality, and 
ellipticity results from 


1 1 2 
3 jp ‘Du= 3 |Dullz2(a) 


and the Poincaré inequality (Theorem 7.2.2), which implies for u € Hy’?(2), 


Illl72-2(Q) S const ||Dullp2 a) - 
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Moreover, for f € L?(2), 
L: Hy?(Q) SR, ve | fu, 
Q 


yields a continuous linear map on Hy’?() (even on L?(2)). 
Namely, 


|Lo| 
D|| := —< 
| | ee Il] 1,2(92) = IIfllz2¢0) ’ 


for by Holder’s inequality, 


[ fus IIfllz2¢0) lull n2¢2) s If llz2(0) lollw12¢a) : 


Of course, the purpose of Definition 7.5.1 is to isolate certain abstract 
assumptions that allow us to treat not only the Dirichlet integral, but also 
more general variational problems as considered in Section 7.4. However, 
we do need to impose certain restrictions, in particular for satisfying the 
ellipticity condition. We consider 


1 =o i 
A(u, v) = 3 i Xu a! (x) Dyu(x)Dju(x) + c(x)u(x)v(x) > da, 


with u,v € H = Hj*(Q), where we assume: 
(A) Symmetry: 

a(x) =a)"(x) for alli,j, and x € 2. 
(B) Ellipticity: There exists \ > 0 with 


d 
S> a(x) Ge; > Alg[? for alle e DEER 


ij=l 
(C) Boundedness: There exists A < co with 
|e(x)|,|a7| < A for all i,j, and x € Q. 
(D) Nonnegativity: 
c(z) >0 for alla € 22. 


The ellipticity condition (B) and the nonnegativity (D) imply that 


1 
A(v,v) > 3° Dv- Dv for all v € Hy?(), 
Q 


7.5 Hilbert Space Formulation. The Finite Element Method 177 


and using the Poincaré inequality, we obtain 
» 1,2/¢). 
A(v,v) > 5 llulles2(@) for all v € Hy’*(2); 


i.e., A is elliptic in the sense of Definition 7.5.1. The continuity of A of course 
follows from the boundedness condition (C), and the symmetry is condition 
(A). 


Theorem 7.5.1: Let (H,(-,-)) be a Hilbert space with norm ||-||, VC H 
convex and closed, A: H x H + R a continuous symmetric elliptic bilinear 
form, L: H > R a continuous linear map. Then 


J(v) := A(v,v) + L(v) 
has precisely one minimizer u in V. 


Remark: The solution u depends not only on A and L, but also on V, for it 
solves the problem 


J(u) = inf J(v). 


Proof: By ellipticity of A, J is bounded from below; namely, 


J(v) > Allo? = L|| llell = ace 
= —~ AX 
We put 
:= inf . 
me O) 


Now let (un)nen C V be a minimizing sequence, i.e., 


lim J(tun) =k. (7.5.5) 


n> co 


We claim that (Un)nen is a Cauchy sequence, from which we then deduce, 
since V is closed, the existence of a limit 


u= lim uy, € V. 
n—->co 
The Cauchy property is verified as follows: By definition of «, 


Un + Um 1 1 
(ie oan t m 
n<a( ) 57 (un) + 54 (Um) 


qA(un Um; Un — Uys 


(Here, we have used that if un, and um are in V, so is 
convex.) 


untum because V is 
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Since J(un) and J(um) by (7.4.5) for n,m —> co both converge to Kk, we 
deduce that 


A(un — Um, Un — Um) 


converges to 0 for n,m — oo. Ellipticity then implies that ||u, — u,|| con- 
verges to 0 as well, and hence the Cauchy property. 
Since J is continuous, the limit wu satisfies 


J(u) = Jim, J(Un) = inf J(v) 


by the choice of the sequence (tn) nen. 

The preceding proof yields uniqueness of u, too. It is instructive, however, 
to see this once more as a consequence of the convexity of J: Thus, let u1, we 
be two minimizers, i.e., 


J(u) = J(u2) =K = inf J(v). 


Since together with u; and ug, aoa is also contained in the convex set V, 
we have 
1 1 1 
poe a = 5 J(u) + 5 (ua) = ACs = ua, t1 = 2) 
1 
=K qh u2,U1 — U2), 


and thus A(u1 — u2, ui — u2) = 0, which by ellipticity of A implies uz = uo. 


Remark: Theorem 7.5.1 remains true without the symmetry assumption for 
A. This is the content of the Lax—Milgram theorem, proved in Appendix A. 


This remark allows us also to treat variational integrands that in addition 
to the symmetric terms 


d 
Ya (e)DiDjv(x) (a? = a") 
ij=l 


and c(#)u(x)v(a2) also contain terms of the form 2 b) (x) Dju(x)v(x) as 
in (7.4.1). Of course, we need to impose conditions on the function b/(x) so 
as to guarantee boundedness and nonnegativity (the latter requires bounds 
on |b?(x)| depending on \ and a lower bound for |c(«)|). We leave the details 
to the reader. 


Corollary 7.5.1: The other assumptions of the previous theorem remaining 
in force, now let V be a closed linear (hence convex) subspace of H. Then 
there exists precisely one u € V that solves 


2A(u,y) + L(y) =0 forallyeV. (7.5.6) 
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Proof: The point wu is a critical point (e.g., a minimum) of the functional 
J(v) = A(v,v) + L(v) 
in V precisely if 
2A(v,y~) + L(y) =0 forall ye V. 


Namely, that u is a critical point means here that 


d 
Blu t te) it=0 =0 forallyeV. 


This, however, is equivalent to 


S “(Alu + ty,ut ty) + L(u + ty))|1=0 = 2A(u, y) + L(y). 


Conversely, if that holds, then 


0 


J(u+ ty) = J(u) + t(2A(u, p) + L(y)) + PA(y, v) > J(u) 


for all y € V, and wu thus is a minimizer. The existence and uniqueness of a 
minimizer established in the theorem thus yields the corollary. 


For our example A(v,v) = $f Du- Dv, L(v) = f fv with f € L?(Q), 
Corollary 7.5.1 thus yields the existence of some u € H’?() satisfying 


i Du-De+ |] fy=9, (7.5.7) 
Q Q 


i.e, a weak solution of the Poisson equation in the sense of Definition 7.3.2. 
As explained above, the assumptions apply to more general variational 
problems, and we deduce the following result from Corollary 7.5.1: 


Corollary 7.5.2: Let Q C R®@ be open and bounded, and let the functions 
a) (x) (i,j =1,...,d) and c(x) satisfy the above assumptions (A)—(D). Let 
f € L?(Q). Then there exists a unique u € Hy? (2) satisfying 


= : f(a)p(a)dx for all g € Hy? (2). 


Thus, we obtain a weak solution of 


d 
= (whe rgepute)) + eeyute) = Feo 


ij=l 
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with u = 0 on 0. Of course, so far, this equation does not yet make sense, 
since we do not know yet whether our weak solution uw is regular, i.e., of class 
C?(2). This issue, however, will be addresssed in the next chapter. 


We now want to compare the solution of our variational problem J(v) > 
min in H with the one obtained in the subspace V of H. 


Lemma 7.5.1: Let A: H x H — R be a continuous, symmetric, elliptic, 
bilinear form in the sense of Definition 7.5.1, and let L : H — R be linear 
and continuous. We consider once more the problem 


J(v) := A(v,v) + L(v) > min. (7.5.8) 


Let u be the solution in H, uy the solution in the closed linear subspace V. 
Then 


lu —avll < © inf luo (7.5.9) 
with the constants C and X from Definition 7.5.1. 
Proof: By Corollary 7.5.1, 


2A(u,y) + L(y) =0 forall ye H, 
2A(uvy,y) + L(yy) =0 forallyeV, 


hence also 
2A(u—uy,y)=0 forallyeV. (7.5.10) 


For v € V, we thus obtain 


1 
lu — uy||? < yAtu —uy,u-— ur) by ellipticity of A 
1 

= 5 Alu uy,u—v)4 xAlu uy,u— uy) 

1 
= yAlu —uy,u-—v) from (7.5.10) with p = v—uy €V 
<F Ju wyll fe ol 
ae Vv ’ 


and since the inequality holds for arbitrary v € V, (7.5.9) follows. 


This lemma is the basis for an important numerical method for the ap- 
proximative solution of variational problems. Since numerically only finite- 
dimensional problems can be solved, it is necessary to approximate infinite- 
dimensional problems by finite-dimensional ones. Thus, J(v) — min cannot 
be solved in an infinite-dimensional Hilbert space like H = Hj’?(), but one 
needs to replace H by some finite-dimensional subspace V of H that on the 
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one hand can easily be handled numerically and on the other hand possesses 
good approximation properties. These requirements are satisfied well by the 
finite element spaces. Here, the region (2 is subdivided into polyhedra that 
are as uniform as possible, e.g., triangles or squares in the 2-dimensional case 
(if the boundary of 2 is curved, of course, it can only be approximated by 
such a polyhedral subdivision). The finite elements then are simply piecewise 
polynomials of a given degree. This means that the restriction of such a finite 
element ~ onto each polyhedron occurring in the subdivision is a polyno- 
mial. In addition, one usually requires that across the boundaries between the 
polyhedra, 7 be continuous or even satisfy certain specified differentiability 
properties. The simplest such finite elements are piecewise linear functions 
on triangles, where the continuity requirement is satisfied by choosing the 
coefficients on neighboring triangles approximately. The theory of numeri- 
cal mathematics then derives several approximation theorems of the type 
sketched above. This is not particulary difficult and rather elementary, but 
somewhat lengthy and therefore not pursued here. We rather refer to the 
corresponding textbooks like Strang—Fix [15] or Braess [2]. 

The quality of the approximation of course depends not only on the de- 
gree of the polynomials, but also on the scale of the subdivision employed. 
Typically, it makes sense to work with a fixed polynomial degree, for ex- 
ample admitting only piecewise linear or quadratic elements, and make the 
subdivision finer and finer. 

As presented here, the method of finite elements depends on the fact 
that according to some abstract theorem, one is assured of the existence 
(and uniqueness) of a solution of the variational problem under investigation 
and that one can approximate that solution by elements of cleverly chosen 
subspaces. Even though that will not be necessary for the theoretical analysis 
of the method, for reasons of mathematical consistency it might be preferable 
to avoid the abstract existence result and to convert the finite-dimensional 
approximations into a constructive existence proof instead. This is what we 
now wish to do. 


Theorem 7.5.2: Let A: H x H +R be a continuous, symmetric, elliptic, 
bilinear form on the Hilbert space (H,(-,-)) with norm ||-||, and let L: HR 
be linear and continuous. We consider the variational problem 


J(v) = A(v, v) + L(v) > min. 


Let (Vn)nen C A be an increasing (t.e., Vi C Vn41 for all n) sequence of 
closed linear subspaces exhausting H in the sense that for all v € H and 
6 > 0, there exist n € N and vu, € Vp, with 


lu — vnl| < 6. 
Let un, be the solution of the problem 


J(v) > min in V, 
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obtained in Theorem 7.5.1. Then (Un)nen converges for n + oo towards a 
solution of 


J(v) > min in H. 


Proof: Let 

KS inf J(v). 
We want to show that 

Jim J(Un) = K. 


In that case, (Un)nen will be a minimizing sequence for J in H, and thus it 
will converge to a minimizer of J in H by the proof of Theorem 7.5.1. We 
shall proceed by contradiction and thus assume that for some ¢ > 0 and all 
neéN, 


J(Un) >K+eE (7.5.11) 


(since V, C Va41, we have J(tn41) < J(un) for all n, by the way). 
By definition of «, there exists some uo € H with 


J(up) <K+e/2. (7.5.12) 


For every 6 > 0, by assumption, there exist some n € N and some vy, € Vn 
with 


|uo — Un|| < 6. 
With wy := Un — Uo, we then have 


| J(u) — F(uo)| < |A(n, vn) — A(uo, vo)| + |LZ(n) — L(uo)| 
< A(wn, wn) + 2|A(wn, uo)| + [ZI [wall 
SC |u|? + 2C [nl [lexol] + LE I| [onl 
<e/2 


for some appropriate choice of 6. 
Thus 


J(Un) < J(uo) + e/2<K +e by (7.5.12) < J(un) by (7.5.11), 


contradicting the minimizing property of un. 
This contradiction shows that (Un)nen indeed is a minimizing sequence, 
implying the convergence to a minimizer as already explained. 
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We thus have a constructive method for the (approximative) solution 
of our variational problem when we choose all the V,, as suitable finite- 
dimensional subspaces of H. For each V,,, by Corollary 7.5.1 one needs to solve 
only a finite linear system, with dim V,, equations; namely, let e1,...,en bea 
basis of V,,. Then (7.5.6) is equivalent to the N linear equations for uy, € Vn, 


2A(Un,e;) + L(e;)=0 for j=1,...,N. (7.5.13) 


Of course, the more general quadratic variational problems studied in Sec- 
tion 7.4 can also be covered by this method; we leave this as an exercise. 


7.6 Convex Variational Problems 


In the preceding sections, we have studied quadratic variational problems, and 
we provided an abstract Hilbert space interpretation of Dirichlet’s principle. 
In this section, we shall find out that what is essential is not the quadratic 
structure of the integrand, but rather the fact that the integrand satisfies 
suitable bounds. In addition, we need the key assumption of convexity of the 
integrand, and hence, as we shall see, also of the variational integral. 

For simplicity, we consider only variational integrals of the form 


(u) = | fe, Dule)jae, (7.6.1) 


where Du = (D,u,..., Dau) denotes the weak derivatives of u € H1?(Q), 
instead of admitting more general integrands of the type 


f(x, u(x), Du(x)). (7.6.2) 


The additional dependence on the vector u itself, instead of just on its deriva- 
tives, does not change the results significantly, but it makes the proofs techni- 
cally more complicated. In Section 11.3 below, when we address the regularity 
of minimizers, we shall even drop the dependence on x and consider only in- 
tegrands of the form 


f(Du(2)), 


in order to make the proofs as transparent as possible while still preserving 
the essential features. 
The main result of this section then is the following theorem: 


Theorem 7.6.1: Let QC R®@ be open, and consider a function 
f:2xRI5R 


satisfying: 
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(i) f(-,v) is measurable for all v € R4 
(ti) f(x,-) is convex for alla € 2. 
(iti) f(x,v) > —7(x)+k]|v/? for almost allx € Q, allv € R4, with y € L(2), 
kK > 0. 


We let g € H!?(Q), and we consider the variational problem 


I(u) := e f(a, Du(x))dz > min 


among all u € H'?(Q) with u—g € Hy?(Q) (thus, g are boundary values 
prescribed in the Sobolev sense). 
Then I assumes its infimum; t.e., there exists such aug with 


I(uo) = inf I(u). 
u—ge€ Hy (2) 


To simplify our further considerations, we first observe that it suffices to 
consider the case g = 0. Namely, otherwise, we consider, for w = u— g, 


f(x, w(@)) = fle, we) + g(a). 


The function f satisfies the same structural assumptions that f does; this is 
clear for (i) and (ii), and for (iii), we observe that 


Fla, w(2)) & ~a(a) + lle) + o(e)P > ale) +» (Flute? eee), 


and so f satisfies the analogue of (iii) with 
F(x) = y(x) + K|g(a)|? € L* 
and & := th. Thus, for the rest of this section we assume 
g=0. (7.6.3) 


In order to prepare the proof of the Theorem 7.6.1, we shall first derive 
some properties of the variational integral J. We point out that in the next 
two lemmas the function v takes its values in R%, i.e., is vector- instead of 
scalar-valued, but that will not influence our reasoning at all. 


Lemma 7.6.1: Suppose that f is as in Theorem 7.6.1, but with (ii) weakened 
to 
(it’) f(a,-) ts continuous for all x € 2, 
and supposing in (tii) only K CR, but not necessarily k > 0. 
Then 
J(v) =| f(a, v(a))dx 
Q 


is a lower semicontinuous functional on L?(Q;R*). 
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Proof: We first observe that if v is in L?, it is measurable, and since f(z, v) is 
continuous with respect to v, f(a,v(a)) then is measurable by a basic result 
in Lebesgue integration theory.” Now let (v,)nen converge to v in L?(Q;R2). 
By another basic result in Lebesgue integration theory,® after selection of 
a subsequence, (v,) also converges to v pointwise almost everywhere. (It is 
legitimate to select a subsequence here, because the subsequent arguments 
can be applied to any subsequence of (v,,).) By continuity of f, 
f(x, v(x)) — s|v(x)|? = lim (f(a, 0n(x)) — &|vn(2)|?). 
noo 

Since f(x, Un(x)) — K|v(x)|? > —7(x), and ¥ is integrable, we may apply 
Fatou’s lemma’ to obtain 


| (f(@, u(x)) — K|v(x)|?) dx < imine [ ((f(a, Un(x)) — [un (x)|?) dx, 
Q Q 


n->co 


and since (v,,) converges to v in L?, then also 


[fle v(e)yde < timint [Fle vn(a))ae. 


Lemma 7.6.2: Let f be as in Theorem 7.6.1, without necessarily requiring 
k in (itt) to be positive. Then 


J(v) = | f(a, v(x))dx 
2 


is convex on L?(Q;R4). 


Proof: Let vp, v1 € L?(2,R*),0 < t < 1. We have 
J(tug + (1 — t)v1,) = [ feta) + (1 — t)v,(x)) 


< f (tf, v0(e)) + (0-H fle,r1(@)) by (ii) 
= tJ(vu9) + (1 — t)J (v1). 


Thus, J is convex. 


Lemma 7.6.1 and Lemma 7.6.2 imply the following result: 


° See J. Jost, Postmodern Analysis, p. 214 [11]. 
® See J. Jost, Postmodern Analysis, p. 240 [11]. 
” See J. Jost, Postmodern Analysis, p. 202 [11]. 
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Lemma 7.6.3: Let f be as in Theorem 7.6.1, still not necessarily requiring 
k > 0. With our previous simplification g = 0 (7.6.3), the functional 


I(u) = I f(a, Du(a))dx 


ere ; 1,2 
is a convex and lower semicontinuous functional on Hy” (£2). 


With Lemma 7.6.3, Theorem 7.6.1 is a consequence of the following abstract 
result: 


Theorem 7.6.2: Let H be a Hilbert space, with norm ||-||, 
I: H + RU {co} 


be bounded from below, not identically equal to +00, conver and lower semi- 
continuous. Then, for every \ > 0, andu € H, 


Iy(u) := inf (7) +Xlu— ul) (7.6.4) 
yeH 
is realized by a unique uy € H, ie., 
I)(u) = I(uy) + Allu— ull’, (7.6.5) 
and if (u),s0 remains bounded as \ \, 0, then 
uo = lim uy 
A>0 
exists and minimizes I, 1.e., 
I(uo) = inf, I(u). 


Proof: We first verify the auxiliary statement about the uniqueness and ex- 
istence of uy. We let (Yn)nen be a minimizing sequence for (7.6.4), i.e., 


2 : 2 
(yn) + dle — gall? > inf, (Hy) + Allu— yl?) 


For m,n € N, we put 


We then have 


1 
T(r) + k= Yan? $5 (Om) + Alla gall”) (7.6.6) 
+ 5 (I(yn) + Allu = yall?) = 5 lym = yal 


7.6 Convex Variational Problems 187 


by the convexity of J and the general Hilbert space identity 


2 


1 1 
= 5 (Ile - ail? + lle — yell?) — 5 lan — yell? (7.6.7) 


1 
xr — 5 (v1 + Yy2) 


for any x, y1, y2 € H, which is easily derived from expressing the norm squares 
as scalar products and expanding these scalar products. 

Now, by definition of I) (wu), the left-hand side of (7.6.6) has to be > Iy(u), 
whereas for k = m and n, I(yp) + Alu — yell? converges to I,(u), by choice 
of the sequence (y;,), for & + oo. This implies that 

IY — Ynll” a 


for m,n — oo. Thus, (Yn)nen is a Cauchy sequence, and it converges to a 
unique limit u. Since ||-||? is continuous, and I is lower semicontinuous, u, 
realizes the infimum in (7.6.4); ie., (7.6.5) holds. 

If (w,) then remains bounded for A — 0, this minimizing property implies 
that 


im I(u,) = ant I(y). (7.6.8) 


Thus, for any sequence A,, + 0, (wy,,) is a minimizing sequence for J. 
We now let 0 < Ay < Ag. From the definition of uy, , 


T(uy,) aa I|u e2 Ural” 2 T(uy,) +1 Iu = uy, ||’ ’ 
and so 
T(uyg) + 22 [lu — tagl|? > T(ua,) + Az lu — wa, |? 


+ (Ar = 9) ([]tu= ta |? = [he — wrall”) - 


Since ua, minimizes I(y) + Ag ||u— y||?, we conclude from this and Ay < Az 
that 


2 2 
I|u — ua," > llu- ua, ||". 
This means that 
|Ju — wal” 


is a decreasing function of A, or in other words, it increases as \ \, 0. Since 
this expression is also bounded by assumption, it has to converge as  \y, 0. In 
particular, for any ¢ > 0, we may find Ap > 0 such that for 0 < Ay, A2 < Ao, 


€ 
Ju — tar [l? = [lu = arcll”] < 5- (7.6.9) 
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We put 


U1,2 °= 3 (uy, + Uy.) : 


If we assume, without loss of generality, I(u,) > I(uy,), the convexity of I 
implies 


I(ur2) < I(uy,). (7.6.10) 


We then have 


T(u3,2) + At ||u — u,2||7 


1 1 1 
S T(uy,) +1 (5 lu — wari] + 5 le — wall? — 5 lear — ural” 
2 2 4 
by (7.6.10) and (7.6.7) 


e 1 
< Huy.) +s (luna? = Flan, taal) by (7.69). 


Since u,, minimizes I(y) + Aq ||u— yl”, we conclude that 
lua, = Ural” <6€. 


So, we have shown the Cauchy property of u, for 4 \, 0, and therefore, we 
obtain the existence of 


uo = lim uy. 
rA>0 
By (7.6.8) and the lower semicontinuity of I, we see that 
I = inf [(y). 
(uo) = inf T(y) 


Thus, we have shown the existence of a minimizer of J. This concludes the 
proof of Theorem 7.6.2, as well as that of Theorem 7.6.1. 


While we shall see in Chapter 8 that the minimizers of the quadratic vari- 
ational problems studied in the preceding sections of this chapter are smooth, 
we have to wait until Chapter 11 until we can derive a regularity theorem for 
minimizers of a class of variational integrals that satisfy similar structural 
conditions as in Theorem 7.6.1. Let us anticipate here Theorem 11.3.1 below: 


Let f :R?4 —R be of class C® and satisfy: 


(i) There exists a constant K < oo with 


oF, 


Fy, 2) <Kl\v| fori=1,...,d (v=(v',...,v%) €R®. 
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(tt) There exist constants X > 0, A < co with 


d 


Ag? < SO i) b:€; < AE? for all €€ R4. 


Ovjv; — 


ij=l 


Let 2. C R® be open and bounded. Let up € W!?(Q) minimize 
I(u) =| f(Du(a2))da 
Q 


among all u € W!?(Q) with u— uo € Hy?(Q). Then 


uo & C™ (22). 


In order to compare the assumptions of this result with those of Theo- 
rem 7.6.1, we first observe that (i) implies that there exist constants c and k 
with 


fo) Se+ blo)’. 


Thus, in place of the lower bound in (iii) of Theorem 7.6.1, here we have an 
upper bound with the same asymptotic growth as |v| > oo. Thus, altogether, 
we are considering integrands with quadratic growth. In fact, it is also possible 
to consider variational integrands that asymptotically grow like |v|?, with 
1 <p< oo. The existence of a minimizer follows with similar techniques as 
described here, by working in the Banach space Ho ’(Q) and exploiting a 
crucial geometric property of those particular Banach spaces, namely, that 
the unit ball is uniformly convex. The first steps of the regularity proof also 
do not change significantly, but higher regularity poses a problem for p # 2. 
The lower bound in assumption (ii) above should be compared with the 
convexity assumption in Theorem 7.6.1. For f € C?(IR¢), convexity means 


0 f(v) 
Ov'OvI 


Thus, in contrast to the assumption in the regularity theorem, we are not 
summing here with respect 7 and 7, and so this is a stronger assumption. 
On the other hand, we are not requiring a positive lower bound as in the 
regularity theorem, but only nonnegativity. 

The existence of minimizers of variational problems is discussed in more 
detail in J. Jost—X. Li-Jost [12]. The minimizing scheme presented here is put 
in a broader context in J. Jost [10]. 


&€; >O0 for all € = (&,...,€a). 


Summary 


The Dirichlet principle consists in finding solutions of the Dirichlet problem 
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u=0 inf, 
w=g ond, 


by minimizing the Dirichlet integral 


| | Du(x)|2de 


among all functions u with boundary values g in the function space W!?(Q) 
(Sobolev space) (which turns out to be the appropriate space for this task). 
More generally, one may also treat the Poisson equation 


Au=f nf 
this way, namely, minimizing 
| |Du(a)|? dx +2 | f(x)u(ax) da. 
Q Q 
A minimizer then satisfies the equation 
Du(x) De(a) dx = 0 
Q 


(respectively [, Du(x)Dey(x) dx + f f(x)y(a) dx = 0 for the Poisson equa- 
tion) for all y € C§°(2). If one manages to show that a minimizer u is regular 
(for example of class C?(2)), then this equation results from integrating the 
original differential equation (Laplace or Poisson equation, respectively ) by 
parts. However, since the Sobolev space W!?() is considerably larger than 
the space C?(2), we first need to show in the next chapter that a solution of 
this equation (called a “weak” differential equation) is indeed regular. 

The Dirichlet principle also works for a more general class of elliptic equa- 
tions, and it admits an abstract Hilbert space formulation. 


Exercises 
7.1 Show that the norm 
lel = Well p2¢ay + Dull ceca) 


is equivalent to the norm ||ul|y1.2(q) (i-e., there are constants 0 <a < 
3B < @ satisfying 


allel < llullws.2ca) < Allul| for all we W?(2)). 


Why does one prefer the norm ||u||,y1,2()? 
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7.2 What would be a natural definition of k-times weak differentiablity? (The 
answer will be given in the next chapter, but you might wish to try 
yourself at this point to define Sobolev spaces W*:?(Q) of k-times weakly 
differentiably functions that are contained in L?(Q2) together with all 
their weak derivatives and to prove results analogous to Theorem 7.2.1 
and Corollary 7.2.1 for them.) 

7.3 Consider a variational problem of the type 


I(u) = - F(Du(«))dx 


with a smooth function F : R¢ + Q satisfying an inequality of the form 
|F(p)| < calpl? +2 for all pe R*. 


Derive the corresponding Euler-Lagrange equations for a minimizer (in 
the weak sense; cf. (7.4.4)). Try more generally to find conditions for 
integrands of the type F(a, u(x), Du(x)) that allow one to derive weak 
Euler-Lagrange equations for minimizers. 

7.4 Following R. Courant, as a model problem for finite elements we consider 
the Poisson equation 


Au=f ing, 
u=0 ond 


in the unit square 2 = [0,1] x 
[0,1] C R*. Forh = fd (ne 
N), we subdivide Q into 4(= 
2?”) subsquares of side length h, 
and each such square in turn is 
subdivided into two right-angled 
symmetric triangles by the di- 
agonal from the upper left to 
the lower right vertex (see Fig- 
ure 7.1). We thus obtain trian- 
gles A’, i=1,..., 22771. What 
is the number of interior vertices 
Figure 7.1. p; of this triangulation? 


We consider the space of continuous triangular finite elements 
S={pe OD): yjan linear for all i,~7 = 0 on 09}. 
The triangular elements y; with 


3 (pi) = bay 
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constitute a basis of $” (proof?). 
Compute 


aji= | Dei: Dy; for all pairs 7,7 
2 


and establish the system of linear equations for the approximating solu- 
tion of the Poisson equation in S$”, i.e., for the minimizer y” of 


[ieP+2f te 


for p € S”, with respect to the above basis y; of S” (for that purpose, 
you have just computed the coefficients a;;!). 


8. Sobolev Spaces and L? Regularity Theory 


8.1 General Sobolev Spaces. Embedding Theorems of 
Sobolev, Morrey, and John—Nirenberg 


Definition 8.1.1: Let u: 2 —> R be integrable, a := (a1,...,Qa), 


oe a \e% 
= ( —— roe (era |x| 
De: (er) (sa) yp forpec'"(Q). 


An integrable function v : 2 — R is called an ath weak derivative of u, in 
symbols v = Dau, if 


i) pu dx = (-1iet f uDapdx forall yp € cela). (8.1.1) 
Q Q 


Fork EN, 1<p<.o, we define the Sobolev space 


W*?(Q) := {u € L?(Q) : Dau exists and is contained in L”(Q) for 
all |ja| < k}, 


i 
P 


lu llws.e(9) = y |Daul? 
lal<kv @ 


The spaces H*?(Q2) and He? (Q) are defined to be the closures of C™@(Q2) 
and C§°(22), respectively, with respect to II-era: Occasionally, we shall 
employ the abbreviation II-ll, = II: lec): 


Concerning notation: The multi-index notation will be used in the present 
section only. Later on, for u€ W!?(Q), first weak derivatives will be denoted 
by Dju, 7 = 1,...,d, as in Definition 7.2.1, and we shall denote the vector 
(Dyu,...,Dau) by Du. Likewise, for u € W??(Q), second weak derivatives 
will be written Dj;u, i,7 = 1,...,d, and the matrix of second weak derivatives 
will be denoted by D?u. 

As in Section 7.2, one proves the following lemma: 


Lemma 8.1.1: W*?(Q) = H*?(Q). The space W*?(Q) is complete with 
respect to II-lweecay> i.e., it is a Banach space. 
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We now state the Sobolev embedding theorem: 


Theorem 8.1.1: 


_dp_ 
MOVs ferns 
Moreover, for u € Hy? (Q) , 
lull ge <¢||Dull, forp<d, (8.1.2) 
sup HS c|Q|*-* -||Dull,, for p>, (8.1.3) 


where the constant c depends on p and d only. 


In order to better understand the content of the Sobolev embedding the- 
orem, we first consider the scaling behavior of the expressions involved: Let 
f ¢ H'?(R4) 9 L4(R2). We look at the scaling y = Ax (with \ > 0) and 


fly) = f (¥) = F@). 


Then, with y = Az, 


([ \onwnirav)” =a ( [ser ae)’ 


(note that on the left, the derivative is taken with respect to y, and on the 
right with respect to x; this explains the —p in the exponent) and 


Uh. isotan) (fuer ts)’ | 


Thus in the limit \ > 0, || fa||,¢ is controlled by ||Dfy||,» if 
Me<AR ford <1 


holds, i.e., 


d 
ge Es Sipe a. 
d—p 


(We have implicitly assumed ||Df||,, > 0 here, but you will easily convince 
yourself that this is the essential case of the embedding theorem.) We treat 
only the limit A — 0 here, since only for 4 < 1 (for f € Hy’? (R%)) do we have 
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supp fy C supp f, 


and the Sobolev embedding theorem covers only the case where the functions 
have their support contained in a fixed bounded set 2. Looking at the scaling 
properties for 4 — oo, one observes that this assumption on the support is 
necessary for the theorem. The scaling properties for p > d will be examined 
after Corollary 8.1.5. 


Proof of Theorem 8.1.1: We shall first prove the inequalities (8.1.2) and 
(8.1.3) for u € Cd(2). We put u = 0 on R@ \ 2 again. As in the proof 
of Theorem 7.2.2, 


a 


ju(e)l < f |Dyu(at,..., 0° 1,€,0°*1,...,a%| dé with « = (c',..., 27%) 


for 1 <i <d, and hence 
d noo . 
jue < TT f [Diu de 
41s OO 


and 


d 2 co wr 
wor < (IL Did’) , 
gate Soe 


It follows that 
eid si 
fore) 4 love) d—1 co co . d-1 
/ |u(x)|@-? da? < (/ [Pru do (IL / | [Dual dz'dc*) ; 
—oo —oo iZ1 7 ~02 Y — OO 
where we have used (A.6) for py = --- = pg_1 = d—1. Iteratively, we obtain 


1 


d d—1 
ula ast dz < | D,u| dx y 
[mo (II /, 10 


and hence 


i 
d 


d d 
1 
ull a < D,;u| dx < “| Djul| dx, 
io, < (IL fie 7 |, 22D 


since the geometric mean is not larger than the arithmetic one, and conse- 
quently 


1 
llul|_¢ <5 (Dull, (8.1.4) 
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which is (8.1.2) for p= 1. 

Applying (8.1.4) to |u|” (y > 1) (|u|? is not necessarily contained in 
C4 (2), even if u is, but as will be explained at the end of the present proof, 
by an approximation argument, if shown for C4(Q), (8.1.4) continues to hold 
for He and we shall choose 7 such that for u € AY? (2), we have |u|? € 
Hy’'(@)), we obtain 


= Bs 1 oil 
lle7_e. < a Jul? [Du dae < > |||)? ‘I ‘Dull, for 5 +2 =1 
(8.1.5) 


P satisfies 


(d-1) 
d 


applying Hélder’s inequality (A.4). For p< d, y= = 


yd (y—1)p 
d—-1 p-1’ 


—P- into account, 


and (8.1.5) yields, taking gq = : 


x -1 
lula <5 Mella - ||Dull,. 
Pp 

d-1 d-1 


3 
lull xe, <3 Dull, 


which is (8.1.2). In order to establish (8.1.3), we need the following general- 
ization of Lemma 7.2.4: 


Lemma 8.1.2: For y € (0,1), f € L'() let 


(Vi f)(a) -= I le — y[*™- pay. 


Let l<p<q<o, 


Then V,, maps L?(Q2) continuously to L4(Q), and for f € L(2), we have 


ee ae ; 
IVuflla < (=) PE hss (8.1.6) 
Proof: Let 
Pa yen er 
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Then 
a —y) = |e—y|*"” € LM), 


and as in the proof of Lemma 7.2.4, we choose R such that |Q| = |B(«x, R)| = 
wyR?, and we estimate as follows: 


= 1-6 
a (=) win pues) 
= 1-6 
(=) ence Lae, 
We write 


elf] = er) (er | FP) LAPP, 


and the generalized Holder inequality (A.6) yields 


Vi F(2)| 


<(fe@-ninora)' (fee-va) " (fimorar) 


hence, integrating with respect to x and interchanging the integrations in the 
first integral, we obtain 


r ase ee _ 
Vfl, <sup( f &(@-y)dy) Wfl,<(— 5) eh “12 Wl, 
ome) uo 


by the above estimate for ||é¢||,.. 


In order to complete the proof of Theorem 8.1.1, we use (7.2.4), assuming 
first wu € Cj (2) as before, i.e., 


d ‘ Pi 
| (xt —y') 
u(x) = — ——_~ D;u(y)dy (8.1.7) 
dwa ee |x — y|* 
for x € 92. This implies 
1 
jul < —V1(|D)). (8.1.8) 


al 


dwg 
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Inequality (8.1.6) for gq = co, w = 1/d then yields (8.1.3), again at this 
moment for u € Cj() only. 

If now u € Hy’? (Q), we approximate u in the W”-norm by C'% functions 
Un, and apply (8.1.2) and (8.1.3) to the difference uy, — Um. It follows that 
(un) is a Cauchy sequence in L2/(4-?)(Q) (for p < d) or C°(22) (for p> d), 
respectively. Thus w itself is contained in the same space and satisfies (8.1.2) 
or (8.1.3), respectively 


Corollary 8.1.1: 


La (Q) for kp <d, 


He? (Q)C 
a” (2) pec for0<m<k—4. 


Proof: The first embedding iteratively follows from Theorem 8.1.1, and the 
second one then from the first and the case p > d in Theorem 8.1.1. 


Corollary 8.1.2: If u € He? (Q) for some p and all k € N, then u € 
C™%(2). 


The embedding theorems to follow will be used in Chapter 11 only. First 
we shall present another variant of the Sobolev embedding theorem. For a 
function v € L'(Q), we define the mean of v on Q as 


f r(eyae ~ a free, 


|§2| denoting the Lebesgue measure of §2. We then have the following result: 
Corollary 8.1.3: Let 1<p<dandué€ H'?(B(xo, R)). Then 


d—p 1 
“dp 3 
f jul 7 < Co wef |Dul? +f jul?) , (8.1.9) 
B(xo,R) B(xo,R) B(ao,R) 


where co depends on p and q only. 


Proof: Without loss of generality, x9 = 0. Likewise, we may assume R = 
1, since we may consider the functions ti(2) = u(x) and check that the 
expressions in (8.1.9) scale in the right way. Thus, let u € H'?(B(0,1)). We 
extend u to the ball B(0,2), by putting 


u(a) = u ae for |a| > 1. 
[2 


This extension satisfies 


Illl -71.»(8(0,2)) $e Illl -71.»(8(0,1)) : (8.1.10) 
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Now let 7 € C§°(B(0, 2)) with 
n>0, n=1lon B(O,1), |Dn| < 2. 


Then v = nu € Hy”? (B(0,2)), and by (8.1.2), 
d—p i 
dp dp P 
| |v]? < ce i |Du/? ) . (8.1.11) 
B(0,2) B(0,2) 


Dv = 7nDu+ uDn, 


Since 


from the properties of 7, we deduce 
|Dv|? < e3 (|Dul? + |ul?), (8.1.12) 
and hence with (8.1.10), 


| |Dv|? < c4 | Du}? +f jul? |. (8.1.13) 
B(0,2) B(0,1) B(0,1) 


Since on the other hand 


add ap 
fous fee, 
B(0,1) B(0,2) 


(8.1.9) follows from (8.1.11) and (8.1.13). 


Later on (in Section 11.1), we shall need the following result of John and 
Nirenberg: 


Theorem 8.1.2: Let B(yo, Ro) be a ball in R¢, u € W'+(B(yo, Ro)), and 
suppose that for all balls B(y, R) Cc R¢, 


i |Du| < RE}, (8.1.14) 
B(y,R)NB(yo,Ro) 


Then there exist a > 0 and Bo < 00 satisfying 


if grea wel 6 Bake (8.1.15) 
B(yo,Ro) 
with 


1 
Up = 
wah? 


| u (mean of u on B(yo, Ro)). 
B(yo,Ro) 


In particular, 


i] aa ena =} ey e 7 o(u-uo) 2 pee 
B(yo,Ro) B(yo,Ro) B(yo,Ro) B(yo,Ro) 


(8.1.16) 
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More generally, for a measurable set B C R¢, and u € L1(B), we denote 
the mean by 


UB I= 5 fw y)dy, (8.1.17) 
[Bl 
|B| being the Lebesgue measure of B. In order to prepare the proof of The- 
orem 8.1.2, we start with a lemma: 


Lemma 8.1.3: Let Q C R@ be convex, B C 2 measurable with |B| > 0, 
u€ Wt1(Q). Then we have for almost all x € Q, 


(diam 22)¢ 
u(x) — up| < ee [i 2|'-*|Du(z)| dz. (8.1.18) 


Proof: As before, it suffices to prove the inequality for u € C'(Q). Since Q 
is convex, if x and y are contained in 2, so is the straight line joining them, 


and we have 
|x—y| = 
u(x) ~ u(y) =~ [ su(ctre =) ar. 
0 OOF ly—al 


1 
u(a) up = a ff (ule) — ula) dy 


|z—y| we y— =) 
= x + r— )drd 
ald = ( wa) 


1 (diam 2)¢ Iza @ 
a I. y i; ant (a + rw)dr dw) , 


and thus 


This implies 


|u(x) — up| < (8.1.19) 


if instead of over B, we integrate over the ball B(«,diam 2)) M 2, write 
dy = 0¢~'dw do in polar coordinates, and integrate with respect to 9. Thus, 
as in the proofs of Theorems 1.2.1 and 7.2.2, 
|z—y| 

1 (diam 2)¢ 


< 
ju(2) — ual < pe 


1 Ou 
) 7dat g, @)do(z)dr 


0 AB(«,r)NQ 


5 (Ten 92) a —z 
= d 
|B aire a ae lje— 2 


(diam 2)¢ 
= TB] pi aa 7 |Du(z)| dz. 
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We shall also need the following variant of Lemma 8.1.2: 


Lemma 8.1.4: Let f € L1(Q), and suppose that for all balls B(ao, R) C R¢, 
[fl < KRUC-») (8.1.20) 
ONB(a0,R) 


with some fixed K. Moreover, let p> 1, 1/p < p. Then 


p-l 
pup—1 


(wnt = fe ye flu)y) | 


(Vi f)(2)| < (diam 2)4¢"») K (8.1.21) 


Proof: We put f = 0 in the exterior of Q. With r = |x — y|, then 


ViF(@)| < | nO 


diam 922 
=| | | f(z)| dedr 
0 OB(a,r) 


diam (2 ra) 
=f torn f  isclay) ar 
0 Or B(a,r) 


= (diam 2)" i, f(y) dy 


B(a,diam 22) 


diam (2 
a= p) fete fg) dydr 
0 B(a,r) 
< K(diam Qye strat) 


diam 2 
+ Kd(1— ») | pile-l)—-1+d(1—-1/P) de by (8.1.20) 
0 


1 


= K—4 (diam 2)%#-/), 


Pp 


Proof of Theorem 8.1.2: Because of (8.1.14), f = |Du| satisfies the inequality 
(8.1.20) with kK = 1 and p= d. Thus, by Lemma 8.1.4, for pw > 1/d, 


a d—1 
Vi(f)(2) = Vina’ Jz — y|"" | f(y) dy < adi Rol. (81.22) 


In particular, for s > 1 and p= 4 fae 


(f) < (d—1)s(2Ro)=. (8.1.23) 
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By Lemma 8.1.2, we also have, for s > 1, w= 1/ds, p=q=1, 


== 
ds 


Vi(f) < dswy /” |B(yo, Ro)|* Wfll za 
_— " : SE OERS asia 


i 
< dswaRy ne 
by (8.1.20), which, as noted, holds for K = 1 and p= d. Now 
ja — yl 4 = [a — yl * fa — yee YO) 


9 


and from Holder’s inequality then 


vy(4) = f (le-vX? ity) 


With (8.1.23) and (8.1.24), this implies 


—a4i a 
| Vi(f)y < dswaR, us (d —1)*~'s*-1(2Ro) = 
d 
B(yo, Ro) 


< 2d(d—1)*"*s°waR3 


= 2—— pwal(d —1)s)*Ré. 
Thus 
Vif)" ad  (d—-1\" n™ 
Ivo <a LG) a 
B(yo,Ro) say d—-1 a Y n! 
1 1 
< cR¢, if x, 
e€ 
i.e., 
V, 
| exp (A?) <cR?. (8.1.27) 
B(yo,Ro) a 
Now by Lemma 8.1.3 
|u(a) — ug] < const Vi (|Dul), (8.1.28) 


and since we have proved (8.1.27) for f = |Dul|, (8.1.15) follows. 


Before concluding the present section, we would like to derive some further 
applications of the preceding lemmas, including the following version of the 
Poincaré inequality: 
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Corollary 8.1.4: Let QC R® be convex, and u € W!?(Q). We then have 
for every measurable B C Q with |B| > 0, 
at 1-4 if 
@ ju ual?) < “d__ 19) (diam 2)4 (/ Du) . (8.1.29) 
2 |B| 2 
Proof: By Lemma 8.1.3, 


(diam 2)4 
d|B| 


ju(z) — up| < V;([Dul), 


and by Lemma 8.1.2, then, 


1-1 pa 
[sD ce See? LI Dallzacays 


Le(Q 


and these two inequalities imply the claim. 


The next result is due to C.B. Morrey: 


Theorem 8.1.3: Assume u € W!14(2), 2 Cc R¢, and that there exist con- 
stants K < 00, 0<a<1, such that for all balls B(xo, R) C R4, 


i) |Dail =< eRe (8.1.30) 
QNB(axo,R) 


Then we have for every ball B(z,r) C R4, 


ose U:= sup |u(a) — u(y)| < cKkr®, (8.1.31) 
LQNB(z,r) x,yEBlz,r)NQ 


with c = c(d, aq). 
Proof: We have 


osc u<2 ~ sup | u(x) _ UB(z,r) | 


QNB(z,r) rE B(z,r)NQ 
1l-d 
caf |e-yl“|Du()ldy 
B(z,r) 


by Lemma 8.1.3, where c; depends on d only, and 
where we simply put Du = 0 on R?\ 2. 


= V3 (|Du)| (x) 


with the notation of Lemma 8.1.4. With 


; d 
p=, ie, a=1--, 
l-a 


and 
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f = |Du| then satisfies the assumptions of Lemma 8.1.4, and the preceding 
estimate together with Lemma 8.1.4 (applied to B(z,r) in place of (2) then 
yields 


< cK (diam B(z,r))'-? = cKr®. 
ee (diam B(z,r)) cKr 


Definition 8.1.2: A function u defined on 2 is called a-Hoélder continuous 
in Q, for some0<a<1, if for all ze 2, 


C2 ee (8.1.32) 


sup = 
ze |e—2| 


Notation: u € C°(2). For u € C%(Q2), we put 


ju(a) — u(y)| 
Ilell ca (ay *= Mull + sup 
coe ON agen |e yl® 
(For a = 1, a function satisfying (8.1.82) is called Lipschitz continuous, and 
the corresponding space is denoted by C°+(Q).) 


If u satisfies the assumptions of Theorem 8.1.3, it thus turns out to be 
a-Holder continuous on 2; this follows by putting r = dist(z,0Q2) in Theo- 
rem 8.1.3. The notion of Holder continuity will play a crucial role in Chap- 
ters 10 and 11. 

Theorem 8.1.3 now implies the following refinement, due to Morrey, of 
the Sobolev embedding theorem in the case p > d: 


Corollary 8.1.5: Let u € Ho?(Q) with p> d. Then 
we C9(9). 
More precisely, for every ball B(z,r) C R4, 


< ert? ||Dul| (8.1.33) 
OnB.r) US Cr U LP(Q) ; wks 
where c depends on d and p only. 

Once more, it helps in understanding the content of this embedding the- 
orem if we take a look at the scaling properties of the norms involved: Let 
f € H?(R2)NC°%(R¢) with 0 < a < 1. We again consider the scaling y = Ax 
(A > 0) and put 


fy) = f®). 
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Then 


[fa(yr) = fava) _ ya |F(e1) = F(22)| Cee Ce are) 
ly. — yl? 


|a1 — xo|* 
and thus 


IIfalloa =A" Wf llce 


and as has been computed above, 
d-p 
fallaie =A? Wfllae- 
In the limit A > 0, thus || fy||Ga is controlled by ||Dfy||,,, provided that 


Ne <A for dA <1, 


d 
a<1—- inthe case p>d. 
Pp 


Proof of Corollary 8.1.5: By Holder’s inequality 


1 


‘) IDul <|B(e0, RP)? ( f \Dul? (8.1.34) 
ONB(x0,R) QNB(xo,R) 
st di 
< ¢3 || Dull pec) RAC») (8.1.35) 


= a 
= C3 |Dull (a) R¢ ee P), (8.1.36) 


where c3 depends on p and d only. Consequently, the assumptions of Theo- 
rem 8.1.3 hold. 


The following version of Theorem 8.1.3 is called “Morrey’s Dirichlet growth 
theorem” and is frequently used for showing the regularity of minimizers of 
variational problems: 


Corollary 8.1.6: Let u€ W+?(Q), and suppose there exist constants K' < 
oo, 0<a<1 such that for all balls B(ao, R) C R?, 


| Balt = te Re ere, (8.1.37) 
QNB(xo0,R) 


Then u € C%(Q), and for all balls B(z,r), 


< ¢(K’)2r% 8.1.38 
oe Janes ( ) 


with c depending only ond anda. 
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Proof: By Holder’s inequality 


7 \Du| < |B(ao, R)|3 | [Dul? 
QNB(x0,R) QNB(xo,R) 


< ca(K’)2 RAM 


i 
2 


by (8.1.37), with c, depending on d only. Thus, the assumptions of Theo- 
rem 8.1.3 hold again. 


Finally, later on (in Section 11.3), we shall use the following result of 
Campanato characterizing Holder continuity in terms of L?-approximability 
by means on balls: 


Theorem 8.1.4: Let p> 1, d< \<d+p, and let Q C R® be a bounded 
domain for which there exists some 6 > 0 with 


|B(xo,r) NQ| > 6r* for all zp € Q,r > 0. (8.1.39) 


Then a function wu € L?(Q) is contained in C°(Q) for a = ad (or in 


C°+(Q2) in the case X= d+ p), precisely if there exists a constant K < oo 
with 


| |u(x) — Ula) |” dx< K?r* forallao€2,r>0 (8.1.40) 
B(xo,r)NQ 


(where for defining UB(a,r), we have extended u by 0 on R¢\ 9). 
Proof: Let wu € C%(2), « € QM B(ao,r). We then have 

|u(x) — UB(eo,r)| < (2r)* [lullcecay » 
and hence 


' |u — UB(a0,r) |’ S65 lull ea¢ay ere, 
B(xo,R)NQ 


whereby (8.1.40) is satisfied. 
In order to prove the converse implication, we start with the following 
estimate for0<r< R: 


|uB(@o.R) — UB(eo.r)| <2? (ula) — UB(eo,ry|” + [u(@) — UB(eo,r)|") 5 


and thus, integrating with respect to x on 2M B(xo,1r) and using (8.1.39), 


|B (0,R) — UB(ao,r) |’ 


<(f | ref ’ 
re U — UB(«o,R U— UB(ao,r 7 
ord B(x9,r)NQ ee. B(ao,r)NQ ees 
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This implies 


Xd 


Re 
|u5(xo,R) oe! UB(a,r) | < cok a (8.1.41) 
TP 
We put R; = # and obtain from (8.1.41) 
jard 1,A-4 
|B (a,R:) — UB(wo,Rixi)| < C72"? RP. (8.1.42) 
For 7 < 7, this implies 
Axa 
|UB(eo,R:) — UB(eo,R;)| < CaKR,” - (8.1.43) 


Thus (WB(eo,Ri) gen constitutes a Cauchy sequence. Since (8.1.41) with r; = 
37 also implies 
» 


R\p A=4 
< ok (*) r,” +0 fori—+ oo 
Hh 


| B(20,R:) — UB(x9,ri) 


because of A > d, the limit of this Cauchy sequence does not depend on R. 
Since by Lemma A.4, ug(z,,) converges in L' for r + 0 towards u(x), in the 
limit 7 + oo, we obtain from (8.1.43) 


A-d 
|u2(eo.R) — U(20)| <esKR?. (8.1.44) 


Thus, Up(2,R) Converges not only in L', but also uniformly towards u as 
R— 0. Since for R > 0, ugie,p) is continuous with respect x, then so is wu. 

It remains to show that u is a-Holder continuous. For that purpose, let 
v,y€ 2, R:=|x—y|. Then 


|u(x) — u(y)| <|usieary — u(@)| + |UBe,2R) — UB(y,2R)| 
+ |u(y) — uB(y.2R)| - (8.1.45) 


|w5(x,2R) = UB(y,2R)| < | ws (x,2R) = u(z)| + |u(z) — UB(y,2R) 


? 


and integrating with respect to z on B(x,2R)M B(y,2R)N 2, we obtain 


|uB(e2R) — UB(y.2R)| 
1 
< a) u(z) — UB(«,2R)| dz 
|B(z,2R)N Bly, 2R)N 2Q| \ Ja ie,2R)n@) | (aa) 


+ i |u(z) _ UB(y,2R)| dz) 
B(y,2R)NQ 


C9 A=d4 gq 
< KR? 
= TB(z,2R)N By, 2k) nD 
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by applying Hélder’s inequality. Because of R = |x — y|, 
B(x, R) C Bly, 2R), 
and so by (8.1.39), 
|B(a,2R) N Bly, 2R) NM Q| > |B(z, R)N Q| > 6R?. 

We conclude that 

|ua(e2R) — UB(y2R)|<cioKR? . (8.1.46) 
Using (8.1.44) and (8.1.46), we obtain 

lu(x) —uy)|SeuK ley! , (8.1.47) 


which is Holder continuity with exponent a = — 


Later on (in Section 11.3), we shall use the following local version of 
Campanato’s theorem: 


Corollary 8.1.7: If for all0 <r < Ro and all x € 2, we have 


Pp d 
i |u _ UB(a,r)| < YE ee 
B(xo,r) 


with constants y and0 <a <1, then u ts locally a-Holder continuous in 2 
(this means that u is a-Hoélder continuous in any Q1 CC QQ). 


References for this section are Gilbarg—Trudinger [8] and Giaquinta [6]. 


8.2 L?-Regularity Theory: Interior Regularity of 
Weak Solutions of the Poisson Equation 


For u: 2 — R, we define the difference quotient 


Abu(x) = Meth ~My 20), 


e; being the ith unit vector of R¢ (i € {1,...,d}). 


Lemma 8.2.1: Assume u € Wt?(Q2),Q! CC Q,|h| < dist(2’,02). Then 
Abu € L?(2') and 


Aral poco SDitlleaa) (= 1,---,). (8.2.1) 
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Proof: By an approximation argument, it again suffices to consider the case 
u € C1(2)NWt?(2). Then 


Mili = u(x + he;) — u(x) 


h 
1p Aa 
= a Dyu(z,...,0° 1, 2° +é,a71,..., 0%) dF, 
h Jo 
and with Holder’s inequality 


| 2 1 


h 
| A? u(a) <;/ |Dyu(ai,...,2i+€,-..,x4)| dé, 
0 


and thus 
h 7 oe i 2 2 
|A; u(x)| dz < = |Dyu|” dad& = | |Djyul” de. 
Q hJo Jo Q 


Conversely, we have the following result: 


Lemma 8.2.2: Let u € L?(2), and suppose there exists K < co with Au € 
L?(Q') and 


Aral pecan SK (8.2.2) 


for allh > 0 and 2’ CC 2 with h < dist(Q’,02). Then the weak derivative 
D,u exists and satisfies 


||Ditll raga) SK. (8.2.3) 


Proof: For y € C§(2) and 0 < h < dist(supp y, 02) (supp ¢ is the closure 
of {a € 2: p(x) £ 0}), we have 


Abuy — -| uA; "p > uDiv, 
2 Q Q 


as h + 0. Thus, we also have 


| i wis] < Kells) 


Since Cj() is dense in L?(2), we may thus extend 


er | ude 
Q 
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to a bounded linear functional on L?(Q). According to the Riesz represen- 
tation theorem as quoted in Appendix 11.3, there then exists v € L?() 
with 


[eon f ue for all y € Cg(2). 
Q Q 


Since this is precisely the equation defining D;u, we must have v = Du. 


Theorem 8.2.1: Let u € W1?(2) be a weak solution of Au = f with f € 
L?(Q). For any Q' Cc Q, then u € W??(Q'), and 


lll y2acay < const (\lellzca) + Wllze@)) (8.2.4) 


where the constant depends only on 6 := dist(2’,02). Furthermore, Au = f 
almost everywhere in QQ. 


The content of Theorem 8.2.1 is twofold: First, there is a regularity result 
saying that a weak solution of the Poisson equation is of class W?? in the 
interior, and second, we have an estimate for the W?:?-norm. The proof will 
yield both results at the same time. If the regularity result happens to be 
known already, the estimate becomes much easier. That easier demonstration 
of the estimate nevertheless contains the essential idea of the proof, and so 
we present it first. To start with, we shall prove a lemma. The proof of that 
lemma is typical for regularity arguments for weak solutions, and several of 
the subsequent estimates will turn out to be variants of that proof. We thus 
recommend that the reader study the following estimate very carefully. 

Our starting point is the relation 


Du-Dv= -{ fu for all v € Hy?(Q). (8.2.5) 
Q Q 
(Here, Du is the vector (Dyu,..., Dau).) 

We need some technical preparation: We construct some 7 € O4(Q2) with 
0 <7 <1, n(x) = 1 for x € Q and |Dn| < §. Such an 7 can be obtained 
by mollification, i.e., by convolution with a smooth kernel as described in 
Appendix 11.3, from the following function 7: 


1 for dist(a, Q’) < g, 
no(#) == 4 0 for dist(x, 2’) > 7, 
t _ 4 dist(x,.Q’) for 2 < dist(x,@') < ®. 


Thus 79 is a (piecewise) linear function of dist(a, 2’) interpolating between 
§2', where it takes the value 1, and the complement of 2, where it is 0. This 
is also the purpose of the cutoff function 7. If one abandons the requirement 
of continuous differentiability (which is not essential anyway), one may put 
more simply 
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1 for rE 2, 
n(x) := 40 for dist(a, 2’) > 6, 
1— i dist(x,') for 0 < dist(x, 2’) <6 


(note that dist(Q’,8Q) > 5). It is not difficult to verify that » € Hj’?(2), 
which suffices for the sequel. In (8.2.5), we now use the test function 


v=nu 
with 7 of the type just presented. This yields 


i 7? |Dul|? + 2 | nDu-uDn = -{ n? fu, (8.2.6) 
Q Q Q 


and with the so-called Young inequality 


1 
tab < =a + 5-0 fora,beR,e>0 (8.2.7) 


used with a = 1|Du|, b = u|Dn|, ¢ = 4 in the second integral, and with 


a=nf,b= nu, ¢ = 6? in the integral on the right-hand side, we obtain 


1 1 62 
i 1? |Dul? < > | 1? |Dul? +2 | [Dna + ay f pu if Pf. 
Q 2 QQ Q 26 ‘¢) 2 Q 
(8.2.8) 


We recall that 0 <7 < 1,7 = 1 0n to see that this yields 


| Dul? < f P|DuP < (Giz) [were ie 
Q! Q 2 2 


We record this inequality in the following lemma: 


Lemma 8.2.3: Let u be a weak solution of Au = f with f € L?(Q). We 
then have for any 2! CC QQ, 


17 
| Dulzs con S Fz lhullzacay +P Iliac): (8.2.9) 


where 6 := dist(Q’, 022). 


So far, we have not used that we are temporarily assuming u € W?:?(Q’) 
for any 2’ CC 2. Now, however, we come to the estimate of the W:?-norm, 
so we shall need that assumption. Let u € W?:?(2’) 9 W!?(Q) again satisfy 


Du-Dv=— | fv for allu € Hy?(9). (8.2.10) 
2 ‘?) 


If suppu CC 2 (ie, v € Hy? (Q") for some 2” CC 2’), we may, assuming 
u € W??(’), integrate by parts in (8.2.10) to obtain 
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[Xo pvm=f te 


i=l 


(8.2.11) 


This in particular holds for all v € C§°(.2’), and since C§°(2’) is dense in 
L?('), (8.2.11) then also holds for v € L?(2’), where we have put v = 0 in 


Q\ DM. 
We consider the matrix D?u of the second weak derivatives of u and 
obtain 
d 
| |D?u|” =| S* D,Dju- D;Dju 
Q Y {Fa 
d d 
2" 529 i=1 
+ boundary terms that we neglect for the moment (later on, 
they will be converted into interior terms with the help of 
cutoff functions), 
by an integration by parts that will even require the as- 
sumption u € W*?(') 
d 
- ; 7 > Diem 
2 j=1 
, : 
< ( i f) ( i [D*u|") by Hélder’s inequality, (8.2.12) 
Q Q 
and hence 
| |D?u|” < | ia (8.2.13) 
Q 2 
i.e., 
2 2 
[Fogel < |Ifllz2¢ay - (8.2.14) 
Taken together (8.2.9) and (8.2.14) yield 
lal2y22cay < (ex(8) +1) Ihull22¢0 + 2Uf Zeca - (8.2.15) 
We now come to the actual Proof of Theorem 8.2.1: Let 
Ween CED. dist 02) > . dist (2', 0.2") > 3 
We again use 
i; Du- Dv = -| fv for all v € Hy?(Q). (8.2.16) 
2 2 
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In the sequel, we consider v with 
suppv CC 2” 
and choose h > 0 with 
2h < dist(supp v, 0.2”). 


In (8.2.16), we may then also insert A?v (i € {1,...,d}) in place of v. We 
obtain 


DAu- Dv = A’ (Du) - Du = — Du- A’ Dv 
Q” Qv Q”" 


=-—| Du-D(A?v) (8.2.17) 
Q” 


= f fate <Mfliacey Delica 


by Lemma 8.2.1 and the choice of h. As described above, let 7 € C§(2”), 
0<7 <1, (x) =1 for x € 2, |Dn| < 8/6. We put 


vi= Aru. 


From (8.2.17), we obtain 


" 


<lfllr2ca) ||P (1° Aju) Ilzacen) 
+ 2|[nDA? al] p2¢qny || A?uDn|| 2 


| |nDArul” = DAPu- Du — 2 | nDAru- AuDn 
Q”’ Q”’ 


2") (2”) + 


With Young’s inequality (8.2.7) and employing Lemma 8.2.1 (recall the choice 
of h), we hence obtain 


1 
nD APal| accom S 2M FlEeca) + 5 [nDA?al| coco 


2 2 
(Q") + 8sup |Dn| |Diull72 (a : 


1 h 2 
+ 3 |InDArull;. 
The essential point in employing Young’s inequality here is that the expres- 


sion |InDAP ull» (qr) occurs on the right-hand side with a smaller coefficient 
than on the left-hand side, and so the contribution on the right-hand side can 
be absorbed in the left-hand side. Because of 7 = 1 on 2! and (a2+b2)? < a+b 


with Lemma 8.2.2, as h > oo, we obtain 


1 
[D7] p20 < const Cie ome Pulao) (8.2.18) 
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Lemma 8.2.3 (with 2” in place of 2’) now implies 


1 
[Pulao Se (Flaca) +6) B29) 


with some constant c,. Inequality (8.2.4) then follows from (8.2.18) and 
(8.2.19). 

If f happens to be even of class W+:?(Q), in (8.2.5) we may insert Djv in 
place of v to obtain 


D(Dju)- Dv = -| Dif -v. 
Q Q 


Theorem 8.2.1 then implies Dju € W??(’), ie, u € W%?(Q'). In this 
manner, we iteratively obtain the following theorem: 


Theorem 8.2.2: Let u € W17(2) be a weak solution of Au = f, f € 
W*?(Q). For any Q' CC 2 then u € Wt?2(Q'), and 

lullyesz2 car S const (lull z2¢0) + ll llws2cn) + 
where the constant depends on d, h, and dist(2’, 022). 


Corollary 8.2.1: If u € W1?(Q) is a weak solution of Au = f with f € 
C™(2), then also u € C*(2). 


Proof: From Theorem 8.2.2 and Corollary 8.1.2. 


At the end of this section, we wish to record once more a fundamental 
observation concerning elliptic regularity theory as encountered in the present 
section for the first time and to be encountered many more times in the 
subsequent sections. For any u contained in the Sobolev space W?:?(Q), we 
have the trivial estimate 


lull 5209) + | Aull p2(0) < const Il\| w2.2¢@) 


(where Au is to be understood as the sum of the weak pure second derivatives 
of u). Elliptic regularity theory yields an estimate in the opposite direction; 
according to Theorem 8.2.1, we have 


llullw2.2¢qr7) < const (lull p2¢q) + Aullpa¢q)) for 2 Cc 2. 


Thus Au and some lowerorder term already control all second derivatives of 
u. Lemma 8.2.3 shall be interpreted in this sense as well. 
The Poincaré inequality states that for every u € Hy’?(Q), 


Ilullz2¢a) < const ||Dullz2 ay » 
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while for a harmonic u € W1?(Q2), we have the estimate in the opposite 
direction, 


|Dull p20 = lull r2(2) 


(for 2! CC 2). 

In this sense, in elliptic regularity theory one has estimates in both di- 
rections, one direction resulting from general embedding theorems, and the 
other one from the elliptic equation. Combining both directions often allows 
iteration arguments for proving even higher regularity, as we have seen in the 
present section and as we shall have ample occasion to witness in subsequent 
sections. 


8.3 Boundary Regularity and Regularity Results for 
Solutions of General Linear Elliptic Equations 


With the help of Dirichlet’s principle, we have found weak solutions of 
Au=f infQ 
with 
u—g € Hy? (2) 


for given f € L?(2), g € H'?(Q). In the previous section, we have seen that 
in the interior of 2, u is as regular as f allows. It is then natural to ask 
whether wu is regular at O02 as well, provided that g and 0 satisfy suitable 
regularity conditions. A preliminary observation is that a solution of the 
above Dirichlet problem possesses a global bound that depends only on f 
and g: 


Lemma 8.3.1: Let u be a weak solution of Au= f, u—g € Hy’*(Q) in the 
bounded region 922. Then 


allyys.acay Se (Ilglhws¢ey + UlFllzacay) » (8.3.1) 


where the constant c depends only on the Lebesgue measure |92| of 2 and on 
d. 


Proof: We insert the test function v = u—g into the weak differential equation 


[dupe=-f pe for all v € Hy’?(2) 
Q Q 


to obtain 
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[ol = f du-do- f tur | to 


1 2 1 4ifP =e s/o 
<.=/] |D = | |Dgl 4 
<5 \puP+5 fiooPr+sfPs+s fr+s [og 


for any € > 0, by Young’s inequality, and hence 


||Dullze Se llullze + ||Dgllze + = * Was +ellgllze. 


2 
||Dullz2 < ve llullz2 + Dalla + 2s + vVé\lgllz2- 


Obviously, 


llullce S lle — gllce + Wgllee 


and by the Poincaré inequality 


1 
ayy 
Iu alee s (EE) (iDuls + Dal) 


Altogether, it follows that 


[Pula < ve (2) pula + ( +ve (2) ) |Palis 


2 
+ 2VElll a +f? Wl. 


We now choose 


and obtain 


(8.3.2) 


(8.3.3) 


(8.3.4) 


22 
[Dales < 81D oe +2( 22)" ae + V2-4 (2) fe. 5.8 


Inequalities (8.3.3)—(8.3.5) then also yield an estimate for ||u||;2, and (8.3.1) 


follows. 
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We also wish to convince ourselves that we can reduce our considerations 
to the case u € Hj’*(Q2). Namely, we simply consider @ := u — g € Hy(2), 
which satisfies 


Au=Au-—Ag= f-—Ag=f (8.3.6) 


in the weak sense. Here, we are assuming g € W?:?(Q2), and thus, for a € 
H,’?(@), we obtain the equation 


Au=f (8.3.7) 


with f € L?(9), again in the weak sense. Since the W??-norm of u can be 
estimated by those of w@ and g, it thus suffices to consider vanishing boundary 
values. We consequently assume that u € Hy’?(Q) is a weak solution of 
Au=finQ2. 

We now consider a special situation; namely, we assume that in the vicin- 
ity of a given point x9 € O92, 02 contains a piece of a hyperplane; for example, 
without loss of generality, x9 = 0 and 


42N B(O, R) = {(a',...,e71,0)}N BO, R) 


(here, B(O,R) = {x € R*: |2| < R} is the interior of the ball B(0, R)) for 
some R > 0. Let 


B+(0,R):= {(2, ...,24) € B(0,R): 27> o} C2. 
If now 7 € C2(B(0, R)), we have 
nu € Hy” (B* (0, R)), 


because we are assuming that uw vanishes on 021M B(O, R) in the Sobolev 
space sense. If now 1 <i < d—1 and |h| < dist(supp7, OB(0, R)), we also 
have 


Abu € Hy*(Bt (0, R)). 


Thus, we may proceed as in the proof of Theorem 8.2.1, in order to show 


that 
Dyue L? G (0 *)) (8.3.8) 


with a corresponding estimate, provided that i and 7 are not both equal to 
d. However, since, from our differential equation we have 


d-1 
Daau = f — S~ Djsu, (8.3.9) 
j=l 
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Daau € i (2 (0 >) ; 


and thus the desired regularity result 


ue W?? (2 (0 =) 


as well as the corresponding estimate. 
In order to treat the general case, we have to require suitable assumptions 
for 022. 


we then also obtain 


Definition 8.3.1: An open and bounded set Q C R® is of class C® (k = 
0,1,2,.. ,0o) af for any x € OF there exist r > 0 and a bijective map 
@: Bes: r) + $(B(xo,r)) C R* (B(xo,r) = {y € R*: |ao — y| < r}) with 
the following properties: 


() $20 B@o,*)) C {(2",....52%) a4 > Of. 
(it) d(02.M B(wo;r)) C {(z',..., 2%) + 2? = Of. 
(iti) & and d~' are of class C*. 


Remark: This means that 0 is a (d—1)-dimensional submanifold of R? of 
differentiability class CO’. 


Definition 8.3.2: Let QC R¢ be of class C*, as defined in Definition 8.3.1. 
We say that g : Q > R is of class C'(2) for 1 < k if g € C'(Q) and if for 
any Xp € OF and ¢ as in Definition 8.3.1, 


goo: 1 axe) ce capean tt +R 
is of class C’. 


The crucial idea for boundary regularity is to consider, instead of u, local 
functions uo ¢~! with ¢ as in Definition 8.3.1. As we have argued at the 
beginning of this section, we may assume that the prescribed boundary values 
are g = 0. Then uo ¢~? is defined on some half-ball, and we may therefore 
carry over the interior regularity theory as just described. However, in general 
uo@! no longer satisfies the Laplace equation. It turns out, however, that 
uod' satisfies a more general differential equation that is structurally similar 
to the Laplace equation and for which one may derive interior regularity in 
a similar manner. 

We have derived a corresponding transformation formula already in Sec- 
tion 7.4. Thus w = uo ¢~! satisfies a differential equation (7.4.11), i-e., 


fi 4. Ow 
ree (se (vide 3) =0, (8.3.10) 
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where the positive definite matrix g’? is computed from ¢ and its derivatives 
(cf. (7.4.7)). 

We shall consider an even more general class of elliptic differential equa- 
tions: 


an a Aer a0 
fa 3 ar (we)gnter) + as WOME 
- : 
+ Slee) sz aula) + d(x)u(a) 
= f(z). (8.3.11) 


We shall need two essential assumptions: 


(Al) (Ellipticity) There exists some A > 0 with 


d 
Yo (GE; > ALE? for alle € 2,€ € RA 


ij=l 
(A2) (Boundedness) There exists some M < co with 
le(x)| ,|d(x)|) <M. 


sup (Ja? (x)| ; |b*(z) 
LEN, i,j 


A function wu is called a weak solution of the Dirichlet problem 
Lu=f inQ (f € L7(2) given), 
u-—g © Hy” (2), 
if for all v € Hy’? (Q), 


[ {Xai @ dint) Djole) +O ¥ @ulw)Djo(e) 


= (= e'(a)Dyu(x) + oo) v(e) bade =-—/ f(x)v(a)dx. (8.3.12) 
5 2 

In order to become a little more familiar with (8.3.12), we shall first try to 
find out what happens if we insert our test functions that proved successful 
for the weak Poisson equation, namely, v = 7?u and v = u— g. Here 77 is a 
cutoff function as described in Section 8.2 with respect to Q! CC Q. With 
v=7"u, (8.3.12) then becomes 


| S- na! DiuDju + 2 x na uDjuDjn + S- 7 bluDju (8.3.13) 
Q 


+250 wb'nDjn— do PcluDyu — ana} =- / fru. 
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Analogously to (8.2.8), using Young’s inequality, this time of the form 


ij E ij 1 ij 
soa a,b; < 3 Sia Jaa; + Qe Soa 7b;b; (8.3.14) 


for ¢ > 0, (a1,...,@g),(b1,.-.,b¢) € R*%, and a positive definite matrix 
(a); ;=1,...,4, We thence obtain the following inequality: 


21 ij 
[Pipe < xf PN Dudu 
eM 29 2,2 
< a |Dul° n° + c1(e,A,M,d) | neu (8.3.15) 
2 Pack 2 p2 
+ c2(d, A, M, d) U |Dn| aes nf, 


where € > 0 remains to be chosen appropriately, and 6 = dist(2’,0Q), with 
constants C1, C2 that depend only on the indicated quantities. Of course, we 


have used (A1) and (A2) here. With ¢ = 547, this yields 


| \Dul? <c9(5,.M,d) | e+e f P, (8.3.16) 
92! Q 2 


where we have also used the properties of 7. This is the analogue of 
Lemma 8.2.3. The global bound of Lemma 8.3.1, however, does not admit a 
direct generalization. If we insert the test function u—g in (8.3.12), we obtain 
only (as usual, employing Young’s inequality in order to absorb all the terms 
containing derivatives into the positive definite leading term) 


1 7 
|Dul? < 5 | Nappy 
Q 


(8.3.17) 
< ca(A, M, d, |2|) lIgllsqri.2 + IIfllz2 Q Ilullz2 Q))° 
(2) (2) 


Thus, the additional term lel 2, a) appears in the right-hand side. That this 
is really necessary can already be seen from the differential equation 


u(t) +n?u(t)=0 forO<t<z, 


u(0) = u(x) = 0 (8.3.18) 


with « > 0. Namely, for & € N, we have the solutions 
u(t) = bsin(Kt) 


with b € R arbitrary, and these solutions obviously cannot be controlled solely 
by the right-hand side of the differential equation and the boundary values, 
because those are all zero. The local interior regularity theory of Section 8.2, 
however, remains fully valid. Namely, we have the following theorem: 
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Theorem 8.3.1: Let u € W1?(Q2) be a weak solution of Lu = f; i.e., let 
(8.3.12) hold. Let the ellipticity assumption (A1) hold. Moreover, let all coeffi- 
cients a (x),...,d(x) as well as f(x) be of class C°. Then also u € C®(2). 


Remark: Regularity is a local result. Since we assume that all coefficients are 
C@, in particular, on every 2! CC 2, we have a bound of type (A2), with 
the constant M depending on §2’ here, however. 


Let us discuss the Proof of Theorem 8.3.1: We first reduce the proof to 
the case b/,c',d = 0, i.e., to the regularity of weak solutions of 


Mu:= 2 a (c%@ sna) ) = f(a). (8.3.19) 
iJ 
For that purpose, we simply rewrite 
Lu=f 
as 
Mu=-)5— sv (x)u(x)) — S>e'(a) Sula) — d(x)u(x) + f(a). 


We then prove the following theorem: 


Theorem 8.3.2: Let wu € W!?(Q) be a weak solution of Mu = f with f € 
W*?(Q). Assume (A1), and that the coefficients a)(x) of M are of class 
Ck+1(Q). Then for every 2’ CC Q, 


ue W248), 
If 


Ila? || curser) <M, for alli, j, (8.3.21) 


then 
lullwereacor Se (Ilullzecay + llfllwe2cay) (8.3.22) 
with c= c(d, A, k, Mp, dist(Q’,02)). 


The Sobolev embedding theorem then implies that in case a, f € C™, 
any solution of Mu = f is of class C™ as well. The corresponding regu- 
larity for solutions of Lu = f, as claimed in Theorem 8.3.1 can then be 
obtained through the following important iteration argument: Since we as- 
sume u € W17(2), the right-hand side of (8.3.20) is in L?(2). According to 
Theorem 8.3.2, for k = 0, then wu € W?:?(Q). This in turn implies that the 
right-hand side of (8.3.20) is in W!?(Q). Thus, we may apply Theorem 8.3.2 
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for k = 1 to obtain u € W*:?(2). But then, the right-hand side is in W?:?(); 
hence u € W*?(Q), and so on. 

In that manner we deduce u € W™?({2) for all m € N, and by the Sobolev 
embedding theorem, hence that u is in C°°(.). 

We shall not display all details of the Proof of Theorem 8.3.2 here, since 
this represents a generalization of the reasoning given in Section 8.2 that 
only needs a more cumbersome notation, but no new ideas. We have already 
seen how such a generalization works when we inserted the test function 7?u 
in (8.3.12). The only additional ingredient is certain rules for manipulating 
difference quotients, like the product rule 


Af (ab)(a) = : (a(a + he1)b(a + hez) — a(x)b(a)) 
= a(x + hey) AP W(x) + (A?'a(z)) (2). 


(8.3.23) 


For example, 


d 
Ab (>. (a) = pS (a (a+ he,) A} Dyu(a) + Aja) (x) Dju(x)) . 


(8.3.24) 


As before, we use Ay" as a test function in place of v, and in the case 


suppv CC 2", 2h < dist(supp v, 0.2”), we obtain 


> 


1 aren 
UJ 


Ap (a (x) Dju(x)) Djv(x)dx = [f@arro(oar (8.3.25) 
With (8.3.23) and Lemma 8.2.1, this yields 
i) s- a’) (a + he;) Di Af u(x) Djv(x)dx 
a5 


< 05(4, Mi) ([lullwr2cary + lWllza(@y) IDellreqays (83-26) 


ie., an analogue of (8.2.17). Since because of the ellipticity condition (A1), 
we have the estimate 


af |nDAPu(a)|” dz < | n? oe a’l (a + he;) Ap Dju(x) AP Dju(a)da, 
Q 2 G 


we can then proceed as in the proofs of Theorems 8.2.1 and 8.2.2. Readers 
so inclined should face no difficulties in supplying the details. 


We now return to the question of boundary regularity and state a theorem: 
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Theorem 8.3.3: Let u be a weak solution of Mu = f in 2 withu-—g € 
Hy? (2). As always, suppose (A1). Let f € W*?(Q), g € W*t?,2(Q). Let 2 
be of class C**?, and let the coefficients of M be of class C¥+*(Q) (in the 
sense of Definition 8.8.1). Then 

u € W229), 


and we have the estimate 


lallyerzecay S¢ (Fleece) + llgllws+2.2¢0) 


with c depending on X, d, and Q, and on C*+1-bounds for the a). 


Proof: As explained at the beginning of this section, we may assume that 
OM is locally a hyperplane, by considering the composition uo ¢~! in place 
of u, where ¢ is a diffeomorphism of the type described in Definition 8.3.1. 
Namely, by (7.4.12) our equation Mu = f gets transformed into an equation 


Mai =f 


of the same type, with estimates for the coefficients of M following from 
those for the a’! as well as estimates for the derivatives of ¢. We have already 
explained above how to obtain estimates for u in that particular geometric 
situation. We let this suffice here, instead of offering tedious details without 
new ideas. 


Remark: As a reference for the regularity theory of weak solutions, we rec- 
ommend Gilbarg—Trudinger [8]. 


8.4 Extensions of Sobolev Functions and 
Natural Boundary Conditions 


Most of our preceding results have been formulated for the spaces Hj”? (Q) 
only, but not for the general Sobolev spaces W*?(Q) = H*?(Q). A technical 
reason for this is that the mollifications that we have frequently employed 
use the values of the given function in some full ball about the point under 
consideration, and this cannot be done at a boundary point if the function 
is defined only in the domain (2, perhaps up to its boundary, but not in the 
exterior of 2. Thus, it seems natural to extend a given Sobolev function on a 
domain Q in R? to all of R%, or at least to some larger domain that contains 
the closure of 2 in its interior. The problem then is to guarantee that the 
extended function maintains all the weak differentiability properties of the 
original function. It turns out that for this to be successfully resolved, we 
need to impose certain regularity conditions on 02 as in Definition 8.3.1. In 
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the spirit of that definition, we thus start with the model situation of the 
domain 
Res=4 @ yin) eR 2 Sot. 


If now u € CP (R*), we define an extension via 


u(x) for «4 > 0, 


ee CO Cae saa =e) for x? <0, 


Equ(a) := (8.4.1) 


where the a; are chosen such that 


1 Vv 
4; (-5) =1 forv=0,...,k—1. (8.4.2) 


j=l z 


One readily verifies that the system (8.4.2) is uniquely solvable for the a; (the 
determinant of this system is a Vandermonde determinant that is nonzero). 
One moreover verifies, and this of course is the reason for the choice of the a;, 
that the derivatives of Kyu up to order k — 1 coincide with the corresponding 
ones of u on the hyperplane {ae = O}, and that the derivatives of order k are 
bounded whenever those of u are. Thus 


Egu € C®-11(R4), (8.4.3) 


where C'!(Q) is defined as the space of I-times continuously differentiable 
functions on 92 whose [th derivatives are Lipschitz continuous, i.e., 


for any such derivative v and ap € 92 (see also Definition 10.1.1 below). 

If now 2 is a domain of class C* in the sense of Definition 8.3.1, and if 
u € C*(Q) (see Definition 8.3.2), we may locally straighten out the boundary 
with a C’-diffeomorphism ¢~!, extend the functions uo ¢~! with the above 
operator Eo, and then take E(u o ¢~') o ¢. This function then defines a 
local extension of class C*~!:! of u across 02. In order to obtain a global 
extension, we simply patch these local extensions together with the help of 
a partition of unity. This is easy, and the reader may know this construction 
already, but for completeness, we present the details. We assume that 2 is a 
bounded domain of class C*. Thus, 0.2 is compact, and so it may be covered 
by finitely many sets of the type 2QN B (2,7) on which a local diffeomorphism 
with the properties specified in Definition 8.3.1 exists. 

We call these sets 2,, v = 1,...,n, and the corresponding diffeomor- 
phisms ¢,. In addition, we may find an open set Q C 2, with OQ2N MQ = 9, 
so that 
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QC U Lis 
v=0 


We then let yy, v = 0,...,m, be a partition of unity subordinate to this 
covering of 2 and put 


m 


Eu:= pout )~ Eo ((yvu) 0 b,") 0 by. 


v=1 


This then extends u as a C*—!! function to some open neighborhood 2’ of 
2. By taking a CS°(R“) function 7 with 7 = 1 on 2, 7 = 0 in R4\ 2’, one may 
then also extend u to the C*~11(R¢) function 7Eu. In fact, this extension 
lies in CF 212’). 

This was for C*-functions, but it may be extended to Sobolev functions 
by approximation. Again considering the model situation of R¢, we observe 
that u€ W*?(R4) can be approximated by the translated mollifications 


1 x + 2heg — 
un(e+2hea) = ga ff ulude (>) ay 
y*>0 


for h + 0 (h > 0) (here, eg is the dth unit vector in R%). The limit for 
h — 0 of the extensions Eu(a + 2heqa) then yields the extension Fu(x). 
One readily verifies that Eu € W*?(Q’) for some domain 9’ containing 2 
(for the detailed argument, one needs the extension lemma (Lemma 7.2.2), 
which obviously holds for all p, not just for p = 2) in order to handle the 
possible discontinuity of the highest-order derivatives along 02 in the above 
construction), and that 


|Eull wee car S C'|ull wena) (8.4.4) 


for some constant C’ depending on 2 (via bounds on the maps ¢, ¢~! from 
Definition 8.3.1) and k. As above, by multiplying by a C§° function 7 with 
n =10n 2, 7 =0 outside 2’, we may even assume 


Eu € Hy? (2). (8.4.5) 


Equipped with our extension operator E, we may now extend the embed- 
ding theorems from the Sobolev spaces He *P(Q) to the spaces W*-?(Q), if Q 
is a C’-domain. Namely, if u € W*?(Q), we consider Eu € Ho’? (Q’), which 
then is contained in La (2) for kp < d, and in C™(’), respectively, for 
0<m<k—- = according to Corollary 8.1.1, and thus in Lak (2) or C™(2), 
by restriction from 2’ to 2. Since Fu = u on 2, we have thus proved the 
following version of the Sobolev embedding theorem: 


Theorem 8.4.1: Let QC R@ be a bounded domain of class C*. Then 


226 8. Sobolev Spaces and L? Regularity Theory 


La" (Q) for kp <d, 


- 8.4.6 
Cc™(2) for0<m<k—§. ( ) 


WP(Q) C 


In the same manner, we may extend the compactness theorem of Rellich: 


Theorem 8.4.2: Let QC R®@ be a bounded domain of class C!. Then any 
sequence (Un)nen that is bounded in W'?(Q) contains a subsequence that 
converges in L?(Q). 


The preceding version of the Sobolev embedding theorem allows us to 
put our previous existence and regularity results together to obtain a very 
satisfactory treatment of the Poisson equation in the smooth setting: 


Theorem 8.4.3: Let 2.C R®? be a bounded domain of class C®, and let 
gE C™(O2), f € C%(Q). Then the Dirichlet problem 


Au=f im, 
w=g onds, 


possesses a (unique) solution u of class C°(). 


Proof: As explained in the beginning of Section 8.3, we may restrict ourselves 
to the case where g = 0, by considering u = u—g in place of u, where we have 
extended g as a C®-function to all of 2. (Since Q is bounded, C'-functions 
on 2 are contained in all Sobolev spaces W*:?(2).) 

In Section 7.3, we have seen how Dirichlet’s principle produces a weak 
solution u € Hy?(2) of Au = f. We have already observed in Corollary 7.3.1 
that such a u is smooth in 92, but of course this follows also from the more 
general approach of Section 8.2, as stated in Corollary 8.2.1. Regularity up 
to the boundary, i-e., the result that u € C®(), finally follows from the 
Sobolev estimates of Theorem 8.3.3 together with the embedding theorem 
(Theorem 8.4.1). 


Of course, analogous statements can be stated and proved with the con- 
cepts and methods developed here in the C*-case, for any k € N. In this 
setting, however, a somewhat more refined result will be obtained below in 
Theorem 10.3.1. 

Likewise, the results extend to more general elliptic operators. Combin- 
ing Corollary 7.5.2 with Theorem 8.3.3 and Theorem 8.4.1, we obtain the 
following theorem: 


Theorem 8.4.4: Let Q Cc R®% be a bounded domain of class C®. Let the 
functions a (i,j = 1,...,d) and c be of class C® in Q and satisfy the 
assumptions (A)-(D) of Section 7.5, and let f € C™(2), g © C™@(AN) be 
given. Then the Dirichlet problem 
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admits a (unique) solution of class C°(). 


It is instructive to compare this result with Theorem 10.3.2 below. 


We now address a question that the curious reader may already have 
wondered about. Namely, what happens if we consider the weak differential 
equation 


Du-Dv +f fu=0 (f €17(2)) (8.4.7) 
Q Q 


for all v € W!?(Q), and not only for those in Hy (2)? A solution u again 
has to be as regular as f and 2 allow, and in fact, the regularity proofs 
become simpler, since we do not need to restrict our test functions to have 
vanishing boundary values. In particular we have the following result: 


Theorem 8.4.5: Let (8.4.7) be satisfied for all vu € W'?(Q), on some C®- 
domain Q, for some function f € C@(2). Then also 


u€ 0% (9). 


The Proof follows the scheme presented in Section 8.3. We obtain dif- 
ferentiability results on the boundary 02 (note that here we conclude that 
u is smooth even on the boundary and not only in 2 as in Theorem 8.3.1) 
by applying the version stated in Theorem 8.4.1 of the Sobolev embedding 
theorem. 


In Section 8.5 we shall need regularity results for solutions of 


Du: Doty f u-v=0 (u€R), for all ue W*?(Q). (8.4.8) 


2 2 


We can apply the iteration scheme described in Section 8.3 to establish the 
following corollary: 


Corollary 8.4.1: Let u be a solution of (8.4.8), for all v € W'*(Q). If the 
domain 22 is of class C™, then u € C™(2). 


We return to the equation 


Du:-Du+ ] fv=0 
Q Q 


on a C®-domain 2, for f € C™(2). Since u is smooth up to the boundary 
by Theorem 8.4.5, we may integrate by parts to obtain 
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= Au-vut Ou 


v +f fu=0 forallu ce W'7(2). (8.4.9) 
Q ag On Q 


We know from our discussion of the weak Poisson equation that already if 
(8.4.7) holds for all v € Hy (Q), then, since u is smooth, necessarily 


Au=f inf. (8.4.10) 
Equation (8.4.9) then implies 


a -v=0 for allue W'7(Q). 
aq On 


This then implies 


ou =0 ond. (8.4.11) 
On 
Thus, u satisfies a homogeneous Neumann boundary condition. Since this 
boundary condition arises from (8.4.7) when we do not impose any restric- 
tions on v, it then is also called a natural boundary condition. 

We add some further easy observations (which have already been made 
in Section 1.1): If u is a solution, so is u+c, for any c € R. Thus, in contrast 
to the Dirichlet problem, a solution of the Neumann problem is not unique. 
On the other hand, a solution does not always exist. Namely, we have 


- | aus | OU: 
2 Q On 


and therefore, using v = 1 in (8.4.9), we obtain the condition 


f=0 (8.4.12) 
2 
on f as a necessary condition for the solvability of (8.4.9), hence of (8.4.7). 
It is not hard to show that this condition is also sufficient, but we do not 
pursue that point here. 

Again, the preceding considerations about the regularity of solutions of 
the Neumann problem extend to more general elliptic operators, in the same 
manner as in Section 8.3. This is straightforward. 

Finally, one may also consider inhomogeneous Neumann boundary con- 
ditions; for simplicity, we consider only the Laplace equation, i.e., assume 
f =0 in the above. 

A solution of 


Au=0 in, 


Ou (8.4.13) 
—=h on 02, for some given smooth function h on 02, 


On 
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can then be obtained by minimizing 
1 


= | |Du?-— | hu in W*?(2). (8.4.14) 
2 2 02 


Here, a necessary (and sufficient) condition for solvability is 


| h=0. (8.4.15) 
02 


In contrast to the inhomogeneous Dirichlet boundary condition, here the 
boundary values do not constrain the space in which we seek a minimizer, 
but rather enter into the functional to be minimized. Again, a weak solution 
u, i.e., satisfying 


| Du-Dv -f hv=0 for all ve W*?(9), (8.4.16) 
2 02 


is determined up to a constant and is smooth up to the boundary, assuming, 
of course, that 092 is smooth as before. 


8.5 Eigenvalues of Elliptic Operators 


In this textbook, at several places (see Sections 4.1, 5.1), we have already 
encountered expansions in terms of eigenfunctions of the Laplace operator. 
These expansions, however, served as heuristic motivations only, since we did 
not show the convergence of these expansions. It is the purpose of the present 
section to carry this out and to study the eigenvalues of the Laplace operator 
systematically. In fact, our reasoning will also apply to elliptic operators in 
divergence form, 


lye = (ci wa) ) ; (8.5.1) 


for which the coefficients a’! (x) satisfy the assumptions stated in Section 8.3 
and are smooth in 92. Nevertheless, since we have already learned in this chap- 
ter how to extend the theory of the Laplace operator to such operators, here 
we shall carry out the analysis only for the Laplace operator. The indicated 
generalization we shall leave as an easy exercise. We hope that this strat- 
egy has the pedagogical advantage of concentrating on the really essential 
features. 

Let 2 be an open and bounded domain in R¢. The eigenvalue problem 
for the Laplace operator consists in finding nontrivial solutions of 


Au(z) + Au(z) =0 in 2, (8.5.2) 


230 8. Sobolev Spaces and L? Regularity Theory 


for some constant A, the eigenvalue in question. Here one also imposes some 
boundary conditions on wu. In the light of the preceding, it seems natural to 
require the Dirichlet boundary condition 


u=0 on dN. (8.5.3) 


For many applications, however, it is more natural to have the Neumann 
boundary condition 
a =0 ond (8.5.4) 
instead, where 2. denotes the derivative in the direction of the exterior nor- 
mal. Here, in order to make this meaningful, one needs to impose certain 
restrictions, for example, as in Section 1.1, that the divergence theorem is 
valid for 2. For simplicity, as in the preceding section, we shall assume that 
2 is a C°-domain in treating Neumann boundary conditions. In any case, 
we shall treat the eigenvalue problem for either type of boundary condition. 
As with many questions in the theory of PDEs, the situation becomes 
much clearer when a more abstract approach is developed. Thus, we shall 
work in some Hilbert space H; for the Dirichlet case, we choose 


H = Hy"*(), (8.5.5) 
while for the Neumann case, we take 
H = W'*?(Q). (8.5.6) 


In either case, we shall employ the L?-product 
(f,9) = f(x) g(a)da 
for f,g € L?(Q), and we shall also put 


IF = WF llasgey = (BS)? 


It is important to realize that we are not working here with the scalar product 
of our Hilbert space H, but rather with the scalar product of another Hilbert 
space, namely L?(Q), into which H is compactly embedded by Rellich’s the- 
orem (Theorems 7.2.2 and 8.4.2). 

Another useful point in the sequel is the symmetry of the Laplace opera- 
tor, 


(Ay, p) = —(De, Dy) = (v, AY) (8.5.7) 


for all vy, € CS°(), as well as for y, yp € C%(Q) with 92 = 0 = S on AN. 
This symmetry will imply that all eigenvalues are real. 
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We now start our eigenvalue search with 


2 

Du, D Du 

ve inp PHP (2 ine [Pale ) (8.5.8) 
ueH\{0}  (U, U) ueH\{0} |lullz2¢q) 


We wish to show that (because the expression in (8.5.8) is scaling invariant, 
in the sense that it is not affected by replacing u by cu for some nonzero 
constant c) this infimum is realized by some u € H with 


Au+ Au = 0. 


We first observe that (because the expression in (8.5.8) is scaling invariant, 
in the sense that it is not affected by replacing u by cu for some constant c) 
we may restrict our attention to those u that satisfy 


lull 2 ca) (= (u, u)) = 1. (8.5.9) 


We then let (tn)nen C H be a minimizing sequence with (un,un) = 1, and 
thus 


A= lim (Dun, Dun). (8.5.10) 


n->co 


Thus, (Un)nen is bounded in H, and by the compactness theorem of Rellich 
(Theorems 7.2.2 and 8.4.2), a subsequence, again denoted by u,, converges 
to some limit u in L?(Q2) that then also satisfies lull 222) = 1. In fact, since 


2 2 
|D (un — Um) llE2(.2) + ||[D(un + Um) |l72(@) 
=2 || Duall Zeca) +2 || Dumll 72a) for alln,m EN, 
and 
|| D(un + tm)IlZ2(0) 2 Allun + tmllz2¢q) by definition of A, 
we obtain 
| Dun — Dumallz2 (0) <2 || Dun lli2 a) +2 || Dull 22 (a) 

=| ltin + tml Z2¢99 « (8.5.11) 
Since by choice of the sequence (uy)nen, || Duallz2¢a) and || Dumll2¢@) con- 
verge to A, and ||uy + tmall7.2(0) converges to 4, since the u, converge in L?(2) 
to an element u of norm 1, the right-hand side of (8.5.11) converges to 0, and 
so then does the left-hand side. This, together with the L?-convergence, im- 


plies that (wy)nen is a Cauchy sequence even in H, and so it also converges 
to u in H. Thus 
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(Du, Du) 


on =. (8.5.12) 


In the Dirichlet case, the Poincaré inequality (Theorem 7.2.1) implies 


A> 0, 


while in the Neumann case, we simply take any nonzero constant c, which 
now is an element of H \ {0}, to see that 


(De, De) 
(c, ¢) 


0<A< =0, 


A= 0. 
Following standard conventions for the enumeration of eigenvalues, we put 


A= Ay in the Dirichlet case, 
A =: Ag(= 0) in the Neumann case, 
and likewise u =: u,; and u =: ug, respectively. 
Let us now assume that we have iteratively determined ((Ao, uo)), (Ai, U1); 


le, Onm=ts Um—1); with 


(AGS) An SS Aes 
u, € L7(2) NC~(2), 


uj =O on OM in the Dirichlet case, and 


Oui 
“ _(Q on OQ in the Neumann case, 
On 
(ui, Uy) = Oi for all 4,9 < m—1 
We define 
Ay, = {v€ H: (v,u;)=0 fori <m-— 1} 
and 


(Du, Du) 


= i eee, 8.5.14 
ucH,.\{0} (u, U) ( ) 
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Since H,, C H»—1, the infimum over the former space cannot be smaller 
than the one over the latter, i.e., 


hg eis (8.5.15) 


Note that H,, is a Hilbert space itself, being the orthogonal complement of 
a finite-dimensional subspace of the Hilbert space H. Therefore, with the 
previous reasoning, we may find um» € Hm with ||Um|p2(q) = 1 and 


(Dum, Dum) 


(Um; Um) 


din = (8.5.16) 


We now want to verify the smoothness of u,, and equation (8.5.13) for 1 = m. 
From (8.5.14), (8.5.16), for all py € Hm, t€ R, 


(D (um + ty), D(um + ty)) 
(Um + ty, Um + te) 


2 Am; 


where we choose |t| so small that the denominator is bounded away from 0. 
This expression then is differentiable w.r.t. t near t = 0 and has a minimum 
at 0. Hence the derivative vanishes at t = 0, and we get 


(Dum, Dy) (Dum, Dum) (Um, vy) 
(Um Um) (Um; Um) (Um; Um) 
= (Dtm, Dy) — An(Um,y) for all gy € Him. 


0= 


In fact, this relation even holds for all y € H, because for i < m—1, 
(Um, Ui) = 0 
and 
(Dum, Dui) = (Du;, Dum) = iui, Um) = 9, 


since Um € H;. Thus, um satisfies 
Dum + De - af Umy =0 for ally € H. (8.5.17) 
Q Q 


By Theorem 8.3.1 and Corollary 8.4.1, respectively, uw, is smooth, and so we 
obtain from (8.5.17) 

Atm +AmUm=0 in 22. 
As explained in the preceding section, we also have 


Oum 
a =0 on dQ 
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in the Neumann case. In the Dirichlet case, we have of course 
Um =O on OD 


(this holds pointwise if 092 is smooth, as explained in Section 8.4; for a 
general, not necessarily smooth, 02, this relation is valid in the sense of 
Sobolev). 


Theorem 8.5.1: Let Q C R®% be open and bounded. Then the eigenvalue 
problem 


Au+du=0, uéHy?(2) 
has countably many eigenvalues 


0< Ay <rA2< 


IA 
- 
3 

IA 


with 


lim A», = co 
m—-oo 


and pointwise L?-orthonormal eigenfunctions uj; and (Du;,Du;) = 4. Any 
v € L?(Q) can be expanded in terms of these eigenfunctions, 


v= S"(v, us) uj (and thus (v,v) = Se osui)), (8.5.18) 
i=1 i=1 
and if v € Hj’?(Q), we also have 
(Dv, Dv) =x v, U)?. (8.5.19) 


Theorem 8.5.2: Let QC R@ be bounded, open, and of class C®. Then the 
eigenvalue problem 


Aut+d\u=0, ue W*?(2) 
has countably many eigenvalues 


O0=X <A <-++ S< Am <<: 


with 


lim Am, = co 
noo 


and piecewise L?-orthonormal eigenfunctions u,; that satis 
g 7] 
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Ou; 


Ari =0 ond”. 


Any v € L?(Q) can be expanded in terms of these eigenfunctions 


Co 


v= Sov, ua) ui (and thus (v,v) = S“(v,u:)*), (8.5.20) 
i=0 i=0 
and if v € W17(Q), also 
(Dv, Dv) =x (uv, ui)?. (8.5.21) 


Remark: Those v € L?(Q2) that are not contained in H can be characterized 
by the fact that the expression on the right-hand side of (8.5.19) or (8.5.21) 
diverges. 


The Proofs of Theorems 8.5.1 and 8.5.2 are now easy: We first check 


lim Am = 


m—>co 
Indeed, otherwise, 
||Dum|| <c¢ for all m and some constant c. 


By Rellich’s theorem again, a subsequence of (u,,) would then be a Cauchy 
sequence in L?(Q). This, however, is not possible, since the u,, are pairwise 
L?-orthonormal. 

It remains to prove the expansion. For v € H we put 


Bi = (vu, Ui) 
and 


Um, t= ) Bui, Wm i= V—Um.- 


i<m 


Thus, vm is the orthogonal projection of v onto H,,, and w,, then is orthog- 
onal to H,,; hence 


(Wm, Ui) =O for i<m. 
Thus also 
(Dwm, Dw) = Am+iWm,; Wm) 


and 
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(Dwm, Dui) = Ai(Ui, Wm) = 0. 
These orthogonality relations imply 


(Wm, Wm) = (v, v) = (Um) Um); 


8.5.22 
(DWm,DWm) = (Dv, Dv) — (Dum, Dum), ( ) 
and then 
1 
(Wm Wm) < (Du, Dv), 
Am+1 


which converges to 0 as the A, tend to oo. Thus, the remainder w,, converges 
to 0 in L?, and so 


v= im Um = D_ {esti in L?(Q). 
Also, 
Dim = x BDui, 
i<m 
and hence 


(Dim, Dum) = S- B?(Du;,Du;) (since (Du;,Du;)=0 for i 4 j) 


i<m 


= D0 AB. 


i<m 


Since (Dum, Dum) < (Dv, Dv) by (8.5.22) and the A; are nonnegative, this 
series then converges, and then for m < n, 


(Dm — Dwn, DWm — Dwr) = (Dvn — Dvm, Dvn — Dom) 


I 


os iB? 30 for m,n 0, 


i=m4+1 


and so (Dwm)men is a Cauchy sequence in L?, and so wm converges in H, 
and the limit is the same as the L?-limit, namely 0. Therefore, we get (8.5.19) 
and (8.5.21), namely 


_} = (72 
(Dv, Dv) = im (Dum, Dim) = DS Nie. 
The eigenfunctions (u,)n € N thus are an L?-orthonormal sequence. The 


closure of the span of the um then is a Hilbert space contained in L?(Q) and 
containing H. Since H (in fact, even C§°(.2)N H, see the Appendix) is dense 
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in L?(Q), this Hilbert space then has to be all of L?(Q). So, the expansions 
(8.5.18), (8.5.20) are valid for all v € L?(). 


A moment’s reflection also shows that the above procedure produces all 
the eigenvalues of A on H, and that any eigenfunction is a linear combination 
of the u;. 

We can also easily derive Courant’s minimax principle for the eigenvalues 
of A: 


Theorem 8.5.3: Under the above assumptions, let P* be the collection of all 
k-dimensional linear subspaces of the Hilbert space H. Then the kth eigen- 
value of A (i.e., Ax in the Dirichlet case, Ap-1 in the Neumann case) is 
characterized as 


_ f (Du,Du) | u40,u orthogonal to L, 
fer aaa ‘ie, (uv) =0 forallvueL f° (8.5.23) 


or dually as 


min max 
LEP 


{ (Du, Du) 


lau 2 UE EX cor}. (8.5.24) 


Proof: We have seen that 


(Du, Du) 


An = min | (u,u) 


: u#0,u orthogonal to the u; with i < m— i} : 
(8.5.25) 


It is also clear that 
(Du, Du) 


Ay ma | 


: u #0 linear combination of u; with 7 < m , 
(8.5.26) 


and in fact, this minimum is realized if u is a multiple of the mth eigenfunc- 
tion Um, because A; = eee < Am for i < m and the u; are pairwise 
orthogonal. ans 

Now let L be another linear subspace of H of the same dimension as the 
span of the u;, 7 << m. Let LZ be spanned by vectors v;, i < m. We may then 


find some v = So ajv,; € L with 
(vu, Ui) = > o;(0;,u;)=0 forz<m—1, (8.5.27) 
j 
(This is a system of homogeneous linearly independent equations for the a,, 


with one fewer equation than unknowns, and so it can be solved.) Inserting 
(8.5.27) into the expansion (8.5.19) or (8.5.21), we obtain 
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(Dv, Do) 2 Alo 04)? 
ou Sea 


Therefore, 


Bi ee ee 
ueL\{o} (u,v) 


and (8.5.24) follows. Suitably dualizing the preceding argument, which we 
leave to the reader, yields (8.5.23). 


While for certain geometrically simple domains, like balls and cubes, one 
may determine the eigenvalues explicitly, for a general domain, it is a hopeless 
endeavor to attempt an exact computation of its eigenvalues. One therefore 
needs approximation schemes, and the minimax principle of Courant suggests 
one such method, the Rayleigh—Ritz scheme. For that scheme, one selects 
linearly independent functions w),...,w, € H, which then span a linear 
subspace L, and seeks the critical values, and in particular the maximum of 


ee for w € L. 
With 
aij = (Dw;,Dw;), A:= (Giz) ij=1,...,h: 
bij = (Wi, Wj), B := (bij) i,j=1,...,k 
for 
w= S- Cj Wj, 
j=l 
then 
(Dw, Dw) _ eet Aig CC; 
(w,w) ss bijCiC; 
and the critical values are given by the solutions f44,..., 4, of 
det(A — wB) = 0. 
These values j1,..., 4% then are taken as approximations of the first k eigen- 


values; in particular, if they are ordered such that py, is the largest among 
them, that value is supposed to approximate the kth eigenvalue. One then 
tries to optimize with respect to the choice of the functions wy,..., wz; Le., 
one tries to make pz, as small as possible, according to (8.5.24), by suitably 
choosing wy 1,..., Wp. 
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The characerizations (8.5.23) and (8.5.24) of the eigenvalues have many 
further useful applications. The basis of those applications is the following 
simple remark: In (8.5.24), we take the maximum over all u € H that are 
contained in some subspace L. If we then enlarge H to some Hilbert space 
Ht’, then H’ contains more such subspaces than H, and so the minimum over 
all of them cannot increase. 

Formally, if we put P*(H) := {k — dimensional linear subspaces of H}, 
then, if H Cc H’, it follows that P*(H) c P*(H"), and so 
min max sou) > min max (Duy), (8.5.28) 

LEP*(H) ueL\{0} (u,v) L'EP*(H’) u€L'\{0} — (u, u) 
Corollary 8.5.1: Under the above assumptions, we let 0 < AP < AP <--- 
be the Dirichlet eigenvalues, and 0 = A’ < MY < AY <--+ be the Neumann 
eigenvalues. Then 


pin < rP for all j. 


Proof: The Hilbert space for the Dirichlet case, namely Hj’?({2), is a subspace 
of that for the Neumann case, namely W1?(2), and so (8.5.28) applies. 


The next result states that the eigenvalues decrease if the domain is en- 
larged: 


Corollary 8.5.2: Let 2; C Q2 be bounded open subsets of R¢. We denote 
the eigenvalues for the Dirichlet case of the domain 2 by Ax(2). Then 


Ne(Q2) < Ax(Q1) for all k. (8.5.29) 


Proof: Any v € Hy’?(Q1) can be extended to a function + € Hy’?(Q2), simply 
by putting 


(x) v(x) for xe 21, 
B= 

0 for x € Qo \ 21. 
Lemma 7.2.2 tells us that indeed 6 € Hj’?(Q). Thus, the Hilbert space 
employed for 2; is contained in that for 22, and the principle (8.5.28) again 
implies the result for the Dirichlet case. 


Remark: Corollary 8.5.2 is also valid for the Neumann case. A first idea to 
show the result in that case is to extend functions v € W1?(Q,) to Q2 by 
the extension operator E constructed in Section 8.4. However, this operator 
does not preserve the norm: In general, ||£u||yw1.2(9,) > |lvllw12ca,), and so 
this does not represent W1:?(2,) as a Hilbert subspace of W1:?(22). This 
difficulty makes the proof more involved, and we omit it here. 


The next result concerns the first eigenvalue 1 of A with Dirichlet bound- 
ary conditions: 
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Theorem 8.5.4: Let , be the first eigenvalue of A on the open and bounded 
domain Q Cc R¢* with Dirichlet boundary conditions. Then dz is a simple 
eigenvalue, meaning that the corresponding eigenspace is one-dimensional. 
Moreover, an eigenfunction uy for Ay has no zeros in 2, and so it is either 
everywhere positive or negative in 22. 


Proof: Let 
Au, + Ayu, =0 inf. 
By Corollary 7.2.2, we know that |u;| € W!?(Q), and 


(Diui|,Dlur|) _ (Dur,Dui) _ , 
= =)j. 
(luil, [ual) (ui, U1) 


Therefore, |u1| also minimizes 


(Du, Du) 


(u, u) 


9 


and by the reasoning leading to Theorem 8.5.1, it must also be an eigenfunc- 
tion with eigenvalue A. Therefore, it is a nonnegative solution of 


Aut+dAu=0 inf, 


and by the strong maximum principle (Theorem 8.1.2), it cannot assume a 
nonpositive interior minimum. Thus, it cannot become 0 in 92, and so it is 
positive in (2. This, however, implies that the original function u; cannot 
become 0 either. Thus, uw is of a fixed sign. 

This argument applies to all eigenfunctions with eigenvalue \;. Since two 
functions v1, vg neither of which changes sign in (2 cannot satisfy 


i; ri(a)va(a)de = 0, 


i.e., cannot be L?-orthogonal, the space of eigenfunctions for A, is one- 
dimensional. 


The classical text on eigenvalue problems is Courant—Hilbert [4]. 


Remark: More generally, Courant’s nodal set theorem holds: Let Q Cc R¢ 
be open and bounded, with Dirichlet eigenvalues 0 < Ay < Ao < ... and 
corresponding eigenfunctions uj, u2,.... We call 


r* :={7E2: uzg(x) =0} 


the nodal set of uz. The complement 2\ I* then has at most k components. 
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Summary 


In this chapter we have introduced Sobolev spaces as spaces of integrable 
functions that are not necessarily differentiable in the classical sense, but 
do possess so-called generalized or weak derivatives that obey the rules for 
integration by parts. Embedding theorems relate Sobolev spaces to spaces of 
L?-functions or of continuous, Hélder continuous, or differentiable functions. 

The weak solutions of the Laplace and Poisson equations, obtained in 
Chapter 7 by Dirichlet’s principle, naturally lie in such Sobolev spaces. In 
this chapter, embedding theorems allow us to show that weak solutions are 
regular, i.e., differentiable of any order, and hence also solutions in the clas- 
sical sense. 

Based on Rellich’s theorem, we have treated the eigenvalue problem for 
the Laplace operator and shown that any L?-function admits an expansion 
in terms of eigenfunctions of the Laplace operator. 


Exercises 


8.1 Let u: 2 — R be integrable, and let a, @ be multi-indices. Show that 
if two of the weak derivatives Daigu, DaDgu, DeDau exist, then the 
third one also exists, and all three of them coincide. 

8.2 Let u,v € W'1(Q) with uv, uDv + vDu € L'(Q). Then uv € W11(2) 
as well, and the weak derivative satisfies the product rule 


D(uv) = uDv + vDu. 


(For the proof, it is helpful to first consider the case where one of the two 
functions is of class C1().) 

8.3 Form >2,1<q<m/2,ue Ho’ (Q)NLT7(M) we have u € H!7 (Q) 
and 


Dull co) < const |]u|| || D7], 


La-T(Q FT (Q)" 


(Hint: For p = eo 
| Du? = D;(uDju|Dju|?~?) vad uD;(Dju|Dju|?~?). 


The first term on the right-hand side disappears upon integration over 
2 for u € C§°(2) (approximation argument!), and for the second one, 
we utilize the formula 


Dj(v|v|P~*) = (p — 1)(Div)|v|?-?. 
Finally, you need the following version of Holder’s inequality 
I|uru2us|l p1(9) s IlaI p21 (a) I|u2|l p72) Ilus3l p23. (2) 


for u; € LP:(2), aa + re + 3 = 1 (proof!).) 
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8.4 


8.5 


8.6 


8.7 
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Let 
Q, := B(O,1) c R4, 
22 = R*\ BOO, 1), 


i.e., the d-dimensional unit ball and its complement. For which values of 
k,p,d,a is 


f(x) = |a|* 


in WkP(Q,) or WP (3)? 
Prove the following version of the Sobolev embedding theorem: 
Let u € W*?(Q), 2! cc Q2CR*. Then 


2 Li=%(Q") for kp <d, 
om") forO<m<k—d/p. 


State and prove a generalization of Corollary 8.1.5 for u€ W*?(Q) that 
is analogous to Exercise 8.5. 

Supply the details of the proof of Theorem 8.3.2 (This may sound like 
a dull exercise after what has been said in the text, but in order to 
understand the techniques for estimating solutions of PDEs, a certain 
drill in handling additional lower-order terms and variable coefficients 
may be needed.) 


9. Strong Solutions 


9.1 The Regularity Theory for Strong Solutions 


We start with an elementary observation: Let v € C3(2). Then 


d d 
[Regalia = i SS Ugi oI Vai gi = a. S- Vgi gi gigi 


ij=l ij=l 


2 
= Y be Vyzi gi x Ugi gi = | Av|l72(0) : 
2 j=1 


j=1 


(9.1.1) 


Q 


Thus, the L?-norm of Av controls the L?-norms of all second derivatives of 
v. Therefore, if v is a solution of the differential equation 


Av =f, 


the L?-norm of f controls the L?-norm of the second derivatives of v. This 
is a result in the spirit of elliptic regularity theory as encountered in Sec- 
tion 8.2 (cf. Theorem 8.2.1). In the preceding computation, however, we have 
assumed that, firstly, v is thrice continuously differentiable, and secondly, 
that it has compact support. The aim of elliptic regularity theory, however, 
is to deduce such regularity results, and also, one typically encounters non- 
vanishing boundary terms on 02. Thus, our assumptions are inappropriate, 
and we need to get rid of them. This is the content of this section. 

We shall first discuss an elementary special case of the Calderon-Zygmund 
inequality. Let f € L?(Q), Q open and bounded in R¢. We define the Newton 
potential of f as 


w(e) = | Pewsuey (9.1.2) 
using the fundamental solution constructed in Section 1.1, 


st log |x — y| for d= 2, 
rion) ={ 


2-—d 
Wades |e yl for d > 2. 
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Theorem 9.1.1: Let f € L?(Q) and let w be the Newton potential of f. 
Then w € W??(Q2), Aw = f almost everywhere in Q, and 


||? 2 ea) = IIfllz2¢0) (9.1.3) 


(w is called a strong solution of Aw = f, because this equation holds almost 
everywhere). 


Proof: We first assume f € C§°(2). Then w € C®(R4). Let Q CC NM, 2 
bounded with a smooth boundary. We first wish to show that for x € 2, 


om ? 
Fania wt) aa 6 Driggs te YF) — f(x))dy 
0 (9.1.4) 
F(a) ayit y)v’ do(y), 
IQ, GL 
where v = (v!,...,v%) is the exterior normal and do(y) yields the induced 


measure on O29. This is an easy consequence of the fact that 


Oo? 1 
Aridait (® y) (f(y) x. ste) < TT lf (y) = f(2)| 
< const _——__— (ell ge- 
|x —y| 


In other words, the singularity under the integral sign is integrable. (Namely, 
one simply considers 


vela) = f Sor o.y)nely) Sodas, 


with n-(y) = 0 for |y| < ©, n-(y) = 1 for |y| > 2e and |Dn-| < =, and shows 


2 
that as e + 0, Djve converges to the right-hand side of (9.1 4).) 


Remark: Equation (9.1.4) continues to hold for a Holder continuous f, cf. 
Section 10.1 below, since in that case, one can estimate the integrand by 


1 
const ———,— lf llow 


Iz — y| 
(0<a<1). 


Since 
AI(a,y)=0 foralay, 


for 29 = B(x, R), R sufficiently large, from (9.1.4) we obtain 
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1 J 
Aula) = ptf Mw dow) =F). (15) 


Thus, if f has compact support, so does Aw; let the latter be contained in 
the interior of B(0, R). Then 


d 
ls Ze (seta ») = 24: ese Ox? waa 


+ | Dw- 2a, do(y) 
8B(0,R) Ov (9.1.6) 


-[ (Aw)? 
B(0,R) 


+ i, Dw: 2 ay do(y). 
dB(0,R) 0 


Vv 


As R - oo, Dw behaves like R'~¢, D?w like R~%, and therefore, the integral 
on OB(0, R) converges to zero for R — oo. Because of (9.1.5), (9.1.6) then 
yields (9.1.3). 

In order to treat the general case f € L?(2), we argue that by The- 
orem 7.2.2, for f € O§°() the Wt?-norm of w can be controlled by the 
L?-norm of f.' We then approximate f € L?(2) by (fn) € C§°(2). Apply- 
ing (9.1.3) to the differences (Ww, — Wm) of the Newton potentials w, of fn, 
we see that the latter constitute a Cauchy sequence in W??(2). The limit w 
again satisfies (9.1.3), and since L?-functions are defined almost everywhere, 
Aw = f holds almost everywhere, too. 


The above considerations can also be used to provide a proof of Theo- 
rem 8.2.1. We recall that result: 


Theorem 9.1.2: Let u € W1?(Q) be a weak solution of Au = f, with 
f € L?(2). Then u € W??(2'), for every Q' CC Q, and 


lell2.2ca) S$ const ( [hull zac) + Illzacay) (9.1.7) 
with a constant depending only on d, Q, and 92’. Moreover, 
Au=f almost everywhere in 2. 


Proof: As before, we first consider the case u € C3(2). Let B(x, R) C Q, 
€ (0,1), and let 7 € C3(B(a, R)) be a cutoff function with 


' See the proof of Lemma 7.3.1. 
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Os Hly)-< J, 
ny) =1 for y € Biz, oR), 


n(y) = 0 for ye R"\ B(x, +52. R), 


2 
4 
|Dn| < (—o)R’ 
|D?nl < ae 
We put 
VI= Nu. 


Then v € C@(B(z, R)), and (9.1.1) implies 


Poll cacace,ny) = |Avllr2(a(e,R)) + (9.1.8) 


Av = nAut+2Du-Dn+uAn, 
and thus 
|| Dull :2¢B¢e,0R)) = Dell p2(a¢e,R)) 


1 
< const ( lf llz2(e(e,R)) + (=n ||Dulli2(B(0,+42-R)) 


1 
+ ope Mllerwe.my ): 
(9.1.9) 


Now let € € C4(B(a, R)) be a cutoff function with 


0< €(y) <1, 
é(y) =1 for ye B(o+2R), 
4 


Putting w = €?u and using that u is a weak solution of Au = f, we obtain 


fo pwpen=-f feu, 
B(a,R) B(x, R) 


hence 
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| €?|Dul? — -2 f €uDu +. DE — f @u 
B(«,R) B(«,R) B(ax,R) 


1 
<5f  elpuP+2f — aA\peP 
2 J B(e,R) B(w,R) 


, 


1 
Gis 0) Rf fet aa—am | ie 
B(«,R) (iG) SR? Jace a 


Thus, we have an estimate for ||€Dul|p2(5(,2)), and also 


|Dullr2(a(o,+42r)) SNSP ull re cece.) 
ae 1 
<const| GR Hulleaee.ny (9.1.10) 


+ (1-o)R|fllr2(5,R)) 


Inequalities (9.1.9) and (9.1.10) yield 


a 
2 
|| D 1l| 12(B(e,0R)) < const (Is leacote.) z3 (1 3 a)? R? lel acote.e) ’ 
(9.1.11) 


In (9.1.11) we put 0 = 5, and we cover 2’ by a finite number of balls 
B(x, R/2) with R < dist(’,0Q) and obtain (9.1.7) for u € C?(Q). 

For the general case u € W!?(Q2), we consider the mollifications up, de- 
fined in Appendix 11.3. Thus, let 0 < h < dist(Q’,02). Then 


2 


and since up, € C~(2), also 
Aun = fh. 
By Lemma A.3, 
Jun — all, [fa — fllzae) 0. 


In particular, the u;, and the f, satisfy the Cauchy property in L?(2). We 
apply (9.1.7) for up, — up, to obtain 


uns — Urally22cay S const (ins — whallz2¢0) + lla — Fall ceca) - 


Thus, the u;, satisfy the Cauchy property in W?-?(2’). Consequently, the 
limit u is in W?-?(Q’) and satisfies (9.1.7). 
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If now f € W17(9), then, because u € W?:?(’) for all 2! CC 2, Dju is 
a weak solution of AD;u = D;f in 2’. We then obtain Dju € W2?(2”") for 
all Q” CC OM, ie., ue W*?(Q"). Iteratively, we thus obtain a new proof of 
Theorem 8.2.2, which we now recall: 


Theorem 9.1.3: Let wu € Wt?(2) be a weak solution of Au = f. Then 
u € Wkt?:2(9) for all Qo CC 2, and 


lull yes22¢rq) < const ([lell zac) + If llws.2¢0y) 


with a constant depending on k,d,Q, and Qo. 


In the same manner, we also obtain a new proof of Corollary 8.2.1: 


Corollary 9.1.1: Let u€¢ W!?(2) be a weak solution of Au = f, for f € 
C™(2). Then u € C%(22). 


Proof: Theorems 9.1.3 and 8.1.2. 


9.2 A Survey of the L?-Regularity Theory and 
Applications to Solutions of Semilinear Elliptic 
Equations 


The results of the preceding section are valid not only for the exponent p = 2, 
but in fact for any 1 < p < oo. We wish to explain this result in the present 
section. The basis of this L?-regularity theory is the Calderon—Zygmund in- 
equality, which we shall only quote here without proof: 


Theorem 9.2.1: Let 1 < p < oo, f € L?(2) (Q < R® open and bounded), 
and let w be the Newton potential (9.1.1) of f. Then w € W??(2), Aw = f 


almost everywhere in Q, and 
|P?~|| soca) $ 4P) Ml llzocay (9.2.1) 


with the constant c(d,p) depending only on the space dimension d and the 
exponent p. 


In contrast to the case p = 2, i.e., Theorem 9.1.1 above, where c(d,2) = 1 
for all d and the proof is elementary, the proof of the general case is relatively 
involved; we refer the reader to Bers—Schechter [1] or Gilbarg—Trudinger [8]. 


The Calderon—Zygmund inequality yields a generalization of Theorem 9.1.2: 


Theorem 9.2.2: Letu € W!1(Q) be a weak solution of Au = f, f € L”(Q), 
1<p<o, Le., 
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jp -Dg= -[ te for all p € CO°(2). (9.2.2) 
Then u € W*?(Q') for any Q! CC 2, and 


lUllw20¢2) < const (ell oo) + I flliocay) , (9.2.3) 
with a constant depending on p,d, 2’, and Q. Also, 
Au=f almost everywhere in Q. (9.2.4) 


We do not provide a complete proof of this result either. This time, how- 
ever, we shall present at least a sketch of the proof: 
Apart from the fact that (9.1.8) needs to be replaced by the inequality 
2 
||D ll po(B¢e,R)) < const. || Aull p>(5(e,r)) (9.2.5) 
coming from the Calderon—Zygmund inequality (Theorem 9.2.1), we may first 
proceed as in the proof of Theorem 9.1.2 and obtain the estimate 


1 
2 
||D ll p>(B¢e,R)) < const ( Il fllze(B(e,R)) a7 (1 = o)R || Dull n> (B(@, +2 R)) 


1 
© Gagan? lulecoten) (9.2.6) 


for 0 < o < 1, B(a,R) C 2. The second part of the proof, namely the 
estimate of ||Du||;,, however, is much more difficult for p # 2 than for p = 
2. One needs an interpolation argument. For details, we refer to Gilbarg— 
Trudinger [8] or Giaquinta [7]. This ends our sketch of the proof. 


The reader may now get the impression that the L?-theory is a technically 
subtle, but perhaps essentially useless, generalization of the L?-theory. The 
L?-theory becomes necessary, however, for treating many nonlinear PDEs. 
We shall now discuss an example of this. We consider the equation 


Au+I(u)|Dul? =0 (9.2.7) 


with a smooth I’. We also require that ['(u) be bounded. This holds if we 
assume that I itself is bounded, or if we know already that our (weak) 
solution u is bounded. 

Equation (9.2.7) occurs as the Euler-Lagrange equation of the variational 
problem 


I(u) := i: g(u(x))|Du(a)|? dz > min, (9.2.8) 


with a smooth g that satisfies the inequalities 


250 9. Strong Solutions 


0<A<g(v) <A<o, |g'(v)| <k < 00 (9.2.9) 


(g’ is the derivative of g), with constants A, A,k, for all v. 
In order to derive the Euler-Lagrange equation for (9.2.8), as in Sec- 
tion 7.4, for y € Hy?(2), t € R, we consider 


I(u+ ty) = | g(u + ty)|D(u + ty)? dex. 
Q 
In that case, 


d 
ibe t tw)it=0 = / {2409 Pade aDuto| dx 


= | (-200.20 — 2) Dig(u) Diu + g'(u) i) p dx 


= f (—29(u) Au — g’(u)|Dul?) pdx 


after integrating by parts and assuming for the moment u € C?. 

The Euler-Lagrange equation stems from requiring that this expression 
vanish for all y € Ho 00. which is the case, for example, if w minimizes 
I(u) with respect to fixed boundary values. Thus, that equation is 


GU) A, 2 
Au + 39(u) |Dul|- = 0. (9.2.10) 


With P(u) := £3, we have (9.2.7). 


In order to apply the L?-theory, we assume that u is a weak solution of 
(9.2.7) with 


u€W?(Q) for some p; > d (9.2.11) 


(as always, 2 C R¢, and so d is the space dimension). 

The assumption (9.2.11) might appear rather arbitrary. It is typical 
for nonlinear differential equations, however, that some such hypothesis is 
needed. Although one may show in the present case? that any weak solution 
u of class W!:?(2) is also contained in W!?(2) for all p, in structurally simi- 
lar cases, for example if u is vector-valued instead of scalar-valued (so that in 
place of a single equation, we have a system of—typically coupled—equations 
of the type (9.2.7)), there exist examples of solutions of class W1:?(2) that 
are not contained in any of the spaces W!?(Q) for p > 2. In other words, 
for nonlinear equations, one typically needs a certain initial regularity of the 
solution before the linear theory can be applied. 


? See Ladyzhenskya and Ural’tseva [13] or the remarks in Section 11.3 below. 
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In order to apply the L?-theory to our solution wu of (9.2.7), we put 
f(x) :-= —I'(u(x))|Du(x)|?. (9.2.12) 


Because of (9.2.11) and the boundedness of (wu), then 


f € L?/2(Q), (9.2.13) 
and uw satisfies 
Au=f inf. (9.2.14) 
By Theorem 9.2.2, 
u € WP1/2(0') for any Q' CC 22. (9.2.15) 


By the Sobolev embedding theorem (Corollary 8.1.1, Corollary 8.1.3, and 
Exercise 2 of Chapter 8), 


ue W?2(Q') for any 2 CC 2, (9.2.16) 
with 
PL 
R= G a >p1 because of p; > d. (9.2.17) 
2 
Thus, 
feEL?(Q) forall I ccg, (9.2.18) 


and we can apply Theorem 9.2.2 and the Sobolev embedding theorem once 
more, to obtain 


> d 
ucw2Fn W1?3(Q!) with p3 = 7a > po (9.2.19) 
2 


for all Q’ cc 2". Iterating this procedure, we finally obtain 


u € W74(Q') for all q. (9.2.20) 

We now differentiate (9.2.7), in order to obtain an equation for Dju, i = 
hes coststl 

ADju+ I'(u)Dju|Dul? + 20(u) S> DjuD,ju = 0. (9.2.21) 


This time, we put 


f= —I'(u)Dj,u| Du)? — 2r'(u D,uD;;u. 9.2.22 
J J 
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Then 
|f| < const (|Du|? + |Du||D?ul), 
and because of (9.2.20) thus 
f € L?(2’) for all p. 
This means that v := D;u satisfies 
Av=f with f € L°(2') for all p. (9.2.23) 
By Theorem 9.2.2, we infer 


v € W*?(2') for all p, 


u€ W*?(Q') for all p. (9.2.24) 


We differentiate the equation again, to obtain equations for D,;u (i,j = 
1,...,d), apply Theorem 9.2.2, conclude that u € W*?(’), etc. Iterating 
the procedure again (this time with higher-order derivatives instead of higher 
exponents) and applying the Sobolev embedding theorem (Corollary 8.1.2), 
we obtain the following result: 


Theorem 9.2.3: Let u€ W1?1(Q), for p, > d (QC R®), be a weak solution 
of 


Au +I(u)|Du|? =0 
where I’ is smooth and I'(u) is bounded. Then 


u € C%(22). 


The principle of the preceding iteration process is to use the information 
about the solution u derived in one step as structural information about 
the equation satisfied by u in the next step, in order to obtain improved 
information about u. In the example discussed here, we use this information 
in the right-hand side of the equation, but in Chapter 11 we shall see other 
instances. Such iteration processes are typical and essential tools in the study 
of nonlinear PDEs. Usually, to get the iteration started, one needs to know 
some initial regularity of the solution, however. 
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Summary 
A function u from the Sobolev space W?:?(Q) is called a strong solution of 
Au =f 


if that equation holds for almost all x in 2. 

In this chapter we show that weak solutions of the Poisson equation are 
strong solutions as well. This makes an alternative approach to regularity 
theory possible. 

More generally, for a weak solution u € W!!(Q) of 


Au= f, 


where f € D?(2), one may utilize the Calderon—Zygmund inequality to get 
the L?-estimate for all 2 CC QQ, 


lull w20(e < const (ell ceca) a7 Ilfllze cay): 


This is valid for all 1 < p < c& (but not for p= 1 or p= oo). 
This estimate is useful for iteration methods for the regularity of solutions 
of nonlinear elliptic equations. For example, any solution u of 


Au+I(u)|Dul? =0 


with regular I’ is of class C°°(2), provided that it satisfies the initial regu- 
larity 


u€W'?(Q) for some p > d (= space dimension). 


Exercises 


9.1 Using the theorems discussed in Section 9.2, derive the following result: 
Let u € W1?(2) be a weak solution of 


Au= f, 


with f ¢ W*?(Q) for some k > 2 and some 1 < p < oo. Then u € 
W*+2,P(Q9) for all Q CC Q, and 


Il || w*+2.2 4%) < const (ell cao) ah Ill wee (ay) 
9.2 Consider the map 
u: B(0,1)(c RY) > R’, 


x 
wr —. 
Iz" 
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Show that for d > 3, u € W1?(B(0,1),R“) (this means that all compo- 
nents of u are of class W1:?). Show, moreover, that u is a weak solution 
of the following system of PDEs: 


d 
Au® + u% S- |Dju®|? =0 fora=1,...,d. 
i,B=1 


Since u is not continuous, we see that solutions of systems of semilinear 
elliptic equations need not be regular. 


10. The Regularity Theory of Schauder and 
the Continuity Method 
(Existence Techniques IV) 


10.1 C°%-Regularity Theory for the Poisson Equation 


In this chapter we shall need the fundamental concept of Holder continuity, 
which we now recall from Section 8.1: 


Definition 10.1.1: Let f: QR, 2% € 2,0<a<1. The function f is 
called Holder continuous at xo with exponent a if 


|F(@) = Flo) SA, (10.1.1) 


Moreover, f is called Holder continuous in QQ if it is Holder continuous at 
each x9 € 2 (with exponent a); we write f € C°(Q2). If (10.1.1) holds for 
a=1, then f is called Lipschitz continuous at x9. Similarly, C’*(Q) is the 
space of those f € C*(Q) whose kth derivative is Hélder continuous with 
exponent a. 


We define a seminorm by 


|F(x) — F(Y)| 
és = a ee Cee: 10.1.2 
Iflea(a) ee area (10.1.2) 
We define 
II flle#(a) = Il lleoca) i lfloe(a) 
and 


Il fll ome) 


as the sum of || {|| x(q) and the Hélder seminorms of all kth partial derivatives 


of f. As in Definition 10.1.1, in place of C°*, we usually write C°. The 
following result is elementary: 


Lemma 10.1.1: If f, fg € C°(G) on GC R4, then fi fo € C*(G), and 


deloncey & (sup Al) [aloncey + (sup lial) IMiloncr 
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Proof: 
aE oF c =e i = 
which directly implies the claim. 
Theorem 10.1.1: As always, let Q.C R?% be open and bounded, 
u(e) = f P,y)fluda. (10.1.3) 
Q 


where I’ is the fundamental solution defined in Section 1.1. 


(a) If f € L©(Q) (i.e. suppeg|f(z)| < c0),! then u € Ch*(2), and 
Ullore(a) Sarsup|f| for a € (0,1). (10.1.4) 
(b) If f € C$(Q), then u € C?*(2), and 
Ulloz(ay Se llflloe(ay forO<a<1. (10.1.5) 


The constants in (10.1.4) and (10.1.5) depend on a, d, and |QQ|. 


Proof: (a) Up to a constant factor, the first derivatives of u are given by 


From this formula, 


i i 
THY 


d 
A eear |z2 — y| 


|v’ (a1) —v “(a2)| < dy. (10.1.6) 


By the intermediate value theorem, on the line from x; to x2 there exists 
some x3 with 


a a 


ai -y° TY 
d d 
ljti—yl lta y| 


C3 ay =. L2| 


(10.1.7) 


d 
x3 — y| 


We put 6 := 2|x, — x9|. Since 2 is bounded, we can find R > 0 with 
2 C B(a3, R), and we replace the integral on 2 in (10.1.6) by the integral 
on B(a3, R), and we decompose the latter as 


B(a3,R) B(x3,6) B(«x3,R)\B(x3,6) 


' “sup” here is the essential supremum, as explained in Appendix 11.3. 
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where without loss of generality, we may take 6 < R. We have 


1 
B(es,d) |@3 — y| 


and by (10.1.7) 
In < c40(log R — log 0), (10.1.10) 
and hence 
I+ Ip < cs |x, —29|* for any a € (0,1). 
This proves (a), because obviously, we also have 


|v*(x)| < cs sup |fI. (10.1.11) 
(b) Up to a constant factor, the second derivatives of u are given by 
wi(e) = f (leu? dy aCe —¥*) (94) 
es 


however, we still need to show that this integral is finite if our assumption 
f € C§(2) holds. This will also follow from our subsequent considerations. 

We first put f(x) = 0 for « € R¢\ Q; this does not affect the Holder 
continuity of f. We write 


K (ey) = (le-yP dj —a(0' -y') (7 -y’)) 
|x 
_ oO gy? 
Ox) \\a— yl?) 
We have 


yyy? ye. 
| K(y)ay = | aa -f AC (10.1.12) 
Ri<|yl<Re ly|l=Re “2 |y| Wi=Ri “1 [yl 


= 0, 


1 
yee f(y) dy; 


d+2 


since i ta is homogeneous of degree 1 — d. Thus also 


We now write 
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by (10.1.13). As before, on the line from 2; to x2 there is some x3 with 


C7 |x ey L2| 


d+1° 
|ar3 = y| 


|K(a1 —y) — K(z2—y)|< (10.1.15) 


We again put 


and write (cf. (10.1.14)) 
w (a1) — w? (x2) 
es {(f(y) — f(w1)) K (ai — y) — (Fy) — F(@2)) K(@2 — y)} dy 


=h+lo, 
(10.1.16) 


where J, denotes the integral on B(x,,5), and Jy that on R¢\ B(x1,5). Since 
If(y) — F(®)| < IIflloa |e — yl", it follows that 


Al <illes fL Pe y) [a1 — y|” — K(w2 — y) |e2 — yl"} dy 
v1, 


Ses || fllca + 0. 
(10.1.17) 


Moreover, 
ine | (F(02) — f(a) K(ar — y) dy 
R4\ B(a1,6) 
+f (f(y) — f(a) (Klar —y) — K(e2—y)) dy, (10.1.18) 
R¢\ B(x1,6) 


and the first integral vanishes because of (10.1.12). Employing (10.1.15), and 
since for y € R@ \ B(a1, 4), 


1 C9 


a 
d Beis 
|r3 i= y| si 21 = y| 


d+1? 
it follows that 


la] < e108 [If lla | ler — 9 
R¢@\ B(x1,6) 


Inequality (10.1.5) then follows from (10.1.16), (10.1.17), (10.1.19). 


a-—d-1 


<6" |[flloa  (10.1.19) 


Theorem 10.1.2: As always, let QC R% be open and bounded, and Q9 CC 
QQ. Let u be a weak solution of Au = f in 2. 
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(a) If f € C°(Q), then u € Ch*(Q), and 


all ora (rg) S22 (Il flloogay + llellzacay) - (10.1.20) 


(b) If f € C%(Q), then u € C?*(Q), and 


Ill 02.09) S €13 (Iflloaca) + lullzacay) : (10.1.21) 


Remark: The restriction 0 < a < 1 is essential for Theorem 10.1.2, as well 
as for the subsequent results. For example, in some neighborhood of 0, the 
function 


u(x',2*) = |a!| |2*| log (|2"| + |e"]) 
satisfies the inequality 
|u| + | Au| < const, 
2 


while the mixed second derivative aor aa? behaves like 


log (|z*| + |2*]). 


Consequently, the C!!-norm of u cannot be controlled by pointwise bounds 
for f := Au and u. 


Proof: We demonstrate the estimates (10.1.20) and (10.1.21) first under the 
assumption u € C*:*(Q). We may cover 2 by finitely many balls that are 
contained in 92. Therefore, it suffices to verify the estimates for the case 


2 = B(0,r), 
Q=BO0,R), 0<r<R<o. 


Let 0 < Ry < Ro < R. We choose some 7 € C§°(B(0, R2)) with 0 < 7 <1, 
n(x) = 1 for |a| < Ry, and 


Ill ce.=(8(0,Ro)) < c14(Re = Rie (10.1.22) 
We put 
o:= nu. (10.1.23) 


Then ¢ vanishes outside of B(0, R2), and by (1.1.7), 


d(x) = [ Pemotnas, (10.1.24) 


Here, 
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Ag = nAu+ 2Du- Dn +uAn, (10.1.25) 
and so 
|Ag||co < |Aullco + c1s IInllo2 + [eller » (10.1.26) 
and by Lemma 10.1.1 
Ad|loa F< c16 IInllo2.0 (Aulloa + [lullcora)» (10.1.27) 


where all norms are computed on B(0,R2). From Theorem 10.1.1 and 
(10.1.26) and (10.1.27), we obtain 


IPllore S €r7 (lAulloo + Ilnllee Muller) (10.1.28) 


and 


IPlloaa S ers Ilalle2e (AUlloa + llullora); (10.1.29) 


respectively. Since u(x) = (a) for |2| < Ry, and recalling (10.1.22), we 
obtain 


1 
lcs.) $21 (Alcoa. + C= FE lleva) 
(10.1.30) 


and 


1 
lull ca (a(0,)) S 0 TR, — Bra (Il Aull oa (2(0,22)) + Hullo. (2(0,22))) 
(10.1.31) 


respectively. 
We now claim that for a € (0,1), for any « > 0 there exist some N(e) < co 
with 


llellorcay S Ellullor.e cay + N(E) llullzacay (10.1.32) 


for all u € C(Q). If not, we can find a sequence of functions (Un)nen C 
CL(2) with 


[unl =1, 
on (10.1.33) 
Ilun|I cr (@) ze Ilun|lo2.6(9) +n Ilr |l72¢) : 


In particular, ||Up||G1,0 (q) 18 uniformly bounded. This means that the up, 
and their first derivatives are uniformly continuous. By the Arzela—Ascoli 
theorem, after selection of a subsequence, (u,,) converges to some u € C1(2) 
with ||ul|c1(q) = 1. However, (10.1.33) implies ||ul|;2(q) = 0, hence u = 0, 
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hence |lul|ci(q) = 0, and a contradiction results. This proves (10.1.32). In 
the same manner, one verifies 


lulle2cay S €[lulloz.«¢a) + NCE) llullz2 (ay - (10.1.34) 
We put 
Aj := sup (R —= r)3 Ile] o1.0(B(0,r)) ; 
0<r<R 
Ag := sup (R a r)? Ill] 02.0 (B(0,r)) a 
0<r<R 
For the proof of (a), we choose R; such that 
A; < 2(R— Ri)? |lullo1.e(B00,R1)) > (10.1.35) 
and for (b), such that 
Az < 2(R— R1)° |lullo2.«(B(0,R,)) ° (10.1.36) 


Then (10.1.30) and (10.1.32) imply 


E 
At < en(R = Bx)*(|Aullcoca(0,r)) + (Ry — Ry? lles#(B0o.Re)) 
1 
———_____N 
+ Ga REN ©) llllz2 00.04) ) 
(R- R,)3 E 


A 
="? (R—R2)8 (Ra— Ri)? ~* 

(R— R1)° 
+ ca3(R— Ri)? || Aull corao,r,)) + C24 NORE Ileull 2(8(,R2)) - 


Choosing Rg (Ri < Rz < R) and ¢ appropriately, the coefficient of A; on 
the rhs becomes smaller than $. We then altogether obtain 


iL 


lullor< Bor S (Rope 


(10.1.37) 
S C25 (lAullcos.o,ny + lelewory) 


with a constant that now also depends on the radii occurring. In the same 
manner, from (10.1.31) and (10.1.34), we obtain 


all cae won) $26 (Aula eeo,ny + llullzae0,~) ——_‘(10-1.38) 


for 0 <r < R. Since Au = f, we have thus proved (10.1.20) and (10.1.21) 
for u € C?*(Q). 

For u € W!?(Q) we consider the mollifications up, as in Appendix 11.3. 
Let 0 < h < dist(%, 02). Then 
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Dup ~-Dy=— fhv for all v € Ay (2), 
Q 2 


and since up, € C™, also 
Aun = fh- 


Moreover, by Lemma A.2, 


II fn — fllco + 9, 


and with an analogous proof, if f € C%(2), 


II fn — flea — 0. 
For h + 0, the f, therefore constitute a Cauchy sequence in C°(2) or C*(). 
Applying (10.1.20) and (10.1.21) to up, — un., we obtain 


uns = Urallora (ag) S27 (fa — Frallcogay + llttar — Unall 2c) 
(10.1.39) 
or 


lta. — Unallo2.« 2) < Cog (Ilva, ~ Srallea¢a) + |lur, — tnallz2@) : 
(10.1.40) 


The limit function u thus is contained in C'“(Q) or C?*(Q), and satisfies 
(10.1.20) or (10.1.21). 


Part (a) of the preceding theorem can be sharpened as follows: 


Theorem 10.1.3: Let u be a weak solution of Au = f in Q (2 a bounded 
domain in R*), f € L?(Q) for some p > d, QM) CC 2. Then u € Ch*(Q) for 
some a that depends on p and d, and 


all cra ag) const (Il fll aoc) + lull 2c) - 
Proof: Again, we consider the Newton potential 
w(a) = f Pew) foddy. 


and 
vo) = fa ¥ Fld 


Using Hoélder’s inequality, we obtain 
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p-1 


i dy ou 
[v*(2)| < If llzecay (/ thes] , 


and this expression is finite because of p > d. In this manner, one also verifies 


that sow = constv’ and obtains the Hélder estimate as in the proof of 


Theorem 10.1.1(a) and Theorem 10.1.2(a). 


Corollary 10.1.1: If u¢ W1!?(Q2) is a weak solution of Au = f with f € 


C"(2), KEN, 0<a <1, thenue C*?°(2), and for 29 CC 2, 


ull onrae(iag) S const (IIfllome cay + lellzaca)) - 


If f € C™%(Q), so is u. 


Proof: Since u € C?*(2) by Theorem 10.1.2, we know that it weakly solves 


3) 3) 


A—u= — 
Axi” Ox? 


f. 


Theorem 10.1.2 then implies 


ath COD) We Cyd), 


and thus u € C®:*(Q). The proof is concluded by induction. 


10.2 The Schauder Estimates 


In this section, we study differential equations of the type 


: ula By 5 u(x 
Lu(2) := S- a’) (2) oa) + x b’(x) eul) + c(x)u(x) = f(x) 


i,j=l 
in some domain 2 Cc R?. We make the following assumptions: 
(A) Ellipticity: There exists \ > 0 such that for all 2 € 2, € € R4, 


d 


S > aif (abe; = AlEl’. 


ij=l 


Moreover, a(x) = a!*(x) for all i,j, x. 
(B) Hélder continuous coefficients: There exists kK < oo such that 


| [ca(ayllellea(ay SK 


Ilo" loa (ay 


for all i, 7. 
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The fundamental estimates of J. Schauder are the following: 


Theorem 10.2.1: Let f € C%(2), and suppose u € C**(Q2) satisfies 
Lu=f (10.2.2) 


in Q (0<a<1). For any 29 CC 2, we then have 


Ile] 2.0 (2%) $c (Iflleaca) on lula) ’ (10.2.3) 


with a constant cy depending on 22,2,a,d,r, Kk. 
For the proof, we shall need the following lemma: 


d 


Me? < So AMEE; < Ale? for alle ER! (10.2.4) 
i,j=l 
with 
0<A<A<o. 
Let u satisfy 
d 
Ou 
AY —__ = 10.2.5 
Py Ox*OxI t ( ) 


with fe C%(2) (0<a< 1). For any 29 CC 2, we then have 


lll c2a¢ias) $2 (IIflloa cay + llullzacay) - (10.2.6) 


Proof: We shall employ the following notation: 


peer 


If B is a nonsingular d x d-matrix, and if y:= Br,v:= uo Bt, ie., v(y) = 
u(x), we have 


AD? u(x) = AB'D?v(y)B, 
and hence 
Tr(AD?u(x)) = Tr(BAB*D?v(y)). (10.2.7) 


Since A is symmetric, we may choose B such that BtA B is the unit matrix. 
In fact, B can be chosen as the product of the diagonal matrix 
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»y 
D — 
Sa 
na? 
(A1,..-,;Aa being the eigenvalues of A) with some orthogonal matrix R. In 
this way we obtain the transformed equation 
Av(y) = f (Bo'y). (10.2.8) 


Theorem 10.1.2 then yields C?:*-estimates for v, and these can be trans- 
formed back into estimates for u = vo B. The resulting constants will also 
depend on the bounds 4, A for the eigenvalues of A, since these determine 
the eigenvalues of D and hence of B. 


Proof of Theorem 10.2.1: We shall show that for every ao € Qo there exists 
some ball B(ao,7) on which the desired estimate holds. The radius r of this 
ball will depend only on dist(2%, 02) and the Hélder norms of the coefficients 
a) ,b',c. Since Q is compact, it can be covered by finitely many such balls, 
and this yields the estimate in 12. 
Thus, let 2p € Q%. We rewrite the differential equation Lu = f as 


‘ “i ula 
ye a(x oe a os (ae ep) ee (x)) a 


tJ 


i( 10.2.9 
Leo Ge eee tee — OP” 
x 
— ole). 
If we are able to estimate the C°-norm of y, putting A? := a'I (x9) and 


applying Lemma 10.2.1 will yield the estimate of the oe *“norm of u. The 
crucial term for the estimate of y is }>(a") (aq) —a”4 (x)) 52 Let B(x, R) C 
92. By Lemma 10.1.1 


ox* Bal * 


- es 07u(2) 
2 (a (a0) — (2) Bera 
a9 C+ (B(xo, 3¢ 
< sup |a” (xo) — a” (x)| |D° Ua (B(ao,R)) 


i,j,c€ B(xo,R) 


Soe Pen. oo [ee u|. (10.2.10) 


Thus, also 


lz (a’ (ao) — a’ (a) aa 


< sup |a"?( (xo) — a” (z)| ) Mellee, °(B(x9,R)) + ©3 Ill o2(B( (ao,R))? (10.2.11) 


C°(B(ao,R)) 
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where c3 in particular depends on the C’*-norm of the a’/. 
Analogously, 


a) sea Lei |i Giedieans (10.2.12) 
C@(B(xo,R)) 
lela) u() Il caca(ao,m) S ¢6 llellcacss(ao,n))- (10.2.13) 
Altogether, we obtain 
Illco ao. S SUP Ja? (wo) — a4 (2)| [lull c2.0(B(0,R)) 
+ 6 llUllc2(B(eo,R) + WF loa (B(eo,R)) ° (10.2.14) 


By Lemma 10.2.1, from (10.2.9) and (10.2.14) for 0 <r < R, we obtain 


ull 2.0 Ser sup [a9 (ep) — a¥(2)|[lullca.ni 
O?¢(B(xo,r)) co (2)| C?-«(B(xo,R)) 


+ eg ||Ullo2(B(a9,R)) + €9 Il Fllee(B(xo,R)) * (10.2.15) 
(B( )) (B( )) 


Since the a are continuous on 2, we may choose R > 0 so small that 


C7 sup |a*? (x) — a (x)| < (10.2.16) 


1 
i,j,@€ B(xo,R) 2 


With the same method as in the proof of Theorem 10.1.2, the corresponding 
term can be absorbed in the left-hand side. We then obtain from (10.2.15) 


Ill 02.6 (B(ar9,R)) < 2cg lullc2(B(0,R)) + 2c9 IIflloa(B(eo,R)) . (10.2.17) 
y (10.1.34), for every ¢ > 0, there exists some N(e) with 


Ill c2(B(@0,R)) Se Il-|I ¢2.0(B(a9,R)) PIE) Ill -2(8(20,R)) : (10.2.18) 


With the same method as in the proof of Theorem 10.1.2, from (10.2.18) and 
(10.2.17) we deduce the desired estimate 


Ilullc2.0(B(wo,R)) < C10 (Il llca(a(ao.k)) + lullz2a¢eo.m)) .  (10.2.19) 


We may now state the global estimate of J. Schauder for the solution of the 
Dirichlet problem for L: 


Theorem 10.2.2: Let Q C R® be a bounded domain of class C?** (anal- 
ogously to Definition 8.3.1, we require the same Le a as there, except 
that (iit) is replaced by the condition that ¢ and @~" are of class C?**). Let 
f € C%(2), g € C?*(2Q) (as in Definition 8.3.2), and let u € C?*(Q) satisfy 
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Lu(a) = f(z) forxe 2, 


u(x) = g(x) forx € 0. ee) 


Then 
Iellcaacay $e (lowe) + lallcaaca) + Ihellze¢ay) > (1022.21) 


with a constant c,, depending on 22,a,d,A, and K. 


The Proof essentially is a modification of that of Theorem 10.2.1, with 
modifications that are similar to those employed in the proof of Theo- 
rem 8.3.3. We shall therefore provide only a sketch of the proof. We start 
with a simplified model situation, namely, the Poisson equation in a half- 
ball, from which we shall derive the general case. 

As in Section 8.3, let 


Bt (0, R) = {2 = (c',...,27) ERS |2| < Riz? > 0}. 
Moreover, let 


OB (O,R)-= OB" (0, Ryinite® =0}, 
dt B* (0, R) := OB* (0, R) \ 0°B*(0, R). 


We consider f € C® (BO. R)) with 
f=0 on dtBt(0,R). 
In contrast to the situation considered in Theorem 10.1.1(b), f no longer must 


vanish on all of the boundary of our domain 2 = B*(0,R), but only on a 
certain portion of it. Again, we consider the corresponding Newton potential 


u(x) =| I(x, y)f (y)dy. (10.2.22) 
B+(0,R) 


Up to a constant factor, the first derivatives of u are given by 


ve) = | | a —" Fy)dy (i=1,...,4), (10.2.23) 


and they can be estimated as in the proof of Theorem 10.1.1(a), since there, 
we did not need any assumption on the boundary values. 
Up to a constant factor, the second derivatives are given by 


w') (a) =), : (= — “) f(y)dy (=w*(x)). — (10.2.24) 
B | 


+0,n) 909 \|x—y 


For K(a —y) = 225 (24), and i# dor j #d, 
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yee K(y)dy = 0 (10.2.25) 


yt>0 


by homogeneity as in (10.1.12). Thus, for i 4 d or j 4 d, the a-Hélder 
norm of the second derivative aT can be estimated as in the proof of 
Theorem 10.1.1(b). The differential equation Au = f implies 


a a 
aap u=f Yo u, (10.2.26) 


and so we obtain estimates for the a-H6dlder norm of yEu as well. We can 


— foes 
thus estimate all second derivatives of w. 
As in the proof of Theorem 10.1.2, we then obtain C?:°-estimates in 


B*(0, R) for solutions of 


Au=f in Bt(0,R) with fec? (BOR), 


(10.2.27) 
u=0 on 6°B*(0,R), 
for0<r<R: 
Ile] c2.0(B+(0,n)) < C12 (Ilflloaps+(o,my ae lullae+e.m)) : (10.2.28) 


Namely, putting 


p= nu 
as in (10.1.23) with the same cutoff function as in (10.1.22), we have y = 0 


on 0B* (0, R2) (0 < Ri < Re < R), since 7 vanishes on 0* B*(0, Ra), and u 
on 0°Bt(0, Rz). Thus, again 


y(e) = | P(x, y) Aply)ay 
B+(0,R) 


is a Newton potential, and the preceding estimates can be used to deduce 
the same result as in Theorem 10.1.2: For 0 <r < R, 


Ill o2.0(B+(0,r)) < ¢13 (Il llcaea+(o,n) + lullzae+eo.ry) : (10.2.29) 

We next consider a solution of 
Au=f in B+(0,R) with fec? (BYO.R)) (10.2.30) 
u=g ond°Bt(0,R) with g ¢ C0? (B*0.R)) (10.2.31) 


As in Section 8.3, we put u := u—g. We see that U satisfies 
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Au = f - Ag =: fe C* (BOR) in BY(0,R), 
0 on 0°B*(0, R). 


u= 
We have thus reduced our considerations to the above case (10.2.27), and so, 
from (10.2.29), we obtain 


Ill c2,.0(B+(0,r)) = Zl] c2.0(B+(0,r)) + IIgllc2.0(8+(0,r)) 
SC [eee + l@ll 52(8+(0,R)) ae Iallcaaca+(0,R)| 


< C15 II flloaga+(0,n) + IIl9llc2.e(B+(0,r)) + ll reo+co.ry | : 
(10.2.32) 


In order to finally treat the situation of Theorem 10.2.2, as in Section 8.3, 
we transform a neighborhood U of a boundary point ro € OQ with a C?:°- 
diffeomorphism ¢ to the ball B(0, R), such that the portion of u that is 
contained in 2 is mapped to Bt(0, R), and the intersection of U with 02 
is mapped to 0°B*(0, R). Again, @ := wo d+ on Bt(0, R) satisfies a dif- 
ferential equation of the same type as Lu = f, Li = f , again with different 
constants A, K in (A) and (B). By the preceding considerations, we obtain a 
C?-*-estimate for i in B* (0, R/2). Again ¢ transforms this estimate into one 
for u on a subset U’ of U. Since 2 is bounded, 02 is compact and can thus 
be covered by finitely many such neighborhoods U’. The resulting estimates, 
together with the interior estimate of Theorem 10.2.1, applied to the comple- 
ment 2) of those neighborhoods in 2, yield the claim of Theorem 10.2.2. 


Corollary 10.2.1: In addition to the assumptions of Theorem 10.2.2, sup- 
pose that c(%) <0 in 2. Then 


IluI| c2.0(@) < C16 (flloa¢o) 27 lallcxacay) ; (10.2.33) 


Proof: Because of c < 0, the maximum principle (see, e.g., Theorem 2.3.2) 
implies 


sup Jul < max |u| + cz sup lf|= max lg| + c17 ay Fae 


Therefore, the L?-norm of u can be estimated in terms of the C°-norms of f 
and g, and the claim follows from (10.2.21). 
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In this section, we wish to study the existence problem 


Iu=f mJ, 
u=g ondn, 
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in a C?*-region Q with f € C%(2), g € C**(2). The starting point for 
our considerations will be the corresponding result for the Poisson equation, 
Kellogg’s theorem: 


Theorem 10.3.1: Let 2 be a bounded domain of class C° in R*, fe 
C°(2), g € C*:*(Q). The Dirichlet problem 
Au=f in, 


10.3.1 
u=g ono, ( ) 


then possesses a unique solution u of class C?*(2). 


Proof: Uniqueness follows from the maximum principle (see Corollary 2.1.1). 
For the existence proof, we first assume that f and g are of class C°°. The 
variational methods of Section 7.3 yield a weak solution, which then is of 
class C°(Q) by Theorem 8.3.1. Moreover, by Corollary 10.2.1, 


lulloxecay $44 (IIflloaa + llgllozacqy) - (10.3.2) 


We now return to the C?*-case. We approximate f and g by C®-functions 
fn and gy, that are defined on 92. Let u,, be the solution of the corresponding 
Dirichlet problem 


Aun = fn in Q, 
Un = Jn on OM. 


For n > mM, Un — Um then satisfies (10.3.2) on QQ, ie., 


lun — Umall oaaca) $41 (Ifo — frelloa(ay + llgn — Gmllozacay) + (10.3.3) 


Here, the constant c; does not depend on the solutions; it depends only 
on the C:*-geometry of the domain. We assume that f,, converges to f in 
C°(2), and gn to g in C?*(2), and so the uy, constitute a Cauchy sequence 
in C?:*(Q) and therefore converge towards some u € C?:*(2) that satisfies 


Au=f inf, 
u=g ond, 


and the estimate (10.3.2). 


We now state the main existence result of this chapter: 


Theorem 10.3.2: Let Q be a bounded domain of class C® in R¢. Let the 
differential operator 


d 
L= 2 al (a) aa + 2 bi (x) a + c(x) (10.3.4) 
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satisfy (A) and (B) from Section 10.2, and in addition, 
cz) <0 ing. (10.3.5) 


For any f € C°(Q), g € C”*(Q) there then exists a unique solution u € 
C?:°(Q) of the Dirichlet problem 


Iu=f inf, 


10.3.6 
u=g onon. ( ) 


Remark: It is quite instructive to compare this result and its assumptions 
with Theorem 8.4.4 above. 


Proof: Considering, as usual, u = u — g in place of u, we may assume g = 0, 
as our problem is equivalent to 


We thus assume g = 0 (and write wu in place of @). We consider the family of 
equations 


Lu=f for0<t<1l, 
cae a (10.3.7) 
u=0 on dQ, 
with 
Ip =tL+(1-2)A. (10.3.8) 


The differential operators L, satisfy the structural conditions (A) and (B) 
with 


de = min(1,\), K; = max(1, K). (10.3.9) 


We have Lo = A, Li = L. By Theorem 10.3.1, we can solve (10.3.7) for t = 0. 
We intend to show that we may then also solve this equation for all t € [0, 1], 
in particular for t = 1. The latter is what is claimed in the theorem. 

The operator 


Ly: By = C**(Q)N{u:u=0 on AQ} > C%(2) =: Be 


is a bounded linear operator between the Banach spaces B; and Bo. Let uz 
be a solution of Liu; = f, uz = 0 on OM. By Corollary 10.2.1, 


Il“ello2,0() Se IIflloeca) ’ 
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lulle, < co lLeulls, » (10.3.10) 


for all u € B,. Here, the constant cp does not depend on t, because by 
(10.3.9), the structure constants ;, Ky of the operators L; can be controlled 
independently of t. 

We want to show that for any f € Bo there exists a solution u; of (10.3.7), 
ie., of Lyu; = f, in B,. In other words, we want to show that the operators 
I, : B, — Bg are surjective for 0 < t < 1. This, however, follows from the 
general result stated as the next theorem. With that result, we then conclude 
the proof of Theorem 10.3.2. 


Theorem 10.3.3: Let Lo, L, : By + Bo be bounded linear operators between 
the Banach spaces B,, Bj. We put 


Ly:=(1-)Lo+th, fordO<t<1. 
We assume that there exists a constant c that does not depend on t, with 
lulle, <ellZiullp, for allue Bi. (10.3.11) 
If then Lo is surjective, so is Ly. 


Proof: Let L, be surjective for some 7 € [0,1]. By (10.3.11), LZ, then is 
injective as well, and thus bijective. We therefore have an inverse operator 


Eo): By > By. 
For t € [0,1], we rewrite the equation 
Luw=f for fe Be (10.3.12) 
as 
Lu=f+(L,—L,)u= f+(t—7)(Lou-Lyu), 
or 
w= Lf +(t—r)L7' (Lo — L1)u =: Au. 


Thus, for solving (10.3.12), we need to find a fixed point of the operator 
A: B, + By. By the Banach fixed point theorem, such a fixed point exists 
if we can find some q < 1 with 


|Au— Avllp, < alle —vlly, 
We have 


|| Aw — Av} < ||£74I] (ILoll + [Lall) le = rl lle — all 


10.3 Existence Techniques IV: The Continuity Method 273 


By (10.3.11), ||L7+|| < c. Therefore, it suffices to choose 


ltr] < 5 (eCIMLoll + all)? =n 


for obtaining the desired fixed point. This means that if L;u = f is solvable, 
so is Lyu = f for all t with |t — rT] < 7. Since Lo is surjective by assumption, 
I, then is surjective for 0 < t < 7. Repeating the preceding argument, this 
time for 7 = 7, we obtain surjectivity for 7 < t < 2n. Iteratively, all Ly for 
t € [0,1], and in particular L,, are surjective. 


Summary 
A solution of the Poisson equation 
Au =f 


with a-Hoélder continuous f is contained in the space C?®; i.e., it possesses 
a-H6lder continuous second derivatives for 0 < a < 1. (This is no longer true 
for a= 0 or a= 1. For example, if f is only continuous, a solution need not 
be twice continuously differentiable.) By linear coordinate transformations 
this result can be easily extended to linear elliptic differential equations with 
constant coefficients. Schauder then succeeded in extending these results to 


solutions of elliptic equations 


Lu(x) = S~a'4 (2) oa) oe (0) oe + e(x)u(x) = f(x) 


et a 


with a-Hélder continuous coefficients, by considering such an operator L as 
a local perturbation of an operator with constant coefficients a’, b’, c. 
The continuity method reduces the solution of 


Llu=f 
to that of the Poisson equation 
Au =f 
by considering the operators 
Lpy=thL+(1-na 
for 0 <t <1, and showing that the set of ¢ € [0,1] for which 
Liu = f 


can be solved is open and closed (and nonempty, because the Poisson equation 
can be solved). The proof of closedness rests on Schauder’s estimates. 
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Exercises 
10.1 Let K C R@ be bounded, f, : K > R (n € N) a sequence of functions 
with 
Ilfnllcacx) <const (independent of 7), 
for some 0 < a < 1. (Here and in the next exercise, in the case a = 1 we 
consider the space C®! of Lipschitz continuous functions.) Show that 
then (fn)nen has to contain a uniformly convergent subsequence. 
10.2 Is it true that for all domains 2 Cc R4,0<a<6<1, 
CUQeC a 
10.3 Let u € C**(2) satisfy 


Tu= f 


for some f € C**(Q) (k € N,0 < a < 1). Here, we assume that the 
operator L from (10.2.1) satisfies the ellipticity condition (A) as well as 


ll" I om.a (a) ’ Ol cr.a() : lellewa(a) ae 


for all i, 7. Show that u € C*+#:%(Q) for any 25 CC M, and 


ull ortae (ay SMF lloe.e(ay + llullz2cay), 


with a constant c depending on K and the quantities of Theorem 10.2.1. 


11. The Moser Iteration Method and the 
Regularity Theorem of de Giorgi and Nash 


11.1 The Moser—Harnack Inequality 


In this chapter, as in Chapter 8, we shall consider elliptic differential operators 
of divergence type. In order to concentrate on the essential aspects and not 
to burden the proofs with too many technical details, in this chapter we shall 
omit all lower-order terms and consider only solutions of the homogeneous 
equation. Thus, we shall investigate (weak) solutions of 


where the coefficients a’! are (measurable and) bounded and satisfy an ellip- 
ticity condition. We thus assume that there exist constants 0 < A < A < co 
with 


d 
AE? < So a (aE; (11.1.1) 
ij=l 
for all x in the domain of definition Q of u and all € € R¢, and 


sup |a” (x)| <A. 


0,9, 


Definition 11.1.1: A function u € W!?(Q) is called a weak subsolution of 
L, and we write this as Lu > 0, if for all yp € AOD); ypr>oding, 


| S/ a) (x) DiuD; pda < 0. (11.1.2) 
2G 


Similarly, it is called a weak supersolution (Lu < 0), if we have > in (10.1.2). 


Inequalities like y > 0 are assumed to hold pointwise almost everywhere, here 
and in the sequel. Likewise, sup and inf will denote the essential supremum 
and infimum, respectively. Finally, as always, f will denote the average mean 
integral: 
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1 
vde= 7 | 
- |2| Ja 


In order to familiarize ourselves with the notions of sub- and supersolutions, 
we shall demonstrate the following useful lemma. 


Lemma 11.1.1: (i) Let u be a subsolution, i.e. u € C?(2), Lu > 0, and 
let f € C?(R) be convex with f’ > 0. Then f ou is a subsolution as 
well. 

(ii) Let u be a supersolution, f € C?(R) concave with f' >0. Then fou is 
a supersolution as well. 
(iti) Let u be a solution, and f € C?(R) conver. Then f ou is a subsolution. 


Proof: 


Ou ‘i ,, Ou O ; 
L(fou)= > aes (2% wee) =") Dat SE + wb, 
inj 
(11.1.3) 


which implies all the inequalities claimed. 


We now wish to verify that the assertions of Lemma 11.1.1 continue to hold 
for weak (sub-, super-)solutions. We assume that f’(u) and f”(u) satisfy 
approximate integrability conditions to make the chain rules for weak deriva- 
tives 


D(f ou) = f’(u)Di(u) 
and 
D(f'ou) = f"(u)Dyu for i=1,...,d 
valid. (By Lemma 7.2.3 this holds if, for example, 
sup |f"(y)| + sup | f"(y)| < 00.) 
yeR yER 
We obtain 
| » a D;(f ou)Djy =/> a’ f'(u)DyuDjp 
2G iD 
= [ Noida, swe) 
tJ 


- / oe a! Dyuf”’ (u)Djuy. 
ay) 


The last integral is nonnegative because of the ellipticity condition, if f is 
convex, ie., f’(u) > 0, and y > 0, and consequently yields a nonpositive 
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contribution because of the minus sign in front of it, if u is a weak subsolution 
and f’(u) > 0. Therefore, under those assumptions 


| S (a Di(f ou)Dyy <0, 
2 ij 


and f ow is a weak subsolution. 
In the same manner, one treats the weak versions of the other assertions 
of Lemma 11.1.1 to obtain the following result: 


Lemma 11.1.2: Under the corresponding assumptions, the assertions of 
Lemma 11.1.1 hold for weak (sub-,super-)solutions, provided that the chain 
rule for weak derivatives is satisfied for f € C?(R). 


From Lemma 11.1.2 we derive the following result: 


Lemma 11.1.3: Let u € W1?(2) be a weak subsolution of L, andk € R. 
Then 


v(x) := max(u(x), k) 
is a weak subsolution as well. 
Proof: We consider the function 
f:R-R, 
f(y) = max(y, k). 
Then 
vu=fou. 


We approximate f by a sequence (fn)ncn of convex functions of class C? 
with 


fnly) = fly) for y ¢ (i - <4 -) 


n 
and 


Ifn(y)| <1 for all y. 


Then, as in the proofs of Lemmas 7.2.2 and 7.2.3, by an approximation ar- 
gument, f, 0 u converges to v = f ouin W!?. Therefore, 


[ Netpwn,e = tim | Yo" Dif ow Dye 
i,j He 
<0 for ye Hy*(2),¢ > 0 


by Lemma 11.1.2. 
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Remark: Of course, we also have a result analoguous to Lemma 11.1.3 for 
weak supersolutions. For k € R, if u€ W!?(Q) is a weak supersolution, then 
so is 
min(u(x), k). 
We now come to the fundamental estimates of J. Moser: 


Theorem 11.1.1: Let u be a subsolution in the ball B(xo,4R) C R? (R > 
0), and assume p> 1. Then 


2 : 
sup u<c (2) f (max(u(x),0))? de} , (11.1.4) 
B(xo,R) p-l B(xo,2R) 


with a constant c, depending only on d and 4. 


Remark: If u is positive, then obviously max(u,0) = u in (11.1.4), and this 
case will constitute our main application of this result. 


Theorem 11.1.2: Let u be a positive supersolution in B(ao,4R) C R¢. For 
0<p< 74, and if d> 3, then 


1 
f uP dx < — infu, (11.1.5) 
B(ao,2R) (4 -?) B(ao,R) 


with co again depending on d and 4 only. If d = 2, this estimate holds 
for any 0 < p < ow, with a constant cg depending on p, d, 4 in place of 


‘ 2 
c2/ (74 = p) ‘ 
Remark: In order to see the necessity of the condition p < a5; we let L be 
the Laplace operator A and 

u(x) =min(|z|?~“,k) for some k > 0. 
According to the remark after Lemma 11.1.3, because |z|?~¢ is harmonic on 
R? \ {0}, this is a weak supersolution on R?. If we then let k increase, we see 
that the L72-norm can no longer be controlled by the infimum. 


From Theorems 11.1.1 and 11.1.2 we derive Harnack-type inequalities for 
solutions of Lu = 0. These two theorems directly yield the following corollary: 


Corollary 11.1.1: Let u be a positive (weak) solution of Lu = 0 in the ball 
B(ao,4R) C R¢ (R> 0). Then 


sup u<cg infu, (11.1.6) 
B(axo,R) B(xo,R) 


with cz depending on d and 4 only. 
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For general domains, we have the following result: 


Corollary 11.1.2: Let u be a positive (weak) solution of Lu = 0 in a domain 
2 of R4¢, and let Qo CC Q. Then 


supu < cinf u, (11.1.7) 
2 


2 
with c depending on d, 2, Qo, and 4. 


Proof: This Harnack inequality on 92) follows by the standard ball chain 
argument: Since Q is compact, it can be covered by finitely many balls B; := 
B(a;,R) with B(x;,R) C Q (we choose, for example, R < + dist(O2,M)), 
i= 1,...,N. Now let y1, yo € 2; without loss of generality y: € Br, ye € 
Brim for some m > 1, and the balls are enumerated in such manner that 
B; 0 By41 #90 for j =k,...,4+m-—1. By applying Corollary 11.1.1 to the 
balls By, Beii,..., we obtain 


u(y) < sup u(x) < cg inf u(a) 
By Br 


<cg3 sup u(x) (since BeN Bras # 9) 
Brai 
ies inf u(a) <... 
Brrr 
< er om u(a) < cst u(ye). 
+m 


Since y; and yg are arbitrary, and m < N, it follows that 


sup u(x) < cj’ + inf u(a). (11.1.8) 
No 20 


We now start with the preparations for the proofs of Theorems 11.1.1 and 
11.1.2. For positive wu and a point xo, we put 


d(p, R) := (/, was) 


a 
P 


Lemma 11.1.4: 


lim ¢(p,R)= sup u=: d(0o, R), (11.1.9) 
DOO B(axo,R) 

li SRS inf. ws dl o0- RY, 11.1.10 
plim,, (p ) see $(—oo, R) ( ) 


Proof: By Holder’s inequality, é(p, R) is monotonically increasing with re- 
spect to p. Namely, for p < p’ and u € L? (2), 
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1 7D. 1 pip , 7 1 4 

pp Pp +\P 
Ge) sas)” hint) = Gi he 
|2| Jo |Q|P \Ja Q |2| Jo 


Moreover, 


SR 


1 | 7 
Ce (em ra] on) a 


On the other hand, by the definition of the essential supremum, for any ¢ > 0 
there exists some 6 > 0 with 


x € Bia, R): u(x) > sup u-—e?|>o. 
B(axo,R) 
Therefore, 
4 1 
o(p, R) = : i f Es e ) oupe é) 
p, R) > | ——— WP) Sf" ey 
|B(xo, R)| J u@zeurwe |B(xo, R)| 
and hence 
lim $(p, R) > supu—e 
poco 
for any € > 0, and thus also 
lim ¢(p, R) > sup wu. (11.1.12) 
poco 


Inequalities (11.1.11) and (11.1.12) imply (11.1.9), and (11.1.10) is derived 
similarly (or, alternatively, by applying the preceding argument to +). 


Lemma 11.1.5: (i) Let u be a positive subsolution in Q, and for q > 5, 
assume 


vi=ule L?(9). 
For any n € Hy’*(Q), we then have 


[ripe < (# :)) [ pak» 2 (11.1.13) 


oo . . . . . . 1 
(ii) If u is a supersolution instead, this inequality holds for q < 5. 


Proof: The claim is trivial for g = 0. We put 


f(u)=u*4 for q>0, 
f(u) =—u4 for q <0. 


11.1 The Moser—Harnack Inequality 281 


By Lemma 11.1.2, f(u) then is a subsolution in case (i), and a supersolution 
in case (ii). The subsequent calculations are based on that fact. (In the course 
of the proof there will also arise integrability conditions implying the needed 
chain rules. For that purpose, the proof of Lemma 7.2.3 requires a slight 
generalization, utilizing varying Sobolev exponents, the Holder inequality, 
and the Sobolev embedding theorem. We leave this as an exercise for the 
reader.) As a test function in (11.1.2) (or in the corresponding inequality in 
case (ii), we then use 


p= f'(u) +n’. (11.1.14) 
Then 


eS 
ij 
=| Ya Dudjuf" wn? + f S¢ a Dyuf' (u)2nDjn 
Oa Om 
4,9 4) 
=} 2 \q| (2g -1) $0 a DyuDju wd? 4 + [Alla Dvu u74—!nD5n. 
2 7 Q a 
tJ UJ 


(11.1.15) 


In case (i), this is < 0. Applying Young’s inequality to the last term, for all 
€ > 0, we obtain 


2 |q| @4-1)d | [DuPu A Pig? <2|q|Ae f |Dul?u 2q—2y2 


2\q\ A 
+ “ida pe |Dn|?. 


With 
2G 2A 
ae oar i, 
we thus obtain 
2 A? 4 A? 2 
[ipa dice ay? < appre | Pals 


A? 2¢q 2 
[ioe s n< yz = (=, 1) pe ipur. 


In case (ii), (11.1.15) is nonnegative, and since in that case also 2g — 1 < 0, 
one can proceed analoguously and put 
1—2q 
= A 
to obtain (11.1.13) in that case as well. 
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We now begin the proofs of Theorems 11.1.1 and 11.1.2. Since the stated 
inequalities are invariant under scaling, we may assume, without loss of gen- 
erality, that 


R=1 and 2=0. 
We shall employ the abbreviation 
B, := B(0,r). 
Let 


O<r <r<2r, (11.1.16) 


and let 7 € Ay °(B,.) be a cutoff function satisfying 


Hel .on.By; 
pn d 
7=0 onR*\B,, (11.1.17) 
|Dn| s a 
eee 


For the proof of Theorem 11.1.1, we may assume without loss of generality 
that u is positive, since otherwise, by Lemma 11.1.3, we may consider the 
positive subsolutions 


vx (@) = max(u(x), k) 


for k > 0 (or the approximating subsolutions from the proof of that lemma), 
perform the subsequent reasoning for positive subsolutions, apply the result 
to the vz, and finally let k tend to 0. 

We consider once more 


v=u! 
and assume that v € L?(2). By the Sobolev embedding theorem (Corol- 
lary 8.1.3), for d > 3, we obtain 


d—2 

~d- 
f yes <e ref Du? + f v |. (11.1.18) 
B B By 


If d = 2 instead of 74, we may take an arbitrarily large exponent p and 
proceed analogously. We leave the necessary modifications for the case d = 2 
to the reader and henceforth treat only the case d > 3. With (11.1.13) and 


(11.1.17), (11.1.18) yields 


U/, i) cof v? (11.1.19) 


rl al 
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with 


Bees (=) (# | 7 . (11.1.20) 


Thus, we get v € Le2 (2). We shall iterate that step and realize that higher 
and higher powers of u are integrable. 
We put s = 2q and assume 


ls] > uw > 0, 


choosing an appropriate value for u later on. Because of r < 2r’, then 


ph 2 4 Ne 
c< —s 11.1.21 
ex (5) (4) : ( ) 


with cg also depending on ps. Thus, by (11.1.19) and (11.1.21), since v = u2, 
we get for s > pu, 


ds ,\ 2a, ao ro NS go \e 
(a5) =(f Uv <er(—) (5) (8,7) 


rat 


(11.1.22) 
a 
with c7 = cg. For s < —p, analogously, 
ds, 1 ro \ TTT 
7) da2 > a aaa o(s,1r) (11.1.23) 
onde 
(we may omit the term (+3) me here, since it is greater than or equal to 


1). 

We now wish to complete the proof of Theorem 11.1.1, and therefore, we 
return to (11.1.22). The decisive insight obtained so far is that we can control 
the integral of a higher power of u by that of a lower power of u. We now 
shall simply iterate this estimate to control even higher integral norms of u 
and from Lemma 11.1.4 then also the supremum of wu. For that purpose, let 


d n 
n= (555) P for p> 1, 


= To 


Then (11.1.22) implies 
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LAor Gs p \ af)" 


@(8n41;?n4i) < C7 g-n-1 n P(S8n51n) 
_d_ =f 
(a) » 
= ont v2) #(SnsTn); 
and iteratively, 
acu 2 
O(Sn41,7n41) S eee) $($1, 71) < eg (4) O(p, 2). (11.1.24) 


(Since we may assume u € L?(2), therefore ¢(sp,17,) is finite for all n € N, 
and thus any power of u is integrable.) Using Lemma 11.1.4, this yields 
Theorem 11.1.1. 

In order to prove Theorem 11.1.2, we now assume u > € > 0, in order 
to ensure that (0,1) is finite for o < 0. This does not constitute a serious 
restriction, because once we have proved Theorem 11.1.2 under that assump- 
tion, then for positive u, we may apply the result to u+. In the resulting 
inequality for u+ ¢, namely 


- C2 ; 
ute)P < ———,, __inf (ute), 
(Fam ) ) ( d -p). a ) 


d—2 


we then simply let « — 0 to deduce the inequality for u itself. 
Carrying out the above iteration analogously for s < —p with r, = 2+ 
2—”, we deduce from (11.1.23) that 
(—p, 3) < c10¢(—00, 2) < cind(—~, 1). (11.1.25) 
By finitely many iteration steps, we also obtain 
O(p,2) < c11O(H, 3). (11.1.26) 
(The restriction p < 45 in Theorem 11.1.2 arises because according to 
Lemma 11.1.5, in (11.1.19) we may insert v = u? only for q < 4. The re- 
lation p = 2055 that is needed to control the L?-norm of wu with (11.1.19), 


=) 
by (11.1.20) also yields the factor (75 -p) in (11.1.15).) 


The only missing step is 


(Mm, 3) < c12¢(—p, 3). (11.1.27) 


Inequalities (11.1.25), (11.1.26), (11.1.27) imply Theorem 11.1.2. For the 
proof of (11.1.27), we shall use the theorem of John—Nirenberg (Theo- 
rem 8.1.2). For that purpose, we put 
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1 
v=logu, p= —1 


with some cutoff function 7 € Hy’?(B,). Then 
| x a) DipDju =— i. n° a’) DyvDjv + | 2n S> a DinDjv. 
Ba i,j Ba Ba 
Since u is a supersolution, the left-hand side is nonnegative; hence 


af n° |Dov|? | oa Dedyw <2 f n>_ a) DinDjv 
Ba Ba Ba 


<2a(f i? Del) (| Dn?) 
By Ba 


by the Schwarz inequality, and thus 


A 2 
i n |Do|? <4 (5) i |Dn*. (11.1.28) 
Ba A Ba 


If now B(y, R) C By, 1 is any ball, we choose 77 satisfying 


n=1 on Biy, R), 
n=0 outside of B(y,2R)M Bu, 


6 
Dy| < =. 
|Dnl <p 
With such an 7, we obtain from (11.1.28) 
2 1 ; 
|Dv|" < yy ~With some constant 7. 
BYR) f 


Thus, by Holder’s inequality 


| |Du| < wa/7Rtt. 
Biy,R) 


Now let a be as in Theorem 8.1.2. With p = tage applying that theorem to 
— 1 


1 
S$ SS 0 SS = 
Wa/Y  — War/Y 


[ufo 
Bs Bs 


log u, 


we obtain 


and hence 
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2 
b(M, 3) S Be O(—B, 3), 
and hence (11.1.27), thus completing the proof. 


A reference for this section is Moser [14]. 


Krylov and Safonov have shown that solutions of elliptic equations that 
are not of divergence type satisfy Harnack inequalities as well. In order to 
describe their results in the simplest case, we again omit all lower-order terms 
and consider solutions of 


ae 2 
Mu:= by a" (t) a aggi Ut) = 0. 


ij=l 


Here the coefficients a‘/(x) again need only be (measurable and) bounded 
and satisfy the structural condition (11.1.1), i-e., 


d 
AlE|? < a ai (x)é€; for alle 2,€ € R? 
i,j=l 
and 
sup|a/(a)| <A 
1,550 
with constants 0 < \ < A < oo. 
We then have the following theorem: 


Theorem 11.1.3: Let u € W?:4(Q) be positive and satisfy Mu > 0 almost 
everywhere in B(xo,4R) C R¢. For any p > 0, we then have 


1/p 
sup u<c f uP dx 
B(axo,R) B(xo0,2R) 


A 
> \? 
Theorem 11.1.4: Let u € W4(Q) be positive and satisfy Mu < 0 almost 
everywhere in B(xo,4R) C R*. Then there exist p > 0 and some constant ca, 


depending only on d and 4, such that 


1/p 
f uP dx <co inf uw. 
B(axo,R) B(xo,R) 


As in the case of divergence-type equations (see Section 11.2 below), these 
results imply Harnack inequalities, maximum principles, and the Holder con- 
tinuity of solutions u € W?-4(Q) of 


with a constant c, depending on d and p. 


Mu=0_ almost everywhere 2 CR’. 


Proofs of the results of Krylov-Safonov can be found in Gilbarg—Trudinger [8]. 
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11.2 Properties of Solutions of Elliptic Equations 


In this section we shall apply the Moser—Harnack inequality in order to de- 
duce the Holder continuity of weak solutions of Lu = 0 under the structural 
condition (11.1.1). That result had originally been proved by E. de Giorgi 
and J. Nash independently of each other, and with different methods, before 
J. Moser found the proof presented here, based on the Harnack inequality. 


Lemma 11.2.1: Let u€ W!?(Q) be a weak solution of L, i.e., 


d 
0 4 0 
Lu= De Bui ( (2) Pru(e)) > 0 weakly, 


with L satisfying the conditions stated in Section 11.1. Then u is bounded 
from above on any 29 CC 2. Thus, if u is a weak solution of Lu = 0, it is 
bounded from above and below on any such Qo. 


Proof: By Lemma 11.1.3, for any positive k, 
v(x) := max(u(x), k) 


is a positive subsolution (by the way, in place of v, one might also employ 
the approximating subsolutions f,, 0 u from the proof of Lemma 11.1.3). The 
local boundedness of v, hence of u, then follows from Theorem 11.1.1, using 
a ball chain argument as in the proof of Corollary 11.1.2. 


Theorem 11.2.1: Let u € W'?(Q) be a weak solution of 


Lu= Ds a (ae) u(e)) = 0, (11.2.1) 


assuming that the measurable and bounded coefficients a") (x) satisfy the struc- 
tural conditions 


d 
Ale? < So a (w)&ig;, la? (a)| < A (11.2.2) 


a,j=l 


for alla € 2, € € R4, with constants 0 < X < A < oo. Then u is Hélder 
continuous in 2. More precisely, for any Q9 CC 2, there exist some a € 
(0,1) and a constant c with 


u(x) — uly)| < ela — yl" (11.2.3) 


for all x,y € Qo. a depends on d, 4, and 29, c in addition on supg, U — 


inf, u. 
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Proof: Let x € 2. For R>0 and B(x, R) C 2, we put 


M(R):= sup u, m(R):= infu. 
(R) ae (R) peas 


(By Lemma 11.2.1, —oo < m(R) < M(R) < o0.) Then 


is the oscillation of u in B(a, R), and we plan to prove the inequality 
r\@ R 
w(r) < co (F) w(R) for0O<r< z (11.2.4) 
for some a to be specified. This will then imply 


; w(R) 
u(x) — u(y) < sup u— inf u=wu(r)<e 
(x) — u(y) = pie (7) S ope 


jz —y|°. (11.2.5) 


for all y with |2 — y| = r. This, in turn, easily implies the claim. 
We now turn to the proof of (11.2.4): 
M(R)-—u and u—m(R) 


are positive solutions of Lu = 0 in B(a, R).1 Thus, by Corollary 11.1.1, 


M(R)—m (4) = sup (MLR) 0) Sern (MUR) ~u) 


(By Corollary 11.1.1, c, does not depend on R.) Adding these two inequalities 
yields 


M (4) m (=) < “= 1 (up) — m(R)). (11.2.6) 


cq +1 


With 3 := 255 <1, thus 


! More precisely, these are nonnegative solutions, and as in the proof of Theo- 
rem 11.1.2, one adds € > 0 and lets € approach to 0. 
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2 (3) < w(R). 


Iterating this inequality gives 


R 
Ww (=) <v"w(R) forneN. (11.2.7) 
Now let 
R R 


We now choose a > 0 such that 


whence (11.2.4). 


We now want to prove a strong maximum principle: 


Theorem 11.2.2: Let u € W!?(Q) satisfy Lu > 0 weakly, the coefficients 
a) of L again satisfying 


dé? =e a)ééj, |a¥(e)|< A 


for all x € 2, € € R*. If for some ball B(yo, R) CC 2, 


sup u=supu, (11.2.9) 
B(yo,R) Q 


then u is constant. 


Proof: If (11.2.9) holds, we may find some ball B(xo, Ro) with B(xo,4Ro) 
Cc 2 and 
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sup u=supu. (11.2.10) 
B(xo,Ro) Q 


Without loss of generality supgu < oo, because supgyy,,,z)u < co by 
Lemma 11.2.1. For 


M > supu 
Q 


M — u then is a positive subsolution, and we may apply Theorem 11.1.2 to 
it. Passing to the limit, the resulting inequalities then continue to hold for 


M = sup wu. (11.2.11) 
Q 
Thus, for p = 1, we get from Theorem 11.1.2 
j (M-u)<c inf (M-u)= 
B(2xo,2Ro) 


by (11.2.10), (11.2.11). Since by choice of M, we also have u < M, it follows 
that 
u=M (11.2.12) 


in B(xo0,2Ro). 

Now let y € 92. We may find a chain of balls B(a;, R;), 1 = 0,...,m, 
with B(ax;,4R;) Cc 22, B(aj-1, Ri-1) ia) B(a;, R;) x 0 for i = Lee mM, 
y € B(am, Rm). We already know that u = M on B(xo,2Ro). Because of 
B(ao, Ro) N B(a1, Ri) 4 0, this implies 


sup u=M, 
B(x1,R1) 


hence by our preceding reasoning 
u=M_ on B(a,2Rj). 
Iteratively, we obtain 
w=M_ on B(am,2Rm), 
and because of y € B(tm, Rm), 
uly) = M. 
Since y was arbitrary, it follows that 


u=M inf. 
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As another application of the Harnack inequality, we shall now demonstrate 
a result of Liouville type: 


Theorem 11.2.3: Any bounded (weak) solution of Lu = 0 that is defined on 
all of R¢, where L has measurable bounded coefficients a‘) (x) satisfying 


Alél < Sa (aig, |a¥(x)| <A 
UJ 


for fixed constants 0 < \< A < oo and all x € R4, € € R4, is constant. 

Proof: Since u is bounded, infga u and suppa u are finite. Thus, for any 
b< nt u, 

u— pis a positive solution of Lu = 0 on R¢. Therefore, by Corollary 11.1.1 


0< sup u-w<c ( inf u- ) 
B(0,R) e 4 B(O,R) e 


for any R > 0 and any p < infpa u, and passing to the limit, then this also 
holds for 


w= u. 


Since cz does not depend on R, it follows that 


0<supu-p<cs (intu—n) = 0, 
Rd R@ 


and hence 


u = const. 


11.3 Regularity of Minimizers of Variational Problems 


The aim of this section is the proof of (a special case of) the fundamental 
result of de Giorgi on the regularity of minima of variational problems with 
elliptic Euler-Lagrange equations: 


Theorem 11.3.1: Let F : R¢ > R be a function of class C® satisfying 
the following conditions: For some constants K,A < co, A > 0 and for all 


p=(p1,...,pa) € R¢: 


() |22@)|< Kl @=1.-..d. 
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(i) EP <>d Fo ety < Ale)? for all Ee R¢. 


Let 2 Cc R®@ be a bounded domain. Let u € Wt:?(Q) be a minimizer of the 
variational problem 


I(u) <I(u+y) for all y € Hy7(2). (11.3.1) 
Then u € C(2). 
Remark: Because of (i), there exist constants c,, cg with 
|F(p)| < er + e2 |pI*. (11.3.2) 


Since 2 is assumed to be bounded, this implies 
I(v) =i F (Dv) < 
Q 


for all v € W!?(Q). Therefore, our variational problem, namely to minimize 
I in W17(Q), is meaningful. 
We shall first derive the Euler-Lagrange equations for a minimizer of I: 


Lemma 11.3.1: Suppose that the assumptions of Theorem 11.3.1 hold. We 
then have for all p € Hy (Q), 


d 
i, S” Fy, (Du) Dip = 0 (11.3.3) 
2 421 


(using the abbreviation Fp, = or). 


Proof: By (i), 


d 
i Fa (Do)Dep < aK if \Dv| [Del < dK ||Dul 2) |Dellzaay: 
i=l 


and this is finite for y,v € W'?(Q). By a standard result of Lebesgue inte- 
gration theory, on the basis of this inequality we may compute 


d 


by differentiation under the integral sign: 
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d 
qilu+ ty) = [ SF@ut weep. (11.3.4) 


In particular, I(w + ty) is a differentiable function of t € R, and since wu is a 
minimizer, 


d 
qilu + ty)le-o = 0. (11.3.5) 


Equation (11.3.4) for t = 0 then implies (11.3.3). 


Lemma 11.3.1 reduces Theorem 11.3.1 to the following: 
Theorem 11.3.2: Let A‘: R¢ > R,i=1,...,d, be C%-functions satisfying 
the following conditions: There exist constants kK, A < oo, A > 0 such that 
for allp € R¢: 

(i) |A*(p)|<K |p| G=1,..-,4). 

ee d OA’ 

(ii) MEP < hj BGG for all EE R4 

wz) | OA‘ (p) 

(iti) bead <A. 


Let u€ W!?(22) be a weak solution of 


d 
S- a Ai(Du)=0 inQCRY%, (11.3.6) 


i.e., for all y € Hy’?(Q), let 


d 
| S¢ A'(Du) Dig = 0. (11-37) 
2 


i=1 
Then u € C™(2). 


The crucial step in the proof will be Theorem 11.2.1, of de Giorgi and 
Nash. Important steps towards Theorem 11.3.2 had been obtained earlier 
by S. Bernstein, L. Lichtenstein, E. Hopf, C. Morrey, and others. 


We shall start with a lemma. 


Lemma 11.3.2: Under the assumptions of Theorem 11.3.2, for any Q! CC 
Q we have u € W?:?(Q’), and moreover, lellw22ce S cllullys.2ca), where 
c= c(A, A, dist(2’,02)). 


Proof: We shall proceed as in the proof of Theorem 8.2.1. For 
|h| < dist(supp vy, 022), 


yr,—n(a) == v(x — hex) (ex being the kth unit vector) is of class Hy’?(Q) as 
well. Therefore, 
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d * 
0 = ; . x Ai(Du(2)) Divr,_n(a)de 


d 
= i S A’ (Du(a)) Diy(a — hex) dx 


d 
= I x A’(Du(y + hex)) Div(y)dy 


2 py ((Du)kn) Dig 
Subtracting (11.3.7), we obtain 
Fi oe (A’(Du(zx + he;)) — A’(Du(z))) Dyy(a) = 0. (11.3.8) 


For almost all 7 € 2 
A’ (Du(a + hex)) — A’(Du(z)) 


S / © A¥ (tDu(a-+ hex) + (1 ~t)Du(a)) dt 
0 


4 d 
= i (3: Aj, (tDu(a + hex) + (1 — t)Du(a)) D; (u(@ + hex) — u(x) } de. 
. (11.3.9) 
We thus put 


£3 1 : 
a, (2) += | Ay, (tDu(x + hex) + (1 — t)Du(a)) dt, 
0 
and using (11.3.9), we rewrite (11.3.8) as 


| Sal (aD, (u Sf aD) - uo) Diy(x)dx =0. (11.3.10) 
2G 


Here, because of (ii) and (iii), 


AE? < So af (a) bie; < AIE? for all € € R*. 
a,j 
We may thus proceed as in Section 8.2 and put 


(u(a + he,) — u(x)) 1? 


aR 


p= 
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with 7 € C}(2"), where we choose 2” satisfying 
YccNM cc N, 
dist(.2”, OQ), dist(.Q’, 02") > = dist(2’, OQ), and require 


1 
4 
Vn gs I, 
n(z) =1 forre 2, 
8 

Dy\| < ————--— 

aS dist(2’, 2)’ 
as well as 

|2h| < dist(Q”, 02). 
Using the notation 


u(a + hex) — u(a) 
h % 


APu(x) = 


(11.3.10) then implies 
af |DARul? Me 20h ( (Dj Apu) (Di Aku) 7? 
-- [ Sato, Abu 2n(Din)Aku by (11.3.10) 
ced f \DAbul? +2 = f atu? |Dn|? for all e > 0, 


. a 
and with e= 3, 


[lpatuPmsa f latul se f iu? 
2 Q" Q 


by Lemma 8.2.1, with c; independent of h. Hence 


| PAgea| p9/ a Sa 1Dullz2¢)- (11.3.11) 


Since the right hand side of (11.3.11) does not depend on h, from Lemma 8.2.2 
we obtain D?u € L?(’) and the inequality 


||D?ul| ,2 ) <¢ |Dull p22) - (11.3.12) 


(Q! 


Consequently, u € W??(’). 
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Performing the limit h > 0 in (11.3.10), with 


a) (x) := Aj, (Du(z)), 


11.3.13 
v:= Dru, ( ) 


we also obtain 


i, S- a (2) DjvDip =0 for all y € Hg’(2). 
Q 5G 
tJ 


By (ii), (iii), (a (x))i,j=1,...,.a Satisfies the assumptions of Theorem 11.2.1. 
Applying that result to v = D,u then yields the following result: 


Lemma 11.3.3: Under the assumptions of Theorem 11.2.1, 


Du € C%(22) 
for some a € (0,1), «e., 
u € Ch*(22). 
Thus v = Dzu, k = 1,...,d, is a weak solution of 
d 
S> D; (a (2) D,v) =0. (11.3.14) 


ij=r 


Here, the coefficients a’ (x) satisfy not only the ellipticity condition 


d 
AEP < So a(x) Gé;, |a'4(a)| < A 


ij=l 


for all € € R4, x € 2, i,j =1,...,d, but by (11.3.13), they are also Hélder 
continuous, since A‘ is smooth and Du is Hélder continuous by Lemma 11.3.3. 
For the proof of Theorem 11.3.2, we thus need a regularity theory for such 
equations. Equation (11.3.14) is of divergence type, in contrast to those 
treated in Chapter 10, and therefore, we cannot apply the results of Schauder 
directly. However, one can develop similar methods. For the sake of variety, 
here, we shall present the method of Campanato as an alternative approach. 
As a preparation, we shall now prove some auxiliary results for equations of 
type (11.3.14) with constant coefficients. (Of course, these results are already 
essentially known from Chapter 8.) 


The first result is the Caccioppoli inequality: 
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Lemma 11.3.4: Let (A’’); j=1 
and 


a be a matrix with |AY| < A for all i,j, 


pie 


d 
AIP < D7 AMEE; for all é ¢ RA 


ij=l 
with > 0. Let ue Wt7(2) be a weak solution of 
d . 
N° D; (A¥ Diu) =0 in Q. (11.3.15) 
ij=l 
We then have for allay € Q and0 <r < R< dist(xo, 02) and all w ER, 


ca 2 
Du? < ee f lu — pl’. (11.3.16) 
a (R = r)? B(xo,R)\B(xo,r) 


Proof: We choose n € Hy’*(B(xo, R)) with 


0O<n<l, 
n=1 on B(ao,r), hence Dy =0 on B(ao,1r), 


2 
Dn| < ——. 
|Dnl < a 


As in Section 8.2, we employ the test function 


p= (u-p)n? 


and obtain 


0= f SA D.uD; (up?) 


tJ 
= ipa A! DyuDjurn? + Pe De A! Dyu(u — p)nDjn. 
ij ij 
Using the ellipticity conditions, we deduce the inequality 
N |Du|?n? <| S05 AY DuDjun? 
B(xo,R) B(xo,R) 
<eA af |Dul? 1? 
B(xo,R) 


A 
+2af [Dn ju — wl, 
E J B(ao,R)\B(20,r) 


» 


since Dn = 0 on B(xo,r). Hence, with E= $a. 
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C2 2 
uP P< oe | lu — pl, 
= (R—r)? JB(@9,R)\B(057) 


and because of 
[ipa fouls? 
B(xo,r) B(xo0,R) 


The next lemma contains the Campanato estimates: 


the claim results. 


Lemma 11.3.5: Under the assumptions of Lemma 11.3.4, we have 


r\d 2 
|u|” <3 (= i |u| (11.3.17) 
— (R) B(«o,R) 


as well as 


d+2 2 
| Ju — ua(eon|” $e (5) J |u— UB(eo.n)[- (1.3.18) 
B(xo,r) B(axo,R) 


Proof: Without loss of generality r < +. We choose k > d. By the Sobolev 
embedding theorem (Theorem 8.1.1) or ati extension of this result analogous 
to Corollary 8.1.3, 


W*?(B(ao, R)) c C°(B(ao, R)). 
By Theorem 8.3.1, now u € W*? (B (zo, #)), with an estimate analogous to 


Theorem 8.2.2. Therefore, 


rd 
|u|” <csr¢ sup lu |? < cs |lull “ 
= r) B(2o,r) Ra-2k WNW? (B(20,F)) 


d 

r 2 
cary | lu? . 

ne B(xo,R) 


(Concerning the dependence on the radius: The power r® is obvious. The 
power R?@ can easily be derived from a scaling argument, instead of carefully 
going through all the intermediate estimates.) This yields (11.3.17). Since 
we are dealing with an peauanion with constant coefficients, Du is a solution 
along with u. For r < z we thus obtain 


| |Dul? ser fi aren (11.3.19) 
B(xo,r) 


By the Poincaré inequality (Corollary 8.1.4), 


2: 
| Ju —Us(eor| < cur? f |Dul? . (11.3.20) 
B(xo,r) B(xo,r) 


d 
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By the Caccioppoli inequality (Lemma 11.3.4) 


Co 2 
(Dy? = —= w= Wes As (11.3.21) 
Its R Omen (xo, )| 


Then (11.3.19)-(11.3.21) imply (11.3.18). 


We may now use Campanato’s method to derive the following regularity 
result: 


Theorem 11.3.3: Let a(x), i,j =1,...,d, be functions of class C%, 0 < 
a <1, on Q CRY, satisfying the ellipticity condition 


d 
AE? < So a (aig; for all€ E R42 € 2 (i329) 
i,j=l 
and 
|a” (x) | <A foralla € 2,1,7 =1,...,d, (11.3.23) 


with fired constants 0 << A< A< oo. Then any weak solution v of 
d 

S© D; (a(x) Dyv) = 0 (11.3.24) 

i,j=l 
is of class Ch (Q) for any a! with0 <a! <a. 
Proof: For xo € 92, we write 

a) = aI (x9) + (a4 (x) — a4 (20)) . 
Letting 
Ai := ali(a9), 


(11.3.24) becomes 


d d d 
ee D; (A¥ Dyv) = 5D D; ((a’? (x0) — a4 (x)) Dv) = 2 D; (f?(z)) 
with 
f(a) = oy ((a") (ap) — a" (a)) Dy) . (11.3.25) 


This means that 
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d d 
| S ANDw Dye = [ S > fiDjy for all p € Hy"(@). (1.3.26) 
2 (Gan 
j=l 


i,j=l 
For some ball B(x, R) C 92, let 

w € H'?(B(2o, R)) 
be a weak solution of 


d 
S° Dj (AY Dw) =0 in Bao, R), 


aj=l 


(11.3.27) 
w=v_ on OB(a, R). 


Thus w is a solution of 


d 
i y AU D,wDjp =0 for all pe Hy*(B(2o, R)). (11.3.28) 
B(xo,R) tgel 


Such a w exists by the Lax—Milgram theorem (see Appendix 11.3). Note that 
we seek z = w — v with 


Bly, z) = [ DAiDeDye 
=— [XAiDed,e 


: F(y) for all y € Hy’?(B(zo, R)). 


Since (11.3.27) is a linear equation with constant coefficients, then if w is 
a solution, so is D,w, k = 1,...,d (with different boundary conditions, of 
course). We may thus apply (11.3.17) from Lemma 4.3.5 to u = D,w and 
obtain 


d 
1 |Dw|? < er (+) | |Dw|?. (11.3.29) 
B(xo,r) R B(«xo,R) 


(Here, Dw stands for the vector (Diw,..., Daw).) Since w = v on OB(ao, R), 
yp =v —w is an admissible test function in (11.3.28), and we obtain 
d d 
i S> AY DiwDjw = | S> AY DiwDyv. (11.3.30) 
B(xo,R) ij=l B(xo,R) ij=l 


Using (11.3.27), (11.3.23) and the Cauchy—Schwarz inequality, this implies 


Ady 
| |Dw|? < (=) | |Do|?. (11.3.31) 
B(ao,R) A B(ao,R) 
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Equations (11.3.26) and (11.3.28) imply 


d d 
|  A¥Div- w Dye = f S> fDie 
B(ao,R) (721 B( 


worR) i,j=1 


for all y € Hj’*(B(ao, R)). We utilize once more the test function y = v — w 
to obtain 


: : 9 j\U — W ;(U — W 
Foo DO s xf yoA Di( )D;( ) 


B(axo,R) ag 


1 ; 
=> = ye a 


1 
1 i, 2\° (12 
ae Iw—wP) | f p 
A ( B(axo,R) B(axo,R) 2 | 
by the Cauchy—Schwarz inequality, i.e., 
1 “2 
|D(v—w)|? < al fil. (11.3.32) 
= A” J Bt BS ye P| 
We now put the preceding estimates together. For 0 < r < R, we have 
| |Dv|? < 2 | |Dw|? + 2 | |D(v — w)|? 
B(xo,r) B(xo,r) B(xo,r) 
d 
<en (5) i uf +2 f Dow)? 
R B(xo,r) B(xo,r) 


by (11.3.29), (11.3.31). Now 


i |D(v — w)|? | |D(v—w)|?, sincer<R 
B(xo,r) B(xo,R) 


1 | “2 
< — J by (11.3.32 
srr: eee |" by ( ) 


i 
2 


1 . : 
< p sup |’? (xo) — qi (oP f |Dv|? 
2€B(ep.R) B(xo,R) 


by (11.3.25) 
< cok | |Dv|? 3 
B(axo,R) 
(11.3.33) 


since the a’! are of class C®. Altogether, we obtain 
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d 
i |Du|? < ¥ ((j) es i) | | Dol? (11.3.34) 
B(«o,r) f B(«o,R) 


with some constant y. If (11.3.34) did not contain the term R?° (which is 
present solely for the reason that the a‘) (x), while Hélder continuous, are not 
necessarily constant), we would have a useful inequality. That term, however, 
can be made to disappear by a simple trick. For later purposes, we formulate 
a somewhat more general result: 


Lemma 11.3.6: Let o(r) be a nonnegative, monotonically increasing func- 
tion satisfying 


r 


a(r)<+¥ (5) + 5) o(R) + KR” 


for alO0 <r<R< Ro, with w>v and d < do(7, u,v). If 60 is sufficiently 
small, forO<r<R< Ro, we then have 


o(r)<n (5) (8) + Kir", 


with 71 depending on y, u,v, and Kk, depending in addition on Kk (kK, = 0 if 
k = 0). 


Proof: Let 0<7<1, R< Ro. Then by assumption 
a(TR) < yr" (1+ 677") o( R) + KR”. 
We choose 0 < 7 < 1 such that 
Qyr# = 7% 
with v < A < yw (without loss of generality 27 > 1), and assume that 
dot * <1. 
It follows that 
o(TR) < 7*0(R) + KRY 
and thus iteratively for k € N, 


o(r**1R) < To(r*R) + 6 RY 


k 
< rhFt1)Ag(R) + wr ® RY S- piQ—v) 
j=0 


< yor *t DY (o(R) + KRY) 


(where yo, as well as the subsequent 71, contains a factor +). We now choose 
k € N such that 
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reeeR cr < rei R 


and obtain 


r 


o(r) <o(r* RY <n (i) o(R) + Kir’. 


Continuing with the proof of Theorem 11.3.3, applying Lemma 11.3.6 to 
(11.3.34), where we have to require 0 < r < R < Ro with R2° < do, we 
obtain the inequality 


d-—e 
: leipee ($) 7 |Du|? (11.3.35) 
B(xo,r) B(xo,R) 


for each ¢ > 0, where cy3 and Rp depend on ¢. We repeat this procedure, 
but this time applying (11.3.18) from Lemma 11.3.5 in place of (11.3.17). 
Analogously to (11.3.29), we obtain 


r 


2 d+2 
| |Dw — (Dw) B(2o,r)| < c14 ($) i | Dw — (Dw) a(20,R)| 
B(xo,r) B(axo,R) 
(11.3.36) 


2 


We also have 


2 2 
Jog, Pe- Orrece.ml < fh [Dw (De) aco.m 
B(xo,R) B(xo,R) 


2 


because for any L?-function g, the following relation holds: 


D> 
i |9 — 98(¢0,R)| = int | lg—K|. (11.3.37) 
B(xo,R) KER B(axo,R) 


(Proof: For g € L?(Q), F(«) = folg—- «|” is convex and differentiable with 
respect to «&, and 


hence F’(«) = 0 precisely for 
1 
K=TA) g; 
|2| Jo 
and since F' is convex, a critical point has to be a minimizer.) 


Moreover, 
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[Du - Pv 2¢e0.%)) 
B(2xo,R) 


1 


= ij ed oo. . 
< d J B(e0,R) Due (Djw (Div) B(xo,R)) (Djw (D;v) B(r9,R)) 
1 _ 
Dae dre oe Pa 
~ X JSa(@0,R) Dee (Djw — (Div) B(2o,R)) (Djv — (Djv) Bao, R)) 


1 ot 
" d a ig Va ¢e0.R me a 


by (11.3.30). The last integral vanishes, since AY! (D,v) p(.,R) is constant and 
v—w € Hy (Bao, R 


)). Applying the Cauchy—Schwarz inequality as usual, 
we altogether obtain 


A? 2 
: |Dw — (Dw) B(20,) |" < eel |Dv — (Dv) B(20,R)| . 
B(xo,R) B(xo,R) 


(11.3.38) 
Finally, 
2 2 
| |Dv — (Dv) Beo,n| < 3 | | Dw — (Dw) p(xo,R)| 
B(xo,r) B(xo,r) 
+ | |Dv — Du|? 
B(xo,r) 


2 
Se A (CO ee 
B(xo,7r) 


The last expression can be estimated by Holder’s inequality: 


2 
1 
(Dv—Dw)} < 3 | (Dv — Dw)’. 
= (mt r)| B(xo,r) B(xo,r) 
Thus 
2 
(steed 
B(xo,r) 
<3 | |Dw — (Dw) pean l +6 f |Duv — Du|? 
B(xo,r) B(axo,r) 


2 a 
<3 / |Dw — (Dw) pio,r) | + ers R? | |Dv|? 
B(xo,r) B(xo,r) 


by (11.3.33). From (11.3.39), (11.3.36), (11.3.38), we obtain 


(11.3.39) 
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i; | Dv = (Dv) B(@0,r)|" 
B(ao,r) 


Es 2 20 2 
S ¢16 (3) |Dv -_ (Dv) B(a0,R)| +ci7R |Dv| 
B(xo,r) B(eo,R) 
r \d+2 ‘ : ? 
S “16 (p) | |Dv = (Dv) B(«0,R)| + cig Rt e+2 , 
R B(xo,R) 


(11.3.40) 


applying (11.3.35) for 0 < R < Ro in place of 0 < r < R. Lemma 11.3.6 
implies 
2 
| | Dv _ (Dv) B(20,r)| 
B(2o,r) 


r \d+2a—-e 2 es 
< C19 (+) | | Dv = (Dv) B(a,R)| + coor tt? e 
B(xo,R) 


The claim now follows from Campanato’s theorem (Corollary 8.1.7). 


It is now easy to prove Theorem 11.3.2: 


Proof of Theorem 11.3.2: We apply Theorem 11.3.3 to v = Du and obtain 
v € Ch, hence u € C?“’. We may then differentiate the equation with 
respect to «* and observe that the second derivatives Du, j,k =1,...,d, 
again satisfy equations of the same type. By Theorem 11.3.3, then D?u € 
C1". hence u € C30", Iteratively, we obtain u€ C™°™ for all m € N with 
0 < am < 1. Therefore, u€ C'°. 


Remark: The regularity Theorem 11.3.1 of de Giorgi more generally applies 
to minimizers of variational problems of the form 


I(v) := F(a, v(x), Du(x))dz, 


where F € C°(2QxRx Rx R?®) again satisfies conditions like (i), (ii) of Theo- 
rem 11.3.1 with respect to p, and per (2, v, p) satisfies smoothness conditions 
with respect to the variables x and v uniformly in p. 


References for this section are Giaquinta [6],[7]. 


Summary 


Moser’s Harnack inequality says that positive weak solutions u of 


Lu= »» a («re utw)) = 
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satisfy an estimate of the form 


sup u< const inf u 
B(axo,R) B(xo,R) 


in each ball B(ao, R) in the interior of their domain of definition 2. Here, 
the coefficients a’? need to satisfy only an ellipticity condition, and have to 
be measurable and bounded, but they need not satisfy any further conditions 
like continuity. Moser’s inequality yields a proof of the fundamental result of 
de Giorgi and Nash about the Holder continuity of weak solutions of linear 
elliptic differential equations of second order with measurable and bounded 
coefficients. These assumptions are appropriate and useful for applications to 
nonlinear elliptic equations of the type 


Saas (4%uen) gan) =0 


Namely, if one does not yet know any detailed properties of the solution u, 
then, even if the A themselves are smooth, one can work only with the 
boundedness of the coefficients 


a) (a) := AY (u(z)). 


Here, a nonlinear equation is treated as a linear equation with not necessarily 
regular coefficients. 

An application is de Giorgi’s theorem on the regularity of minimizers of 
variational problems of the form 


/ F(Du(z)) de + min 


under the structural conditions 
(i) |[2E()| < Kil, 


(ii) AEP < FAP Ge; < AlE|? for all € € RY, 


with constants K,A < 0oo,rA > 0. 


Exercises 


11.1 Formulate conditions on the coefficients of a differential operator of the 


form 
d d 
Lu= yy a (o%(e) 2 u(e)) + d, 2 (b'(a)u(x)) + c(x)u(a) 


that imply a Harnack inequality of the type of Corollary 11.1.1. Carry 
out the detailed proof. 
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11.2 As in Lemma 11.1.4, let 


1/p 
o(p, R) = Uf, ae is) 


for a fixed positive u: B(ao, R) > R. 
Show that 


lim ¢(p, R) = exp f log u(x) dx | . 
po B(xo,R) 


Appendix. Banach and Hilbert Spaces. 
The L?-Spaces 


In the present appendix we shall first recall some basic concepts from calculus 
without proofs. After that, we shall prove some smoothing results for L?- 
functions. 


Definition A.1: A Banach space B is a real vector space that is equipped 
with a norm ||-|| that satisfies the following properties: 


(i) ||z|| > 0 for alla eB, x £0. 
(ii) ||ax|| = jal -||z|| for alla eR, ve B. 
(iit) ||a + y|| < |lal| + |lyl| for all x,y € B (triangle inequality). 
(iv) B is complete with respect to ||-|| (i.e., every Cauchy sequence has a 
limit in B). 
For example, every Hilbert space is a Banach space. We also recall that 


concept: 


Definition A.2: A (real) Hilbert space H is a vector space over R, equipped 
with a scalar product 


(,):HxHoR 
that satisfies the following properties: 


(i) (2,y) = (y,@) for all x,y € H. 
(ti) (Ait2 +2222, y) = Ai(@1, y) +r2(22, y) for all Ay, A2 € R, v1, 22,y € HA. 
(itt) (a,x) > 0 for alla #40, x € H. 
(iv) H is complete with respect to the norm 
1 
I|z|| := (@, x)?. 
In a Hilbert space H, the following inequalities hold: 


— Schwarz inequality: 


(x, y)1 < [lal Ilyll, (A.1) 


with equality precisely if x and y are linearly dependent. 
— Triangle inequality: 


Ila + yll < Hall + lly - (A.2) 
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Likewise without proof, we state the Riesz representation theorem: 


Let L be a bounded linear functional on the Hilbert space H, i.e., LL: HR 
is linear with 


|Z] = = sup < 00. 


Then there exists a unique y € H with L(x) = (a,y) for alla € H, and 


|ZI| = Ilyll - 


The following extension is important, too: 


Theorem of Lax—Milgram: Let B be a bilinear form on the Hilbert space 
HT that is bounded, 


|B(x,y)| < K|l2|| llyl|_ for all x,y € H with K < co, 


and elliptic, or, since this property is also called in the present context, coer- 
cive, 


|B(x,x)|>Allx||? for alla € H with A> 0. 


For every bounded linear functional T on H, there then exists a unique y © H 
with 


Bix,y)=Tx for alla € H. 
Proof: We consider 
L(x) = B(a, z). 
By the Riesz representation theorem, there exists Sz € H with 
(a, Sz) = L,x = B(x, z). 
Since B is bilinear, Sz depends linearly on z. Moreover, 
Sz] < K [a 


Thus, S is a bounded linear operator. 
Because of 


Allzll? S$ Blz, 2) = (2,82) < [lll [ISzll 


we have 
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|Szl| 2 Allzll- 


So, S is injective. We shall show that S is surjective as well. In fact, there 
exists « 4 0 with 


(x, Sz) =0 for all z € H. 
With z = x, we get 
(a, Sx) = 0. 
Since we have already proved the inequality 
(x, Sx) > Alla”, 


we conclude that « = 0. This establishes the surjectivity of S. By what has 
already been shown, it follows that S~! likewise is a bounded linear functional 
on H. By Riesz’s theorem, there exists v € H with 
Tx = (2,v) 
=(a#,Sz) for a unique z € H, since S is bijective 
= B(x, z) = B(x, S~*v). 


Then y = S~1v satisfies our claim. 


The Banach spaces that are important for us here are the L? spaces: 
For 1 < p < oo, we put 


L?(Q) = {u : 2 — R measurable, 
with [lull = lullzecay = [fa lel? da]” < oo 
and 
LE? (Q) := {u : 2 + R measurable, ||ul] ,.(q) = sup |u| < oo}. 


Here 
sup |u| := inf{k ER: {a € 2: |u(x)| > k} is a null set} 


is the essential supremum of |u|. 
Occasionally, we shall also need the space 
LP 


loc 


(2) := {w: QR measurable with u € L?(2') for all 2’ Cc QO}, 


l<p<o. 

In those constructions, one always identifies functions that differ on a null 
set. (This is necessary in order to guarantee (i) from Definition A.1.) 

We recall the following facts: 
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Lemma A.1: The space L?(92) is complete with respect to ||-||,, and hence 
is a Banach space, for 1 < p < o. L?(Q) is a Hilbert space, with scalar 
product 


(u,v) 22(@) °= | u(a)o(a)dx. 
Q 
Any sequence that converges with respect to ||-||,, contains a subsequence that 


converges pointwise almost everywhere. For 1 < p < oo, C°(Q2) is dense in 
L”(Q2); i.e., forw€ L?(Q) ande > 0, there exists w € C°(Q) with 


lu — wll, <e. (A.3) 
Holder’s inequality holds: If u € L?(Q), v € £4(2), 1/p+1/q =1, then 
[eS lellencay lollisca (Ad) 
Inequality (A.4) follows from Young’s inequality 
ppd 1 1 
ae 4 She bSOy poets —Se=1, (A.5) 
Pp qd P @q 
To demonstrate this, we put 
A:=|lul,, B:=llell,, 


and without loss of generality A,B 4 0. With a := Jue) b= eel (A.5) 
then implies 


pe 2 1 AP | LBe 
AB 


2 p AP q Ba Te 
ie., (A.4). 
Inductively, (A.4) yield that if uy € L?1,...,tm € L?™, 
aot 
Sea, 
i= PA 
then 
i. aii Oc fal es lll al (A.6) 


By Lemma A.1, for 1 < p < co, C°(Q) is dense in L?(Q) with respect to 
the L?-norm. We now wish to show that even C°°({2) is dense in L?(2). For 
that purpose, we shall use so-called mollifiers, i.e., nonnegative functions @ 
from C§°(B(0,1)) with 
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fede=1. 


B(0, 1) := {2 € R*: |z| <1}. 


Here, 


The typical example is 
cexp (ata) for || <1, 
O(a) = ae 
0 for |x| > 1, 


where c is chosen such that { odz = 1. For u € L?(2), h > 0, we define the 
mollification of u as 


ula) = 5a fe (=") wre. (A.7) 


where we have put u(y) = 0 for y € R@ \ 2. (We shall always use that 
convention in the sequel.) The important property of the mollification is 


Un E Coe (R*) ‘ 


Lemma A.2: For u € C°(2), as h + 0, un converges uniformly to wu on 
any 2 CC 2. 


Proof: 
1 = 
alae ia ‘ (: h *) ed 


= / o(z)u(a —hz)dz with z= 2. 
lzI<1 h 


Thus, if 2’ CC 2 and 2h < dist(.Q’,02), employing 


(this follows from fj.) <, o(z)dz = 1), we obtain 
sup |u — up| < sup ip o(z) |u(a) — u(a — hz)| dz, 
Q eeQ J|2|<1 


< sup sup |u(x) — u(a — hz)|. 
TEM |z\|<1 


Since u is uniformly continuous on the compact set {x : dist(a, 2’) < h}, it 
follows that 


sup|u—up,|>0 for h > 0. 
Q 
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Lemma A.3: Let u € L?(2),1<p<o. Forh 0, we then have 
Iu — Unll pe (a) > 0. 


Moreover, up, converges to u pointwise almost everywhere (again putting u= 
0 outside of 2). 


Proof: We use Holder’s inequality, writing in (A.8) 
1 1 
o(z)u(a — hz) = (2) 0(z)P u(x — hz) 


with 1/p+1/q = 1, to obtain 


= / s o(z) |u(a — hz)|? dz. 


We choose a bounded 2’ with 2Q.CC QQ’. 
If 2h < dist(.2,09'), it follows that 


a Jun(a)|? dx <f ios o(z) |u(a — hz)|? dz dx 


z Ws (2) i lula - hz))? de) dz (A.9) 
< fluo) ay 


(with the substitution y = x — hz). For ¢ > 0, we now choose w € C°(Q’) 
with 


lu — wlrepan <E 
(compare Lemma A.1). By Lemma A.2, for sufficiently small h, 
lw — wallrecary < €- 


Applying (A.9) to u—w, we now obtain 
[une = waCe ae sf |uy) — wtapP? dy 


and hence 


Ile — Uallrecay S lu — wlleecay + lw — wallrecay + [lua — walle) 
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Thus up, converges to u with respect to ||-||,,. By Lemma A.1, a subsequence of 
up, then converges to u pointwise almost everywhere. By a slight refinement 
of the reasoning, the entire sequence u,, then has to converge to u for h > 0. 


Remark: Mollifying kernels were introduced into PDE theory by K.O. Fried- 
richs. Therefore, they are often called “Friedrichs mollifiers” . 


For the proofs of Lemmas A.2 and A.3, we did not need the smoothness of p 
at all. Thus, these results also hold for other kernels, and in particular for 


i 
Ce) = {i On ie) ds 


0 otherwise. 


The corresponding convolution is 


1 u—y 1 
r — d => d =>: ; 
7 (2) Wd i i: ( r ) ula) i |B(z, r)| B(x,r) uly) : fe a 


ie., the average or mean integral of u on the ball B(z,r). Thus, analogously 
to Lemma A.3, we obtain the following result: 


Lemma A.4: Let u € L?(2),1<p<o. Forr +0, then 


fou 
B(a,r) 


converges to u(x), in the space L?({2) as well as pointwise almost everywhere. 


For a detailed presentation of all the results that have been stated here with- 
out proof, we refer to Jost [11]. 
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